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FOREWORD

Engineers are the backbone of the modern society. It is through them that engineering marvels
have happened and improved quality of life across the world. They have driven humanity towards
greater heights in a more evolved and unprecedented manner.

The All India Council for Technical Education (AICTE), led from the front and assisted students,
faculty & institutions in every possible manner towards the'strengthening of ‘the .technical
education in the country. AICTE is always working towards promoting quality Technical Education
to make India a modern developed nation with the integration of modern knowledge & traditional
knowledge for the welfare of mankind.

An array of initiatives have been taken by AICTE in last decade which have been aceelerate now
by the National Education Policy (NEP) 2022. The implementation ef NEP under the visionary
leadership of Hon'ble Prime Minister of India envisages the provision for education in regional
languages to all, thereby ensuring that every graduate becomes competent enough and is in a
position to contribute towards the national growth and developmeént through innovation &
entrepreneurship.

One of the spheres where AICTE had been relentlessly working since 2021-22 is providing high
quality books prepared and translated by eminent educators in various Indian languages to its
engineering students at Under Graduate & Diploma level, For the second year students, AICTE
has identified 88 books at Under Graduate and Diploma Level courses, for translation in 12 Indian
languages - Hindi, Tamil, Gujarati, Qdia, Bengali, Kannada, Urdu, Punjabi, Telugu, Marathi,
Assamese & Malayalam. In.addition te the English medium, the 1056 books in different Indian
Languages are going to support to eéngineering students to learn in their mother tongue. Currently,
there are 39 institutions.in 11 states offering courses in Indian languages in 7 disciplines like
Biomedical Engineering, Civil Engineering, Computer Science & Engineering, Electrical
Engineering, Electronics & Communication Engineering, Information Technology Engineering &
Mechanical Engineering, Architecture, and Interior Designing. This will become possible due to
active involvement and support.of universities/institutions in different states.

On behalf of AICTE, | express sincere gratitude to all distinguished authors, reviewers and
translators fromdifferent lITs, NITs and other institutions for their admirable contribution in a very

short span of time.

AICTE is confident that these out comes based books with their rich content will help technical
students master the subjects with factor comprehension and greater ease.

(Prof. M. Jagadesh Kumar)
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Preface

Electrical Circuit Analysis and Network Theory has been written specifi-
cally with second year undergraduate students of Electrical Engineering.and
Electronics and Communications Engineering in mind. This book adheres
to the AICTE model syllabus of two courses, namely PCC-EEOL Electrical
Circuit Analysis for Electrical Engineering, and EC06 Network Theory for
Electronics and Communications Engineering.

It is recommended that the contents of the book are taught-and studied
over the duration of one semester (roughly 45 one hour lectures). The table
below gives a tentative budgeting of material for the teacher.

:}I‘e@‘e\ ?ﬁdy
Unit | Title \U{ QCST J ggi l{é}ss\feeks
1 Fundamentals of circuit analysis 1-4 1
2 | Network theorems 3-4 1-2
3 | First and second order networks 8 3
4 Sinusoidal steady-state analysis 8 3
) Laplace transforms 8 3
6 Fourier series and transforms 4 1
7 Two-port networks 6 2
8 .. |'Basic filters 3 1

There are eight units. Units 1 and 2 can be covered together in 4-8
lectures, depending on prior exposure of the students to circuit analysis.
Units 3, 4 and 5 should be covered in 8 lectures each. The material in unit 6
can be delivered in 4 lectures, unit 7 can be budgeted 6 lectures, and lastly
unit 8 is recommended no more than 3 lectures.

There are a few unique features of the book.
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1. The book is reasonably rigorous in terms of the mathematics used. A
student coming into the EE program from high school will appreciate
the mathematical foundation of circuit theory.

2. The book contains guides to the use of hands-on numerical computa-
tional programs such as Octave and MATLAB®). These tools have deep
relevance in Engineering and the Sciences today. The book exposes the
student to these tools at an early stage in their undergraduate jour-
ney, to make them proficient in their usage. There are full programs
in Octave that demonstrate circuit analysis, and analysis with Laplace
and Fourier transforms. With enough practice in Octave, the diligent
student can graduate to much wider realms of science and engineering.

3. The book also gives a preliminary introduction to SPICE; a very pop-
ular circuit simulation program.

The courses in Electrical Circuit Analysis and Network Theory lay the
groundwork for several third year Electrical Engineering courses. Power en-
gineering, power electronics, communications engineering; analog circuits,
control engineering, filter design: the foundations for-all of these fields are
developed in the book.

The unit on sinusoidal steady state analysis brings out some interesting
problems frequently put up by power engineers.

There are several illustrations of power electronic circuits through the
book, including a harmonic analysis technique for a full-wave rectifier. Sev-
eral questions on transient analysis are modeled after DC-DC converters,
common in power electronics.

Introductions to Fourier series and Fourier transforms are included in the
book. Several practical filter design examples for communication circuits are
included in the text.

Fundamental concepts of power sources, as opposed to voltage and current
sources; motivate analog circuits. Two-port network theory along with hints
with. how to design predictable feedback networks form the basis of modern
analog circuit design.

The book provides a gentle but thorough study of linear differential equa-
tions and Laplace transforms. The section on Laplace transforms is founda-
tional for the control engineer and many others.

Additional material for the inquisitive student is provided with the help
of QR-codes through the book. These are extra topics that a student can
branch into, and do not form the core text.
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Outcome based education

For the implementation of an outcome based education the first requirement
is to develop an outcome based curriculum and incorporate an outcome based
assessment in the education system. By going through outcome based assess-
ments evaluators will be able to evaluate whether the students haye achieved
the outlined standard, specific and measurable outcomes. With the proper
incorporation of outcome based education there will.be a.definite-commit-
ment to achieve a minimum standard for all learners without giving-up at
any level. At the end of the program running with the-aid of outcome based
education, students will be able to arrive at the following outcomes:

PO-1: Engineering knowledge: Apply knowledge of mathematics, sci-
ence, engineering fundamentals, and ‘an engineering specialization to
the solution of complex engineering problems.

PO-2: Problem analysis: Identify, formulate, review research literature,
and analyze complex engineering problems reaching substantiated con-
clusions using first prineiples. of mathematics, natural sciences, and
engineering sciences:

PO-3: Design/development of solutions: Design solutions for complex
engineering problems and system components or processes that meet
the specified needs with consideration for public health, safety, culture,
society; and the environment.

PO-4: Investigate complex problems: Apply research methods in the
design of experiments, analysis and interpretation of data, to provide
valid conclusions in the investigation of complex problems.

PO-5: Modern tool usage: Create, select, and apply appropriate tech-
niques, resources, and modern engineering and IT tools for prediction
and modeling of complex engineering activities with an understanding
of its limitations.
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PO-6: The engineer and society: Apply reason and contextual knowl-
edge to assess societal, health, safety, legal and cultural issues and
understand the consequent responsibilities relevant to professional en-
gineering practice.

PO-7: Environment and sustainability: Understand the impact of the
professional engineering solutions in societal and environmental con-
texts, and demonstrate the knowledge of, and need for sustainable de-
velopment.

PO-8: Ethics: Apply ethical principles and commit to professional ethies,
responsibilities and norms of engineering practice.

PO-9: Individual and team work: Function effectively-as an individual,
as a member or leader in diverse teams, and in-multidisciplinary set-
tings.

PO-10: Communication: Communicate effectively on.complex engineer-
ing activities with the engineering community and with society at large.
Comprehend and write effective reports-and design documentation,
make effective presentations, and give-and receive clear instructions.

PO-11: Project management and finance: Learn the principles of en-
gineering and management and apply these to one’s own work, as a
member and leader in a team; to.manage projects in multidisciplinary
environments.

PO-12: Life-long learning: Recognize the need for, and have the prepa-
ration and ability to engage in independent and life-long learning in
the broad context of technological change.

Course outcomes

After-completion of the course, the students will be able to:

CO-1: Analyze arbitrarily complex linear circuits at DC and AC optimally.
Systematically analyze linear circuits under any given time-varying ex-
citation, with and without the help of Laplace transforms.

CO-2: Develop an intuition of circuits. Be able to make predictions in terms
of circuits.
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CO-3: Develop a firm grip of Laplace and Fourier transforms. Develop a

firm grasp of the relationship between Laplace, Fourier transforms, AC
analysis, and frequency response. Be comfortable with circuit analysis
with complex-numbers.

CO-4: Understand power in AC circuits. Understand three-phase AC sys-

tems.

CO-5: Visualize circuits as systems with input-output characteristics.

CO-6: Numerically analyze circuits.

Expected mapping with program outcomes
(1: Weak correlation; 2: Medium correlation; 3: Strong correlation)
PO-1 | PO-2 | PO-3 PO-4 | PO-5 | PO-6 | PO-7 | PO-8 4 PO-9 | PO-10 | PO-11 | PO-12
CO-1 2 3 1 - 1
CO-2 2 2 2 3 1 - - - - - - 1
CO-3 3 1 - 2 2 - - - - - - 1
CO-4 3 1 1 1 2 1
CO-5 2 3 3 2
CO-6 1 1 1 1 3

Guidelines for Teachers

To implement an outcome-based education (OBE); the level of knowledge
and skills of the students should.be enhanced. Teachers are responsible for
the proper implementation of OBE. Some of the responsibilities (not limited
to) for the teachers in an OBE system are as follows:

Within reasonable constraints, teachers should manage time to the ad-
vantage of all students.

Teachers should assess students on certain defined criteria without con-
sidering any other potential ineligibility to discriminate them.

Teachers should foster the learning abilities of the students.

Teachers should ensure that all the students are equipped with knowl-
edge and competence when they finish their education.

Teachers should encourage students to improve their peak performance
capabilities.

Teachers should facilitate and encourage group work and team work.



e Teachers should follow Blooms taxonomy in every assessment.

e Students’ learning should be connected with practical and real life sit-
uations.

Bloom’s Taxonomy

Teacher should Student Possible

Level check students’ should be mode. of
ability to able to assessment,
Create create design or create |<Mini project
Evaluate justify argue or defend | Assignment

differentiate or | Project/Lab

Analyse distinguish distingnish methodology

use operate or Technical
information demonstrate presentation
explain explain or Presentation
ideas classify or seminar
recall define or recall Quiz

Guidelines for Students

Students ‘should take.equal responsibility in implementing an OBE. Some of
the responsibilitiesfor the students in an OBE system are as follows:

e Students should be aware of each UO before the start of a unit.

Students should be well aware of each CO before the start of the course.

Students should be well aware of each PO.

Students should think critically and reasonably.

Students should be well aware of their competence at every level of
OBE.
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Abbreviations, units, symbols

Units used

Abbreviation Full form Unit for
Vv volt poteéntial, voltage
A ampere current
S second time
rad radian angle, 2mradians make a circle
° degree angle, 360° make a circle
Hz hertz frequency, ‘cyeles per second
rad/s radians per.second angular frequency
Q ohm resistance, volt per ampere
S siemens conductance, ampere per volt
C coulomb charge
H henry. inductance
F farad capacitance
W wath active power
VA volt ampere apparent power, complex power
var var reactive power
IB decibel 10log;, A, A is a ratio of powers

20log;y A, A is an amplitude ratio

Note, ‘mho’ or U is not an IEEE-standard unit for conductance.
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List of symbols

Symbol Description Notes
7j V-1 In EE, j is always v/—1.
t time
T period of a periodic signal.
v,V voltage
i, I current In EE, ¢ is always a current.
R resistance
C capacitance
L inductance
G conductange
M mutual inductance
Z impedanceys complex resistance Z=R+jX
Y admittance, complex conductance Y=G+jB
w angular frequency Unit is rad/s.
< complex frequency, Used for Laplace transforms.
any complex number s=0+jw
f frequency Unit is Hz.
P power, ‘active power
IS} complex power S =P+ jQ
A; incidence matrix
A reduced incidence mat?ix, e pends oo Eotisd!
also state-space matrix
¢, 0 phase
L, L1 Laplace transform, inverse
T Fourier transform, inverse
Gn, bn Fourier series coefficients Trigogometric
Ch Exponential, complex

Matrices are in bold. Symbols like V' are phasors, or rotating vectors.
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LHP left half s-plane Complex plane, Re[s] < 0
RHP right half s-plane Complex plane, Re[s] > 0
KVL Kirchhoft’s voltage law KVL is always valid.
KCL Kirchhoft’s current law KCL is always valid.
LTI linear and time invariant
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Unit 1

Fundamentals of circuit
analysis

Unit specifics
In this unit we have discussed the following:

e Device properties, resistors, capacitors, inductors;, mutual inductance,
independent and dependent voltage and current sources.

The node-voltage method to analyze circuits.

The mesh-current or loop-current method to analyze circuits.

Tellegen’s theorem.

The dual of a circuit:

Rationale

This unit will help students enhance their circuit-analysis knowledge from
basic KCL-KVIi analysis of a circuit to a optimal circuit analysis. The
node-voltage ‘and mesh-current methods are optimal techniques to analyze
circuits. The student will also obtain a gentle introduction to Octave (like
MATLAB®)), and will be nudged towards hands-on computation techniques.
The unit will present a theoretical understanding of circuit networks, and
develop the powerful Tellegen’s theorem.

Circuits form the bedrock of Electrical Engineering. The study of electric
circuits has two main parts, namely circuit analysis and circuit synthesis.
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Circuit analysis is covered extensively in this text. This chapter forms the
ground work for circuit analysis.

Pre-requisites
e Physics: Circuit analysis, KCL and KVL (Class XII)
e Mathematics: Basic matrix algebra (Class XII)

e Software: We will be using an open-source numerical package; Octave.
Octave is compatible with the commercially available MATLAB®):

Unit outcomes

The list of outcomes of this unit are as follows.

U1-01: Learn the node-voltage method, mesh-currént-methed.
U1-02: Learn and apply Tellegen’s theorem.

U1-03: Learn to handle dependent voltage and eurrent sources.
U1-04: Start using a numerical tool.

U1-05: Be comfortable with circuit analysis at DC.

U1-06: Understand the orthogonality between voltages and currents.

Unit-1 Expected mapping with course outcomes

outcomes | (1: Weak, 2: medium, and 3: strong correlation)

CO-1 | CO-2 | CO-3 | CO-4 | CO-5 | CO-6
U1-01 2 1 - - - -
U1-02 - 2 - - - -
U1-03 3 - - - - i,
U1-04 1 - = - - 3
U1-05 3 - - - - .
U1-06 - 3 - 1 - -
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1.1 KCL and KVL

Kirchhoft’s current law (KCL) and Kirchhoff’s voltage law (KVL) form the
very basis of circuit theory. KCL states that the sum of outward moving
currents equals zero at any point in a circuit. KVL states that in any loop
in a circuit, the sum of potential drops equals zero. In this chapter, we will
look at how to efficiently analyze circuits with a minimal set of independent
KCLs and KVLs.

The sketches in Fig. 1.1 pictorially depict KVL and KCL. The voltage
drops around any loop of elements in a circuit add up to zero. In the Fig. 1.1;
Vg + Uy + Ve + vg = 0. In case of KCL, the sum of currents leaving any node
is zero. In the Fig. 1.1, 7, + 1 + i + 14 = 0.

It is imperative to note that in any given circuit, both KVL and KCL are
valid at all times and under all circumstances.

1.1.1 Origins of KVL and KCL

The origin of KCL is from conservation of charge. Charge can not be created
or destroyed at any point in space, at any given time. In other words, the
sum of all charges flowing out of a node at any point in time'is zero; the sum
of the rate of flow of charges flowing out of a node at<any point in time is
zero. This implies that the sum of currents flowing out of any node at any
time is zero.

The origin of KVL is from conservation of‘energy. In electrostatics, the
electric potential, e;, at a point 'z is-defined as the energy required to move
a unit charge from a point at zero potential to x;. The energies required to
move the unit charge from zero-potential to xs, x3, x4 are similarly defined
as eg, €3, e4 respectively. The energy required to return the charge back from
x1 to the point at_zero potential is —e;. The energy required to move the
unit charge from 2y to@s, therefore, must be es — e;. Similarly, the energy
required to moeve the unit.charge from x5 to x3 will be ez — es; the energy
required to . move the unit charge from wzstoxr, will be e; — e3; the energy
required to move the unit charge from x4 to x; is e; — e4. The energy needed
to move the unit charge around a loop, from x; to x5 to x3 to x4 and then
back to z; will therefore be (e5 —e1) 4 (e3 — €2) + (4 — e3) + (61 —eq) = 0.

1.2 Device properties

We will initially look at the different devices that we will use in this text.
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Ve

— +

e

Vg id

Figure 1.1: Kirchhoff’s voltage law (KVL) and Kirchhoff’s current law
(KCL). The sum of voltage drops around a loop is zero. The suni of currents
leaving any node is zero.

u(t) (@) v(t)
+ — - - - E
11k :;4}——-
— — i)
i(t) i(t)
(a) (b) (c)

Figure 1.2: (a) A resistor, (b) an inductor; and (c) a eapacitor, with defini-
tions of currents through them and voltage drops:across them.

Resistors: Resistors follow Ohm’s law, i.e., the voltage across a resistor is
proportional to the current. through the resistor. R, the resistance in
ohms, relates voltageand current through the well-known relationship:

where @(t) and (t) ‘are the voltage across and current through the
resistor, as shown-in Fig. 1.2(a).

Inductors: Inductors relate the derivative of the current with the voltage
across. The relationship for an inductor is:

di(t)

v(t) =L o

where the voltage v(t) and the current i(¢) are as shown in Fig. 1.2(b).
The voltage drop is L times the derivative of the current through the
inductor.!

!Many Physics texts refer to this as back-emf and create needless confusion.
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Capacitors: Capacitors relate the derivative of the voltage across them with
the current. The relationship for a capacitor is:
dv(t)
dt

where v(t) is the voltage drop across the capacitor, and i(t) is the
current through the capacitor, as shown in Fig. 1.2(c).

i(t)=C

Mutual inductance: A pair of magnetically coupled inductors form a mu-
tual inductance. The element is a four-terminal network with three
parameters, L1, Lo, and M, where L; is the inductance of one coil, L5
is the inductance of the other coil, and M is the mutual inductance.

We have summarized the relationships in the pair of equations (1.1);
(1.2).

din(t) 3 pdia(1)

n(t) = Iy di dt (1:1)
va(t) = Mdz;—iﬂJrLle;—f) (1.2)

where vy, v, 11, and i, are as shown in Fig. 1.3. The dots in a mutual
inductance define the positive terminals of the two terminal-pairs.

The mutual inductance parameter, M, is related to the coupling be-
tween the two coils. A coupling coefficient, k; is the fraction of the
magnetic flux generated by one coil coupled to the second coil. If the
coupling coefficient, k, is 1,.all the magnetic flux that goes through
the first coil also goes through the second coil. If k is 0.5, 50% of the
magnetic flux in the first coil goes through the second coil. The reverse
is also implied and can be proven through electromagnetics [1], i.e., if k
fraction of the flux generated by the first coil goes through the second,
then k fraction of the flux generated by the second coil goes through
the first.

k is always a positive quantity between 0 and 1. M is kv/LiLs. As
such, the maximum value of M is v/LiLs, when k = 1. In such a case,
one ecan prove that the mutual inductance simplifies to be an ideal
transformer.

a variety of devices and their properties.
Resistors, capacitors, inductors may not al-
ways be ideal.
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na ﬂ ia 1)
+ oo +
Ul(t) % g{ Ug(t)

Figure 1.3: Definitions of the voltages and currents for a mutual inductance,
as related to its equations given in (1.1) and (1.2).

Voltage sources: A voltage source defines the voltage across .a.branch,
while the current through the branch is arbitrary.

Corollary 1.1. An ideal voltage source, Vj, in parallel -with other
components can be simply reduced to'the voltage source, V.

Corollary 1.2. Two ideal voltage sources cannot be placed in parallel.
Even if the values of the voltage sources are equal; the.cturrents through
them cannot be defined.

Placing voltage sources in parallel is generally bad practice. With a
slight mismatch in values of the voltage sources, the internal source
resistances will mitigate the mismatch.” There will be large currents
looping through the voltage sources, depending on the mismatch and
the internal source resistances.” For example, placing two Li-ion cells of
the same voltage in parallel will.create large circulating currents based
on the mismatch of voltages, and rapidly degrade the capacity of the
cells. Large capacity battery banks are assembled by placing carefully
matched, identical cells in parallel.

Example 1.1. The internal resistances of two Li-ion cells were
0:02°Q) and 0.01 €2, while the voltages of the two cells were 3.2 V and
3.3 'V, respectively. The cells were placed in parallel with each other.
What is the circulating current through the cells?

20 mf? 10 mQ
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The voltage across the two resistors is 3.3 — 3.2 = 0.1 V. The series
combination of the two resistors is 0.03 2. The circulating current is
therefore 0.1/0.03 = 3.33 A.

Current sources: A current source defines the current through a branch,
while the voltage across the branch is arbitrary.

Corollary 1.3. An ideal current source, Iy, in series with any other
component can be simply reduced to the current source I.

Corollary 1.4. Two ideal current sources cannot be placed in series.
Even if the values of the current sources are equal, the voltage drops
across them cannot be defined.

If one needs to increase the power in a gircuit, it is generally better to
place multiple current sources in parallel. Alternatively, one could place
multiple voltage sources in series to augment the power in a circuit.

Controlled voltage and current sources: Controlled sources (both volt-
age and current) define the voltage across er the current through a
branch. The defined quantity is related to-the voltage across or current
through some other branch in the circuit. For instance, a voltage-
controlled current source defines the current through a branch. This
defined current is related to the voltage across some other specified
branch. The controlled sources can be (1).voltage-controlled voltage
sources (VCVS), (2) wvoltage-controlled current sources (VCCS), (3)
current-controlled voltage sources (CCVS), and (4) current-controlled
current sources (CCCS).

For instance, one may.come across a circuit element that generates a
voltage H - v,, where H is‘a dimensionless constant and v, is the po-
tential across two given.terminals in the circuit. The circuit element is
a voltage-controlled veltage source (VCVS). Similarly, one may find a
circuit-element that generates a current G - v,, where G is a constant
with-dimensions of conductance (S). In such a case, the circuit element
is a VCCS. The proportionality constants required in the CCVS has
dimensions of resistance while that required in the CCCS is dimension-
less. Example 1.2 illustrates the usage of dependent controlled voltage
and current sources.

There are no physical devices that directly emulate dependent voltage
and current sources. However, these constructs are useful in modeling
complex higher order devices and in circuit analysis.
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Example 1.2. In the circuit schematic shown below, evaluate i..

lq, id e
—_— e — E—

3iq . L 2 8Q - iq

iq 15 2/5 = 0.4 A.

The CCCS generates a current of 3 x 0.4 = 1.2 A.
vpis 1.2 x 6 =72 V.

The VCCS generates a current of 0.1 x 7.2 = 0.72 A.
V18 0.72 x5 =3.6 V.

The VCVS generates a voltageof 2.X 3.6 = 7.2 V.
igis 7.2/4 = 1.8 A.

The CCVS generates avoltage of 1.8 x 8= 14.4. V.
Qe 1 14.4/10 = 1.44 A

© g N & & = 8 9=

1.3 The node-voltage method

The node-voltage method ‘is based on forming a linearly independent but
complete set of KCLs: The currents:in the KCLs are evaluated from device
properties.

1.3.1 The datum node

One of the nodes.in the graph is chosen as a datum node. In common usage,
this is called the “ground” or “earth.” The datum node is nothing but a
reference node, and we define potentials at the other nodes in the circuit
with respect to the datum. In practice, the datum is often physically and
electrically connected to the Earth or the ground. The Earth is deemed to
be a good conductor at a constant potential of zero.

KCL is not written for the datum node.

Potentials at all other nodes are considered as variables. The potentials
at the other nodes are all with respect to the datum node. Any node can be
chosen as the datum.
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1.3.2 Circuit examples for node-voltage analysis

Node-voltage analysis requires KCL equations for each node. Further KVLs
are built into the system of equations and related to the branch currents
through Ohm'’s law or device equations. KCL is not written at the datum; a
KCL at the datum is linearly dependent on all other KCLs, as will be proved
in theorem 1.1.

Our first example of node-voltage analysis is for a circuit with five nodes,
resistors, and current sources as circuit elements, given below.

Example 1.3. Solve the circuit below. Assume [; is 1 A, Ir is 2. A.
Assume R; is 1 2, Ry is 2 2, and likewise, Ry, is k ). Evaluate the current
through Rg from left to right.

LORENR 6. A

2OV IR 32

0

The node at the bottom, marked‘as ‘0’;'is the datum. KCLs are written
at the nodes v, vp, v and vg.. These four KCLs are sufficient. All other
KCLs are linearly dependent.and.are not required. The current in each
branch of the circuit is deduced from the corresponding device equation.
For Ri, one endrof R; ds at potential vy, the other end at potential v,. The
potential differencesaeross Ry is vy, — v,. The current coming out of node b
is therefore (v, —wg)/Ri.w Currents through all the branches of the circuit
are evaluated-in this manner, mentally, while writing out the KCLs.

Now we write out the KCLs at the four nodes. The convention for KCL at
a node is to equate the total current coming out of the node to zero.

I + Iy + (vg —vp)/R1 + vg/Ro + (vg — vc)/R7 =0

I 4+ (vp —vg)/R1 + (vp — ve) /R3 + (vp — vg)/Rs =0

(Ve — Va)/R7 + e/ Ry + (ve — vp)/R3 + (ve — vq)/Rg = 0
(vg —ve)/Rs + (vg —vp)/Rs +vq/Re =0
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The above set of four equations can be re-written as:

Ua I — I
) —T
G. || = 1
Ve 0
Vd 0
where G is
1 1 1 1 1
T s + & ~Rr ~ T 0
_ 1 4,_+4l,+,J; _ 1 _ 1
Rl R1 R3 R5 R3 R5
_r _ 1 i ST SIS S O _
Ry R3 Rr R3 Ry Rg Rs
0 _ _ 1 i SR EN T ¥,
Rs Rg Rs Rs Re

Inverting matrix G one can obtain all the node voltages.

Va I1 4 IQ
| La-1. | N0
vedl S 0
Vg 0

It is not easy to invert a matrix by hand. However; one can make use of
Octave to quickly invert the matrix..The code-snippet below illustrates the
manner in which the question may be solved using Octave.

octave:1> [rl, ¥2, r3, r4, r5, r6, r7, r8] = deal(1,2,3,4,5,6,7,8);
octave:2> [il, i2] =_.deal(1,"2);
octave:3> G = [1/ri1%1/r2+1/r7, ~1/r1, -1/r7, O;
-1/r1, 1/r1+1/r3+1/r5, -1/r3,/=1/r5;
-1/x7, -1/r3,. 4/r7+1/xr3+1/r4+1/r8, -1/18;
0, -1/r5, -1/x8, 1/x5+1/r8+1/r6];
octave:4> V. = inv(G)*[i1l-i2; -i1; 0; O]
V =
-2.5440
-2.9204
-1.8128
-1.6489

Finally, the current through Rg from left to right is nothing but (v.—vg)/Rs,
and works out to —20.5 mA.

In a second example, we will demonstrate node voltage analysis for a
circuit with voltage sources and resistors. The current through a voltage
source is indeterminate, i.e., any current can flow through an ideal voltage
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source. As such, it is not possible to write KCLs at nodes attached to voltage
sources. How do we perform node voltage analysis then?

Example 1.4. Assume V] is 1V, V5 is 2V, Ry is 1 Q, Ry is 2 ©, and
likewise Ry is k 2. What is the current through Ry from left to right?
Up

O NS

Y VWA A\ v

O 2 4Pz

0

It is not possible to write KCLs at nodes a and 4. However, observe that
it is not necessary to write.the KCL at these'nodestat all. The voltage
sources already define the potentials at nodes a and b.

va= Vo, and,wp= Vs V1
We will only write KCLs‘at the remaining two.nodes:

ve/ Ry + (ve — Vo) / ReH- (vee Vi & Va) R+ (ve — vq)/Rg =0
vq/Re A(vg =We)/Rg+ (vg— V1 —V2)/R5 =0

or in matrix form:
1o 1 NN L \ /1% Yo o Vi Vo
mtr T T R R Vel _|® t R TR,
1 _ ﬁ+ﬁ
Rs Rs

Vd

8
1 1 1
R B’ Rs T Rs

The Octave.code snippeti below evaluates the question numerically.

octave:1> [r1, r2, r3, r4, r5, r6, r7, r8] = deal(1,2,3,4,5,6,7,8);
octave:2> [vl, v2] = deal(l, 2);

octave:3> G [1/r4+1/x7+1/r3+1/r8, -1/r8; -1/r8, 1/r6+1/r8+1/r5];
octave:4> V = inv(G)*[v2/r7+vl/r3+v2/r3; v1/r5+v2/r5];

octave:5> I = (v2 - V(1))/x7

I = 0.034967

As such, the current through R; from left to right is 35 mA.
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Performing node analysis with voltage sources is not always so straight-
forward. In the previous example, the two voltage sources were directly
establishing the potentials at a and b with respect to the datum. In some sit-

uations, the voltage source may not directly establish a potential at a node.
An example is shown next.

Example 1.5. In the circuit below, V; is 1 V, V5 is 2V, Ry is 1 Q, Ry is
2 ), and likewise, Ry is k 2. Use node voltage analysis and evaluatethe
current through Rs from top to bottom.

LONN S

0

The branches with voltage ‘sources are a challenge to the node voltage
method, where wetare to write out KCLs at all the nodes. The potential
Ve is nothing but V5, and as:such, the node voltage equation at a is not
required. vy ds wg + Vi However, we need to write out at least two KCLs to
solve the two unknewns; v., and vy. The voltage source V; can be tackled
using a super-node around the two nodes connected to it, combining b and
d asshown with the dashed curve. We will write out one KCL for ¢ and one

KCL for the super-node combining b and d. The node voltage equations
are then:

(ve — Vo) /R7 + ve/ Ry + (ve — vq)/Rs + (ve —vqg — V1)/R3 =0
(Ud-f-V1 —Vg)/R5+(Ud+V1 —UC)/R3+(Ud—UC)/R8+Ud/R6 =0
or,

1 1 1
Rg Rg R5+R3+R8+R6

1 1 1 1 1 \% \%
R7+Rzi+Rsl+R3 1 " Rs  Rs :||:UC:|:[ Ri—i_PT; ]
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Once again, it is instructive to solve for the current through Rj3 using
Octave.

octave:1> [v1,v2]=deal(1,2);

octave:2> [r1,r2,r3,r4,r5,r6,r7,r8]=deal(1,2,3,4,5,6,7,8);
octave:3> G = [1/xr7+1/r4+1/r8+1/r3, -1/r8-1/r3; ...
-1/r8-1/r3, 1/r5+1/r3+1/r8+1/xr6];

octave:4> V = inv(G) *[v2/r7+v1/r3; v2/r5-v1/r5-v1/r3];
octave:5> I = ((V(2)+v1)-V(1))/r3

I = 0.1441

The current through R3 from v, to v is 144 mA.

Observation 1.1. The node-voltage analyses circuit examples show that the
matrix G is symmetric in all three cases. G is always symmetric as long as
there are no dependent sources in the circuit. Symmetryin G can frequently
be used as a sanity check while solving circuits. A ‘path from nede m to
n through a resistor R,,, will create an entry —1/R,,; for G, and G-
As such, a circuit with independent sources and resistors. will result in a
symmetric G.

1.3.3 Circuit examples with dependent sources

So far we have restricted our circuits toresistors and independent current and
voltage sources. Node voltage analysis for circuits with dependent voltage
and current sources is not'much: different. As before, one cannot write out
a KCL equation at nodes connected to dependent voltage sources. These
nodes will be eliminated. Dependent current sources will have to be handled
just like regular current sources. It is straightforward to handle any current
source, independent or dependent, in the node-voltage method.

The next exampleillustrates a circuit with an independent voltage source,
a dependent voltage-controlled current source, and a dependent current-
controlled voltage source. Two nodes, one corresponding to the independent
voltage source, and a second corresponding to the dependent voltage source,
will need to be eliminated.

Example 1.6. In the circuit below, V3 is 1 V, G2 is 1/2 S, Ry is 1 , Ro
is 2 Q, and likewise Ry is k §2. Evaluate the current 4.
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Ry » | Rg
Va YAA YA —/V\W\ va
— \ /

O 83 e3

0

Similar to our previous example 1.5, in this‘ease, -a super-node: is* con-
structed around the CCVS, as shown in the‘dashed region. Before we start
writing out KCLs, we observe that v, is Vi, 4y7is (V4. = v.)/Ri, and vy is
ve+ (V1 —v.) - R3/Ry. There are only two unknown node voltages, namely
ve and vgy. Now we will write out KCLs for the node d.and the super-node
combining b and c.

(Ve — va)/R1 + Ve[ R + (v, —wy)/ Rei+(Up —~0g)/Rs — Gove = 0
(vg=ve)/Re + vg/Rs + Gave = 0

In the two equations, we.can substitute the values of v, and v, as expressed
earlier. We now combine the two_equations in a matrix form, with only
two variables, namely v..and vg.
Ao 1 ANV 1AW RaaN _1 Vi Vi _ ViRg
Ry + Ry + Rg + R41 R1 Ry G2 Rg . [UC:| — [Rl + Ry R1R4:|

1 1
s ” tRs| L L

The final selution using Octave is given below.

octave: 1> [vl,g2]=deal(1,1/2);

octave:2> [r1,r2,r3,r4,r5,r6]=deal(1,2,3,4,5,6);
octave:3> G = [1/ri1+1/r2+1/r6+1/r4-r3/r1/r4-g2, -1/x6;...
g2-1/r6, 1/r6+1/r5];

octave:4> V = inv(G)*[vl/ri1+vl/r4-vi*r3/rl1/rd; 0];
octave:5> I = (v1-V(1))/r1

I = 0.3889

A more difficult situation may arise when the controlled source is depen-
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dent on itself. The next example illustrates a circuit. The general principle
remains the same, i.e., if the number of nodes in a circuit is NV, and the num-
ber of dependent and independent voltage sources is K, then the number of
KCL equations to be solved is N — 1 — K.

Example 1.7. In the circuit shown below, the resistors Ry, R, R3, Ry
are 1 2, 2 Q, 3 Q and 4 Q respectively. Z is 5 Q. Iy is 1 A. Evaluate i3.

ng g

R3

vg and vy are unknown. v, is Zig, where i3 is (vp— v.)/R3. In other words,

Vp — 0,
V=7 —=—=

13

The expression can be simplified .to arrive ‘at ve.in terms of v,. v, is,
therefore, v, Z/(Rs + Z).

Now we will write out KCLs at nodes‘a and b.
1 1 1 N Z/Ry

“Eiwmtw YRRz T
1 ¥ 1 Z/Ry, _
g e TR Rz D

As before, the remainder. of the problem can be solved with the help of
Octave.

octave:1>°{i0,z]=deal (1,5);

octave:2> [r1,r2,r3,r4]=deal(1,2,3,4);

octave:3> G = [1/ri1+1/r2+1/rd, -(1/r2+z/x4/(x3+z)) ;...
-1/r2, 1/r2+1/r3-z/r3/(r3+z)]1;

octave:4> V = inv(G)*[0; i0];

octave:5> I = (V(2) - V(2)*z/(r3+z))/r3

I = 0.2857
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Observation 1.2. With dependent sources, the G matrix is no longer sym-
metric. In example 1.6, applying Gy = 0 will introduce symmetry in the G
matrix. In example 1.7, applying Z = 0 will make the G matrix symmetric.
In other words, dependent sources create asymmetry in the G matrix during
node-voltage analyses.

1.4 The mesh or loop-current method

Definition 1.1 (Loop): A loop is a set of circuit elements that form-a closed
path.

Definition 1.2 (Mesh): A mesh is a loop which does not have.a loop-within.

KVL equations can be written out around each mesh of a planar circuit.
These KVL equations are guaranteed to be linearly independent and suffi-
cient. The definitions of mesh and leop are not very strict; it is possible to
redraw a circuit in a different manner to convert a loop intoa meésh and vice-
versa. For a circuit with N nodes and B elements (branches), the number of
mesh equations that are required to solve the circuit is B.= (N — 1). These
mesh equations need to cover all elements of the circuit.

1.4.1 Circuit examples for mesh or loop analysis

The mesh-current method is easiest to work with when there are voltage
sources, and no current sources. The first example will demonstrate the mesh-
current method in a circuit with independent voltage sources and resistors.

Example 1.8. In the circuit shown below, V; and V5 are 1 V and 2 V
respectively.. R3 1532, R4 is 4 , and likewise, Ry is k£ 2. Evaluate the

voltage across Rg; from top to bottom.
—> —>

2 (o2 (4 nQ
Ry Rs
VWA VWA

O (= (=
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There are four meshes in the circuit. Let us visualize currents circulating
in these meshes, as indicated. The currents in each element are the su-
perposition of the mesh currents. For example, the current through R4 is
11 — 14 from top to bottom, the current through Rg is i4 — i3 left to right,
the current through Rj is just ¢ going up, the current through Rj is i — i3
from top to bottom.

Now we will write out KVL equations around each mesh.

(21 — ig)R7 = (’Ll = ’L4)R4 = V5
(ig —i1)R7 +iaR5 + (i —i3)R3 = 0
(i3 —is)Rg + (i3 —i2)R3 = —V1
(ig —i1)Ry + (ig —i3)Rs +i4Rg = 0
or,
11 Vs
(5} . 0
A 13 D -—‘ﬁ
4 0
where
R7 + Ry — Ry 0 —Ry
7 — —Ry Rs+ Rs + Ry —R3 0
- 0 —Rs3 Rs +.R3 —Rg
—Ry 0 —Rg R, + Rg + Rg

We can invert the matrix Z and . compute all the mesh currents. The voltage
across Rg is (ig — i3)Rs. All the branch voltages, all the branch currents
can be computed from themesh currents.” As before, Octave can be used
for rapid computation.

octave:1> [v1,v2]l=deal(1,2);
octave:2> [r3,r4,r5,r6,r7,r8]=deal (3,4,5,6,7,8);
octave:3> Zv= [xT7+r4d,~xr7, 0, -14;...
-r7, r3+r5+r7, -r3, 0;...
0, -r3, r3+r8, -r8;...
-r4, 0, —r8, r4+r6+r8];
octave:4> I inv(Z)*[v2; 0; -v1; 0];
octave:5> V = (I(2)-I(3))*r3
= 0.4324

Introducing current sources in the circuit introduces complexity in some
situations. If the current sources are on the outer branches of the circuit, the
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corresponding mesh currents are directly decided by these current sources.
In the next example, there are current sources along the outer branches of
the circuit.

Example 1.9. In the circuit below I; and I are 1 A and 2 A respectively.
Ry is k Q. What is the voltage across R3 from top to bottom?
—

w2 ez (O
«© (gl =3

The voltage across a eurrent source can. be anything, and as such, one
cannot write a KVL through current sources. However, if the mesh current
is the same as thé current through' the current source, the corresponding
KVL equation is no longer required. In‘this«case, i = —Is and i3 = I;.
We have written KV Ls for the.other'loops.

(ia + Is)R7 +i9Rs + (i — [1)R3 = 0
(ig £ I2)Ry+ (ige=T1)Rs +i4Rg = 0
or,

Rz + Rs+Rj3 0 19 _ ILRs — bR,
0 R4+ Rs + Rg| |i4 I1Rs — IhRy

As before, Octave may be used for calculations.

octave:l> [i1,i2]=deal(1,2);

octave:2> [r3,r4,r5,r6,r7,r8]=deal(3,4,5,6,7,8);
octave:3> Z = [r3+r5+r7, 0; 0, r4+r6+r8];
octave:4> I inv(Z)*[i1%r3-12*r7; il*r8-i2*r4d];
octave:5> V (I(1)-i1)*r3

V = -5.2000

Then, how do we analyze using the mesh-current method when there are
current sources inside the circuit? The method is now adjusted to create a
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super-mesh; a combination of multiple meshes. Instead of the regular mesh
currents, we introduce the current of a super-mesh, such that every current
source directly decides the current in a mesh. The next example is illustrates
the technique.

Example 1.10. In the circuit below I; and I are 1 A and 2 A respec-
tively. Ry is k €. What is the voltage across Rs from top to bottom?

2 (( @ )z
OXOREY S *

The current sources need to decide mesh currents.~As such, we have drawn
i1; the current source I; decides the value of ij. 'We-draw the mesh current
1o aligned with the current souree 5. For I to uniquely.decide the value of
the mesh current i1, weshould not declare the adjacent’ mesh current as a
variable. Instead, we can choose a loop (a super-mesh) that combines two
or more meshes and passes through Rj,but avoids ;. i3 is a super-mesh
that has accordingly been chosen. The mesh’current i4 is chosen as usual.

Now we have the current going through Rs as i1 + ¢3 from bottom to top,
the current through Rr-as i1 +i5+ i3 from right to left, the current through
Rg as i3 —14 from right te left;\the current through R4 as i9+i4 from bottom
to top. Note that:ithe current i3.isjust I1, and the current is is just Is.

The KVLs for the remaining two loops corresponding to ¢3 and i4 are:
13R3+ (ig — i4)R8 an (i3 + Iy + Il)R7 + (ig + Il)R5 = 0
i4Re + (ia + I2) Ry + (ia —i3)Rs = 0
or,

Rs + Rs + R7 + Rg —Rg 3 _ —I(Rs + R7) — LRy
—Rg Ry + Rg + Rg| |2 —IbRy

24
The voltage across R3 from top to bottom is nothing but 73R3. We can
solve the remainder of the problem with the help of Octave, or any other
tool. The voltage across Rj3 is evaluated as —4.56 V.
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4 N

D
‘4)
31

Figure 1.4: Several loops exist in any given circuit. The number of loops
required to perform mesh or loop-current analysis is B — (N — 1); where
there are B elements and N nodes in the circuit. The circuit shown has 13
elements, 10 nodes. 4 loop or mesh-current equations are sufficient.

v

A

1.4.2 Choose the right loops

There are many loops and meshes in a circuit. How do we pick a set of loops
and meshes that allow usto analyze the circuit?

Fig. 1.4 shows a circuit with 13 elements, 10 nodes. As such 4 mesh
current equations are sufficient to completely analyze the circuit. However,
if these 4 mesh equations are not-available, which 4 loops do we choose? a,
b, ¢, d are the defined meshes. Let us‘define the other loops as follows:

e=aUb, f=aUc, g=albUc¢, ~h=aUbUd, i=aUcUd
J=aUbUcUd, k=bUe¢, [=bUd, m=bUcUd, n=cUd

In addition to meshes a; b, ¢, d, the loops f, g and j are also illustrated in
Fig. 1.4.

Loop current analysis-can be performed in many different ways. Meshes
{a,b,c,d} will work well, unless there is a current source in between the
meshes. [If the element shared by a and c is a current source, we can choose
meshes {a;b;d, f},or {b,c,d, f}. If the element shared by a and b is a current
source, we can choose meshes {a, c,d, e}, or {b,c,d, e}. If the elements shared
between b — d and ¢ — d are current sources, we can choose {a,b,c,j}.

Scan the QR-code, and learn more about
how to pick an optimal set of loop-current
equations by studying fundamental loop
analysis.
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1.4.3 Circuit examples with dependent sources

Working with dependent sources is straightforward with mesh or loop-current
analysis. As before, we need to make sure that if there are current sources, we
pick the set of loops such that KVLs through current sources are not required.
We will repeat the examples done with node-voltage analysis, example 1.6
and example 1.7.

Example 1.11. In the circuit below, V3 is 1 V, Gy is 1/2 S, Ry is 1 Q,
Ry is 2 €2, and likewise Ry is k €. Evaluate the current ;.

Vg

Rd% /C)Rli'il i @G2'Uc T

Ry Re
—

1

O D) R

0

Four mesh currents are identified. Clearly iy = i, — i.. Further, v, =
(iq — ip)Ra. It is also apparent that iy = ~Gov. = —GaRa(iq — ip). The
KVLs for the meshes a, b.and c are as follows.

to(RIF Ry) ~ipRo —icRy = Wi
oo + ib(RQ 4+ Rg + R5) —iqgRg = 0
~tgRyp+.(R1+ Ry)+ Rgin = 0

Substituting the-values for i; and 74, we can simplify the mesh equations
and rearrange in the form of a single matrix equation.

Ry + Ry —Ry R’ iq Vi
GoRoRg — Ry Ry + Rs + Rg — GoRoRg 0 w|l =10
—R1 + R3 0 R+ R4 — R3 e 0

Computation of i; = i, — i, gives the same result as before, 389 mA.
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Example 1.12. In the circuit shown below, the resistors Ri, Ro, R3, R4
are 1 ©, 2 Q, 3 Q and 4 2 respectively. Z is 5 Q. Iy is 1 A. Evaluate 3.

RS () w3
v,, i\/}ﬁ - C)%Rl
LOROE

0

Three mesh currents are identified, of whieh ¢, = Jy. Further, i3 18 Iy — iy,
and the potential across the CCVS.is Z(Iy— ip)<We can now write out the
two mesh equations for i, and 7.

(Ra + R3 + R4)iy, — Ryt =" 1IoR3
— Ryip+ (R1 -+ R4)ic =) Z(IO - ib)
A matrix representation of theiequation-pair:is given below.

Ro + Ry + Ry — Ry :| |:Zb:| _ |:R3]0:|

lc

Z—Ry R+ Ry AN

We can compute the answer using Octave.

octave:1>/[i0,z,rl,r2;r3;,r4]l=deal (1,5,1,2,3,4);
octave:2> Z =<[xr2+r3+rd, -rd; z-r4d, ri+rd];
octave:3> I inv(Z)* [10*r3; i0%*z] ;
octave:4>7i3 = 40-1I(1)

i3 = 0.2857

Observation 1.3. The matrix Z obtained through mesh analysis is symmetric
when there are no dependent sources. Let us consider a resistor R shared
between the mth and nth loops. If the directions of currents in the mth and
nth loop through this resistor are the same, then this resistor will create an
entry +R for Z,,, and Z,,,. If the currents in the loops through this resistor
are opposite, the resistor will create an entry —R for Z,,,, and Z,,,.
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f
A
7 6
a 8 gl 5 .
A
1 9 4
Y Y
b 2 g 3 T d

Figure 1.5: Circuit to illustrate the incidence matrix and Tellegen’s-theorem.

1.5 Tellegen’s theorem

1.5.1 The incidence matrix

Consider a circuit as shown in Fig. 1.5. Thenodes are marked a through
g, while the circuit components are labeled 1 through 9. The directions of
currents are also marked. Although arbitrary, the directions are required for
reference in the following discussion. The properties of the components are
irrelevant for this discussion.

For each node in the circuit ‘we can write a KCL. We can form 7 KCL
equations for the nodes a through g. Our convention will be to use a positive
sign when a current flowsiout of the node. Let {iy,1s,...,i9} be the cur-
rents going through the ecomponents'l through 9, in the directions marked
in Fig. 1.5.

1.0 0 000 0 0 -1 07 _
1 100 0 0 0 0 o0f][n
0.1 1 0 0 0 0 0 -1 |&
000 -1 1 0 0 0 0 O0]]is|=0
0 0 0 -1 1 1 0 0 0

00 0 0 0 -1 -1 0 0]

0 0 0 0 -1 0 1 1 1]°"

or,
AI=0

A; has 7 rows and 9 columns. In general, it will have the same number of
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rows as the number of nodes, the same number of columns as the number
of elements. Note that the nine equations represented by the given matrix
equation are linearly dependent; e.g., the sum of all the rows of A; is 0.

Definition 1.3 (Incidence matrix): A is the incidence matrix. The elements
of the incidence matrix, A,,, are as follows:

+1 if the gth current leaves the pth node,
Ay, = ¢ —1 if the gth current enters the pth node, (1.3)
0 if the ¢th current is not connected to the pth node.

Theorem 1.1 (Linear dependence of the incidence matrix): The incidence
matrix is linearly dependent.

Proof. For every current that leaves a node it also has to enter.another node.
As such, for that column, there will be two non-zero entries, one with a +1
and the other with a —1. Therefore the sum of every column is 0. |

Definition 1.4 (The reduced incidence matrix): The incidence matrix with
the equation for the datum node removed is the reduced incidence matrix.

Example 1.13. In our example, if we arbitrarily choose node g as the
datum, the réduced incidence matrix-equation becomes:

0 T0 9 o0, 07 -1 07 g
—1 1 02000 0570 0 0|y
0PASNT ¥ oQ” 0o o -1f|,

3l =0
0 ,8” 2180 0 o0 o
KW & M1 1 0 o0 of]
L0 00000 0 -1 -1 0 o0 L]

Theorem 1.2 (The reduced incidence matrix is linearly independent): For
any circuit with n nodes, the KCL equations for any n — 1 nodes form a set
of n—1 linearly independent equations.

Proof. The reduced incidence matrix, A, is constructed by removing the row
corresponding to the datum node from A;. The elements connected to the
datum node now appear only once in A, i.e., the gth branch going out of
the datum node to the pth node has an entry of —1 in the pth row and
gth column of the reduced incidence matrix. The corresponding +1 would
appear in the row corresponding to the datum node, which has now been
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removed. There is no way to linearly combine the rows to obtain 0, and A
is linearly independent.

AL=0 (1.4)
n

1.5.2 Independent KVLs

We define the potential at each node with respect to the datum node as e;.

Example 1.14. In the circuit of Fig. 1.5, the potential differences, {vj};
across each circuit element, is represented in the matrix form as follows.
The potential difference is taken in the same direction as the current.

1 =10 0 0 07
0 1 -1 0 o 4 R
0 0 1 -1 0 0] vi
0O 0 0 1 “1 0 Eb 2
0o 0 0 0 1 o0 c) G| vg
€d \
00 0 0 141/
€
0 0 0 0.0 -1 y o
—1 0 0 0 W sy Leid
0 0. -1 0 0.0

Let us assume there are b components in the circuit and n nodes including
the datum. Then, in general, ME = 'V, where M has b rows and n — 1
columns, E has n — 1 rows and 1 column, and V has b rows and 1 column.

+1 if the pth current-leaves the ¢th node,
M,, = < —1-if the pth current enters the gth node, (1.5)
0 if the pth current is not connected to the gth node.

From (1.3) and(1.5), we observe that M,, = A, or in other words,

M=A" A'E=V (1.6)

1.5.3 Tellegen’s theorem

Theorem 1.3 (Tellegen’s theorem): Consider two circuits that have the
same topology (i.e., arrangement of nodes and elements, without considering
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the component properties.) {v} are the potential differences across the b
elements of the first circuit, and {i;} are the currents through the b elements
of the second circuit. The potential differences, {v;}, and the currents, {i},
are specified in the same direction. Then

b
> (vpix) =0 (L.7)
k=1

The two circuits can also be the same circuit, as a special case.

Proof. (1.7) can be rephrased as VI -1 = 0. Since both circuits have the
same topology, the incidence matrix is the same for both. From (1:6)

V =ATE

or,
VI =E"A
Introducing (1.4),
VI I=E"AT=0
|

Tellegen’s theorem is extremely powerful.and can be applied to two dif-
ferent circuits with<the same topology, a circuit at two different points in
time, a circuit at the same point in time. With observations at the same
point of time for the same circuit, Tellegen’s theorem reduces to the law of
conservation of energy (instantaneous power). However, the law of conserva-
tion of energy is only a particular case of Tellegen’s theorem. Wide circuit
theoretical conclusions can be made with judicious application of Tellegen’s
theorem.

Corollary 1.5(Conservation-of power). In a circuit, the total instantaneous
power absorbed is_equal-to zero, or VI - T = 0. (Or, the sum of all power
generated equals the sum of all power absorbed.)

1:6° ‘Duality

Tellegen’s theorem tells us that VZ'-1 = 0, or in other words, the dot product
of the set of branch voltages with the set of branch currents is 0. This could
also be viewed as orthogonality between the voltage vector and the current
vector. If we interchange all the voltages and all the currents, Tellegen’s
theorem will still be satisfied. For a given circuit C;, therefore, can we find
another circuit, Cy, for which the branch currents are equal to the branch
voltages of Cy, and vice-versa?
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datum

(b)
Figure 1.6: (a) A circuit and (b) its dual.

Definition 1.5 (Dual of a network): If the voltages and currents.of a network
Cy are V; and I respectively, then the dual of C; is such a network, Cs, for
which the set of branch voltages are-numerically 1, and-the set of branch
currents are numerically V.

For every KVL in the original network, we will have a KCL in the dual
network. For every node in the original network, we will have a mesh in the
dual network. For every mesh in the original network, we will have a node
set in the dual network. Further, we need to replace every resistance with a
conductance of the same value, every capacitance with an inductance of the
same value, and vice-versa, every voltage source with a current source, and
vice-versa, to satisfy device properties.

It turns out that for every planarcircuit, it is possible to construct its
dual. The mesh equations for the dual circuit will be the same as the node
equations for the original and viee-versa. A planar circuit can be drawn on
paper, with no cressings. A nen-planar circuit cannot be drawn on paper
without branch crossings, even after any amount of re-organization. It is
not easy to-find out if a given circuit is indeed planar or not. A quick test
for planarity isto check if any element in the circuit is shared between more
than 2 meshes. If more than two meshes share an element, the network is not
planar. It will not be possible to find a dual for such a non-planar network.

Example 1.15. Let us try to construct the dual of the circuit shown in
Fig. 1.6(a). There are four meshes in the circuit, labeled as a, b, ¢ and d.

Now we will attempt to develop a dual for this graph. For every mesh, we
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expect a node in the new circuit. In addition, there needs to be a datum
node. Let us mark the nodes, ‘a’, ‘b’, ‘¢’, ‘d’, and a datum node, in a new
circuit. Next, for every mesh equation, let us create a node equation.

1. For the mesh a, L7 is an inductor shared between meshes a and c. In
terms of the mesh equation, the drop across the inductor is L7d(i, —
ic)/dt. In terms of its dual node equation, this component should
contribute Crd(v, — v.)/dt, with C; being numerically equal to Ls.
Therefore, we construct C7 between nodes ‘a’ and ‘¢’ in the dual
network.

2. R3 is a resistor shared between meshes a and b. In the KVL, its
contribution is a drop of R3(i,—1%). In terms of its dual node equation,
the component should contribute a current of Gs(v, —vp),; where.G3 is
a conductance numerically equal to’RR3. Therefore inthe dual network
we have constructed Gz between nodes ‘a’ and ‘b’.

3. Lg is an inductor that creates a drop of Lgdis/dt. In the dual circuit,
it should create a current.outflow of Cgdv,/dt, where Cg isnumerically
equal to Lg. Therefore we have constructed Cg between node ‘a’ and
the datum.

4. Next let us look at mesh b. The component Cgis shared between
meshes b and ¢. In the‘mesh-equation, it creates a voltage drop of
1/Cs [(ip — ic)dts. For the'dual node equation, there should be a
current‘outflow of 1/Ls.[(v, — v¢)dt, with Lg numerically equal to Cs.
This works out te aninducter.Lg between nodes ‘b’ and ‘c’.

5. Ry is a resistor shared between meshes b and d. In the mesh equation
it contributes a voltage drop of Ry (i, —i4). In the corresponding node
equation for.the dual, there should be a current outflow of G4(vy —vyg),
where G4.is numerically‘equal to R4. This works out to a conductance
of G4 between nodes ‘b’ and ‘d’ in the dual circuit.

6. Vi is'a voltage source that creates a drop of —V; in the mesh equation.
The corresponding node equation in the dual circuit should have a
contribution of —I; as the current outflow, with /; numerically equal
toV4. This works out to a current source I; from the datum to node
‘b’

7. Next we look at mesh c. The voltage source Vo creates a drop of
V5 in the mesh equation. The corresponding node equation for the
dual circuit should have a current outflow of I, with I5 numerically
equal to V5. This evaluates to a current source Iy from node ‘¢’ to
the datum.

8. The resistor Rs is shared between meshes ¢ and d. As such, for the
dual circuit, it will contribute a conductor G5 between nodes ‘c’ and
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‘d’, with G5 numerically equal to Rs.

9. Finally we will look at mesh d, which has one remaining component.
The capacitor Cy contributes a voltage drop of 1/Cy [ i4dt, in the
mesh equation. For the dual circuit, the corresponding node equation
requires a term 1/Lg [ vgdt as current outflow. This evaluates to an
inductor Lg between ‘d’ and the datum.

Every KCL in Fig. 1.6(a) has an identical KVL in Fig. 1.6(b), and vice-
versa. Every mesh current in Fig. 1.6(a) has an identical node voltage, and
vice-versa.

1.7 Unit summary

The voltage drop across a resistor is ¢R. The voltage drop. across ‘an
inductor is Li. The current through a eapacitor is.C'v.

It is illegal to set up a loop of independent ‘and. dependent voltage
sources. It is illegal to have all elements attached -to a node to be
current sources.

Dependent voltage and current sources can be controlled by voltages
across or currents through other branches. Such dependent sources are
mathematical constructs, useful for circuit analysis, understanding and
simplification.

The datum node (or ground, or earth) is an arbitrarily chosen node in
the circuit, designated to be at 0 potential.

KCLs written for all nodes other than the datum node are linearly
independent and sufficient to solve a circuit. This method is the node
voltage method.

Voltage sources may create difficulty in applying the node voltage
method. Every voltage sources reduces the number of node equations
by one. A super-node around a voltage source may be constructed if
the voltage source does not clearly define a node voltage.

If KVLs are written for each mesh, the set of equations obtained are
linearly independent and sufficient to solve a circuit. This method is
the mesh current method.
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e Current sources may create difficulty in applying the mesh-current
method. Every current source reduces the number of mesh equations
by one. A super-mesh may have to be constructed to isolate current
sources shared between two or more meshes.

e The matrices obtained from node voltage analysis and mesh analysis
are symmetric, if and only if there are no dependent sources in the
network.

e Tellegen’s theorem proves that a set of voltages that obey KVL; and a
set of currents that obey KCL, for the same circuit topology, are orthog-
onal to each other. Guaranteed conservation of power is a particular
case of Tellegen’s theorem.

e It is possible to generate the dual of‘any planar network. Each KCL
in the original network corresponds to a’ KVLin its-dual. Each KVL
in the original network corresponds to a KCL in the dual.” Between a
network and its dual, the number of branches remains the same. In the
dual network, meshes-map to nodes, and vice-versa.  The dual of the
dual of a network is the network itself. Circuit component-types have
to be inverted, keeping the value-the same.

Computation

In this text, we need to.rely on-a tool that allows us to compute quickly.
Nevertheless, we do not want to bother ourselves with the intricacies of com-
puter programming. A quick interactive tool that gives us this benefit is
Octave. MATLAB®) is the original computational tool; however, MATLAB®R)
is proprietary-and requires a license. Octave is an open-source tool that is
similar to MATLAB®). Most commands or functions in Octave are compati-
ble with the corresponding functions in MATLAB®); however, there may be
minor variations.-In this text, we will assume the availability of Octave. The
detailed manual for Octave is available at [2].

The programming style in Octave is slightly different from regular com-
puter'programming. In Octave, it is more efficient to process an array (or
a vector) in one shot than to cycle through each element of a vector and
process them individually. For example, if we have two vectors X and Y,
each of length n, and if we want to work out >} 2;y;, then in most computer
programming languages (C, C++, Python, Perl, Java), we will write a for
loop which adds up the product of each element pair product. In Octave,
we will simply use transpose (X)*Y (or X*transpose(Y) in case X and Y are
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row-vectors) to obtain the dot product of the two vectors. A for loop in
Octave takes more time to execute than a vector or matrix operation.
Installation instructions and other details regarding the usage of Octave
in this text have been provided in Appendix A. Octave (like MATLAB®))
has extensive documentation readily available. If you do not know what a
specific command does, say deal, you just have to type help deal to obtain
the relevant documentation and see examples. The advantage of a tool like
Octave over others is its focus on mathematics and the availability of plotting
tools. Like most computing languages, you will get a better grasp of the
language as you use it. Till you use the tool yourself hands-on, you will not
be at ease with it. Electrical Engineers use MATLAB®)/Octave extensively.
Circuit theory is a convenient study to get familiar and comfortable with
Octave. Before starting the exercises, obtain a copy of Octave and start
tinkering. To start with, make sure you can solve the worked-out examples.

1.8 Exercises

Multiple choice type questions

1.1 Two inductors of 0.1 H and 0.2 H are coupled ‘to each other through a
coupling coefficient of 0.5. What is the mutual inductance?
(a) 0.0b H (b) 0.0707 H (¢) 0.1 H (d) 0.1414 H

1.2 Two inductors of 10 mH and 2.5 mH are mutually coupled. What is the
maximum mutual inductance?
(a) 2.5 mH (b).5 mH (c) 10 mH (d) 20 mH

1.3 A mutual inductance of 2 mH is designed using inductors of 1 mH and 9 mH.
What should be the coupling coefficient?

(a) 1/8 (b) 1/6 (c) 1/3 (d) 2/3
1.4 Which of the following is true for the coupling coefficient, k, of a mutual

inductance?

(a) k€ (<00, 0) (b) k € [0, 00) (c) ke [-1,1] (d) k €10,1]

1.5 Which of the following is the outcome of Tellegen’s theorem?
(a) VI=0 (b) VII=0 (c) VIT =0 (d) VIIT =0

Short answer type questions

1.6 The incidence matrix is guaranteed to be linearly
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Figure 1.7: Circuit for question 1.16

Removal of any one row of the incidence matrix gives the , which is

linearly

A circuit does not have any dependent sources.. While analyzing using
the method, the G matrix will be

One should not place two<r more voltage sources:in
One should not place two or more current sources in

If a circuit has 8 nodes and 12 elements, what is the number of equations in
node-voltage analysis?

In an 8-node 12-element circuit, what is the number of mesh equations in
mesh-current analysis?

In the 8-node 12-element circuit, what is the maximum number of indepen-
dent and dependent current sources? (Answer: 5)

In the 8-node 12-element circuit, what is the maximum number of indepen-
dent and dependent voltage sources? (Answer: 7)

In the8-node 12-element circuit, there are 4 voltage sources and 3 current
sources.» Which analysis method will have lesser equations - node voltage
method or mesh current method? Why? (Answer: mesh method will have
2 equations, while node voltage method will need 3 equations.)

Numericals

In the circuit shown in Fig. 1.7, find the value of v,.

Solve the circuits in Fig. 1.8 using the node voltage method. Arrive at the
matrix equation GV = U for each of the circuits. Invert the matrix G using
Octave.
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Figure 1.8: Circuits for questions 1.17, 1.18; and 1.19.

Solve the circuits in Fig. 1.8 using the mesh method.” Arrive at the matrix
equation ZI = U for each of the circuits: Invertthe matrix A using Octave.
Cross-check your answers with those obtained earlier in 1.17.

For each of the circuits in Fig. 1.8 (let us call-the circuit as C,), come up
with a new circuit Cp, such that (i) the mesh equations of C, are the same
as the node equations of Cp; and (ii) the node equations of C, are the same
as the mesh equations of Cy.

Schematics are shownin Fig: 1.9. - The component values are to be taken as
1, 2, 3,...12, numerically. For.example, a component R will have a value of
5 Q, Vi will havea valueof 6V, I7 a value of 7 A, Kg a value of 8, Zg a value
of 9 ), Gp.avalue of 10.S: Solve the four circuits using the node-voltage
method first and the mesh method next.

Consider a-current-controlled voltage source (CCVS). Suppose the voltage
across this CCVS is defined as 10i,, where i, is the current through the
CCVS itself. Can you simplify the representation of this CCVS?

Consider a voltage-controlled current source (VCCS). Suppose the current
through this VCCS is defined as 0.1v,, where v, is the voltage across the
VCCS itself. Can you simplify the representation of this VCCS?

Consider a voltage-controlled voltage source (VCVS). Is it possible to have
the value of the voltage source to be proportional to the voltage across the
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Ry

1.24

1.25

d
Rll R12 Rll R12

Figure 1.9: Circuits for questions 1.20.

VCVS.itself? « Think and decide as to what happens if a proportionality
constant, #+1 is used. What happens if a proportionality constant = 1 is
used? Repeat the exercise for a current-controlled current source (CCCS).

A resistive network with unknown resistances was used in two experiments,
as shown in Fig. 1.10. First Ry, was set to 2 2, v1 was 8 V, ¢; was measured
as —2 A, vy was measured as 2 V. Next R; was changed to 4 (), and the
applied v; was changed to 12 V. The measured i1, was —2.4 A. What would
be vy, in the second experiment? (Hint: Use Tellegen’s theorem.)

In the schematic of Fig. 1.11, two experiments are shown with a two-port
network. In experiment-A, a 1-A 50-€) source is applied on the left side, and
a b0-() resistor is connected on the right. The current measured is 0.1 A.
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Figure 1.10: Circuit for question 1.24

50 Q
0.1A 1
1.V

1 A(ﬁ) %

Experiment-A Experiment-B

Resistive network
0
50 .
Resistive network

Figure 1.11: Schematics for question 1.25

In experiment-B, a 1-V.50-2 source is applied on the right side, and a 50-
() resistor is connected on the left. What will be the current ix? (Hint:
Use Tellegen’s theorem.. Any other method will lead to significant wastage of
time.)

1.26 If you apply mesh-method te solve the circuit of Fig. 1.12, what is the least
number of equations yow will obtain?. What is the least number of equations
you will obtain if you apply node-analysis? Use the more straightforward
method and solve for i,.

. . 20
20 20 é)l\/ 1A
;ix
2V
2Q

Figure 1.12: Circuit for question 1.26
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Know more

Historical profiles

Gustav Kirchhoff (1824-1887) formulated the KVL and KCL as a course
project when he was an undergraduate student. Later, this became his doc-
toral thesis. A German-Russian scientist, Kirchhoff’s work encompassed elec-
tromagnetics, black-body radiation, and spectroscopy. Even before Maxwell
and his laws came into being, he calculated and proved that electricity moves
through a wire at the speed of light. Along with the famous Robert-Bunsen
(of Bunsen-burner fame), he discovered the elements Cesium and Rubidium.

Gustay Kirchhofft _Bernard Tellegen'

Bernard Tellegen (born in 1900, died 1990) was a Dutch electrical engineer
who formulated the Tellegen’s theorem in1952. A large part of Tellegen’s
career was at Philips Research. ~His ether notable contributions included
the gyrator and the pent-ode.. The gyrator was an important contribution
in electronic circuits. Tellegen won the IEEE Edison medal in 1973 for his
invention of the gyrator.

T: Photograph taken from the public domain.

T: Photograph te-used with permission from Royal Philips, Philips Company Archives.

Understand in depth

The topicsin this chapter were developed with the help of a branch of Math-
ematics known as graph theory. For understanding this topic from ground-
up, and for practice problems, the reader is referred to the following:

1. Engineering Circuit Analysis, by William H. Hayt and Jack E. Kem-
merley, McGraw-Hill, chapter 3.

2. Basic Circuit Theory, by C.A. Desoer and E.S. Kuh, McGraw-Hill,
chapters 9, 10, 11.



Unit 2

Network theorems

Unit specifics
In this unit we present the following topigs:
e Tableau analysis
e The superposition theorem
e The Thévenin theorem
e The Norton theorem
e Source transformations
e The compensation theorem
e The reciprocity theorem

e The maximum: power transfer theorem

Rationale

In the previous unit the student had learned to analyze a circuit systemati-
cally, but at the same time, optimally. This unit will give the reader intuition
about the circuit, without a detailed analysis. Network theorems are often
used as short-cuts to make predictions regarding circuits without performing
a full analysis.

In this unit we will restrict ourselves to resistive circuits with strictly
linear components, namely, R, linear dependent sources, and independent
sources. The network theorems, with minor modifications, are also valid for

37
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circuits with L, C and M. However, these will be discussed later, in Unit-4,
after we have started working fluently with inductors and capacitors.

Most of the network theorems are valid only for linear circuits. Non-linear
circuits are often linearized for suitable application of the network theorems.

Pre-requisites
e Physics: Circuit analysis, an understanding of Unit-1.
e Mathematics: Basic matrix algebra, differentiation (Class XII)

e Software: We will be using an open-source numerical package, Octave.
Octave is compatible with the commercially available' MATLAB®).

Unit outcomes

The list of outcomes of this unit are as follows:

U2-01: Learn to apply various network - theorems to-simplify circuits.
U2-02: Understand the coneept of -a power source.

U2-03: Critically appreciate maximum power transfer.

U2-04: Understand the main internal: working of computer programs that
simulate circuits.

Unit-2 é, cgef\i,\‘ﬁa-?n‘g with course outcomes
‘0 .

outcomes 2: medium, and 3: strong correlation)

1'coa| co-2 | Co-3| CO-4 | CO-5 | CO-6

R EAEEE

3 - 2 - - 2 -
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2.1 Tableau analysis
Nodal analyses of a circuit (KCLs at all nodes except the datum) led us to
A-I=0 (2.1)

where A is the reduced incidence matrix, I is the vector of all the branch
currents. Further, if we assign a potential to every node (the potential of
the datum is 0), all the branch voltages can be expressed in terms of these
potentials (KVLs). The above statement worked out to

AT.-E=V (2.2)

where E is the vector of all the node (not datum) potentials, V is the vector of
all the branch voltages. Further, each two-terminal device in the citcuit will
define a relationship for the corresponding branch current and voltage. -Let
us assume that the allowed devices in theeircuit are independent current and
voltage sources, dependent current and voltage sources; and resistors. We
can express the device characteristics as:

M-V+N-I1=U (2.3)

where M and N are bx b matrices that relate the branch voltages and
currents, U is a vector with the independent veltage and current sources
only. Now it is possible to assemble (2:1), (2.2), and (2.3) into a single
compact form as follows:

0 0 A E 0
<AT 1, o |V]| =0 (2.4)
0 M N 1 U
(2.4) can be written suceinctly as:
T W=U (2.5)

where T is the square matrix in (2.4), W is the column vector of all the
unknowns: node potentials, the branch voltages, the branch currents. Uisa
column vector with the independent voltage and current sources. (2.5) may
be solved to obtain W, i.e., all the node potentials, branch voltages, and
branch currents by inverting T and multiplying with U.

As an illustration, we will analyze a circuit with resistors, dependent
and independent sources, shown in Fig. 2.1. The circuit of Fig. 2.1 has six
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Figure 2.1: A circuit with resistors, dependent and independent sources, used
as an illustration for tableau analysis.

elements and four nodes. Let us assume d is the'datum.. We-have indicated

the directions of branch voltages and currents. KCLs.at a; b, ¢ give:
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We have written KVLs to express every branch voltage in terms of the
node potentials. We. obtain the.following:
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Thirdly, we can express the device characteristics of every circuit element.
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which is essentially, M-V + N -1 = U.

For a circuit with 6 branches and 4 nodes there are 6 branch voltages,
6 branch currents, and 3 node potentials. The three matrix equations can
be combined into a single matrix equation with 2 x 6 + 3 = 15 rows, as
T-W = U. In Octave, after defining A, M, N, we can describe T as:

k = rows(A);

b = columns(A);

T = [zeros(k,k), zeros(k,b), A; ...
-transpose(A), eye(b), zeros(b, b);...
zeros(b,k), M, N];

In the above code snippet, note that k is the number of nodes independent
of the datum, i.e., n — 1. For a circuit with 4 nodes, one will write out only 3
node voltage equations. The node voltage equation.at the datum.is linearly
dependent with the other node voltage equations:
Tableau analysis is often how a computer simulation program will.solve
a circuit and is purely mechanical. (2.5) can be solved by inverting ‘T, and
is given by:
W=1T"'0 (2.6)

Inverting T and multiplying with U is how all-the 1iode potentials, branch
voltages, and branch currents can be obtained.

2.2 Superposition theorem

Theorem 2.1 (Superposition theoreém): A network N has a set of k in-
dependent sources, {uy, ug,+ - - uy}, resistors, and linear dependent sources.
The output quantity of N is a certain node potential, or a certain branch
voltage or a certain branch current, w. w; is the measured output quantity
when only u; is ON, and the remaining independent sources are OFF (value
of zero). Then the output quantity w when all the independent sources are
ON together. will be the sum of all w;, that is,

k
i=1

Proof. The output quantity, w, is an element of W, the vector comprising
all node potentials, branch voltages, and branch currents. From (2.6), W is
a linear combination of all the elements of U. In other words,

W = A1 U1 + QU + * - - ARUL
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If we switch ON only u; and zero the remaining independent sources, the
. . k
output is a;u,;. So, w; is a;u;. Hence, w = "7 w;. [ |

The message of the superposition theorem is quite simple: the effect of
all the independent sources together is the sum of their individual effects.
Suppose a circuit has an independent current source I; and an independent
voltage source V5. In that case, we can analyze the circuit by first solving the
circuit applying only I; and with V5, = 0, then solving the circuit applying
only V5 and with I; = 0. We add the two solutions to obtain the final result.

To null a voltage source, the voltage source must be replaced with ashort
circuit (V' = 0). To null a current source, the current source must be replaced
with an open circuit (I = 0).

The superposition theorem is valid when the circuit contains<only lin-
ear circuit elements, i.e., independent veltage and current-sources, linearly
dependent voltage and current sources, and resistors.. Later; we will show
that superposition is valid even with inducters, capacitors, and mutual in-
ductance.

Example 2.1. In the circuit_shown below, Viis 1 V, I, is 2 A, R3, Ry,

R5 are 3 Q, 4 Q2 and 5 2 respectively~Evaluate the voltage across Ry.
R3

A%A %

TOC 352D

It is certainly<pessible to solve the circuit using the node voltage method
or the mesh current method. However, the analysis is simpler using super-
position.

First let us.apply*V; and turn I OFF. Turning a current source OFF
implies ‘its valuesbecoming 0 A, or the current source becoming an open
circuit.“The circuit is now a simple voltage divider and the voltage across
Ry can be evaluated orally as Vi - (Ry || R5)/(Rs + Ry || R5) or 0.43 V.

Now let us apply I> and turn V4 OFF. Turning a voltage source OFF implies
its value becoming 0 V, or the voltage source becoming a short circuit. Now
we have the current /5 being pushed through a parallel combination of three
resistors. The voltage across Ry is simply s - (Rs || R4 || R5) or 2.55 V.

Overall, the voltage across R4 is 2.98 V.
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Example 2.2. Let us now analyze the circuit in Fig. 2.1 and see if su-

perposition offers any advantage.
I

R
(<) A

The circuit has two.dndependent sources, I; and V5."The diagram above
shows the two-step technique for analysis using superposition. First, we
switch ON I; and null V3, i.e., replace Vo with a’short circuit. The circuit
is analyzed. Next, we switch, ON V5 and null I1; i.e., replace I; with an open
circuit. The circuit is analyzed.again. “Ihe analysis of the original circuit
(any branch voltage, any branch current, any node voltage) is the sum of
these two analyses... Superpesition.is a valuable technique in simplifying
the circuit. With the short-circuit and the open-circuit, it is conceivable
that the complexity,of the circuit can be substantially reduced.

Definition 2:1 (System): A system is a relationship between one or more
input excitations and one or more outputs.

Definition 2.2 (Linear system): A linear system has the following two prop-
erties:

1. When an input u; is applied to a system, its output is v;. When an
input us is applied to a system, its output is vy. The system is linear
with respect to its input if and only if the output is v; + v when the
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input is u; 4+ ug. This is known as the superposition property.

2. When an input u is applied to a system, its output is v. When an input
Aw is applied to the system, its output is Av, where A is any constant.
This is known as the homogeneity property.

Definition 2.3 (Time invariant system): When an input u(t) is applied to
a system, its output is v(¢). If the input is delayed, i.e., if the applied input
is u(t — to), the output will be v(t — to) for a time-invariant system, i.e., the
output will be delayed by the same amount.

Corollary 2.1. A network N, with only independent sources, linear depen-
dent sources, resistors, is linear and time-invariant (LTI) with respect to
each independent source.

Proof. We can use the tableau equation of (2.6). We may identify any single
element of U as the input, u. Let us reset all the other elements of U to
zero. Also, we may identify any element of W as the output, w. Now w is
proportional to u. So N is linear with respeet.to each independent source.
With one source at a time, w is propertional to u.If u(t) is delayed by
to, i.e., if we apply u(t —tp) instead of u(t), the response will be w(t — () as
opposed to w(t). If all the sources are delayed byg; so will the output. This
proves that A is time invariant with respect te each independent source. W

Corollary 2.2. Inductors, capaciters, mutual inductance are linear time-
invariant circuit elements; as long-as there are no (zero) initial conditions.

Proof. Let us assume that for each of these components, the input quantity
is current, and the output quantity is voltage.

For inductors; v(t) = Ldi If the current is i1, v = L“”1 If the current is
Iy, Uy = delf If the current is i1 + 19 the voltage is L= (”Hz) = v + V.

For capacitors, v(t) = 1/C fo t)dt + v(0). leen zero initial condi-
tions, ‘this-becomes v(t) = 1/C fo t)dt. For input current i,(t), vy(t) =
1/C [ ia(t)dt. For 1nput current is(t), vo(t) = 1/0 [ ia(t)dt. For input cur-
rent 4 () —1—22( ), the output voltage is 1/C fo ip(t) +io(t ))dt = v1(t) + va(t).

If the inputs are delayed, the corresponding outputs will be equally de-
layed. The reader can easily prove this. The components are time-invariant.

Similarly, for inductors and capacitors, if the input quantity is voltage
and the output quantity is current, the behavior is linear and time-invariant.
Also, similar arguments will hold for mutual inductance. [

Definition 2.4 (Port): A port P is a pair of wires coming out of a network.
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Figure 2.2: The network A contains linear circuit elements, dependent and
independent sources. N includes I that has been applied at the port of A.

Definition 2.5 (Driving point impedance): The driving point dmpedance
of a network N, looking into a port P, is the resistance measured across
P when all the independent sources in A/ are nulled (i.e.; voltage sources
short-circuited, current sources open-circuited.)

2.3 Thévenin and Norton theorems

Theorem 2.2 (Thévenin’s theorem): A network A comprises linear circuit
elements (independent sources, linear dependent sourees, resistors) and A
has one port. Looking at A from outside the port, the behavior of N is
identical to that of a single voltage source V. in series with a resistor Rr,
where (i) Vr is the open-cireuit voltage of NV, and (ii) Ry is the driving point
resistance of the network.

Proof. Consider the one-port metwork A as shown in Fig. 2.2. A current
source I is applied from outside the network, and the voltage v,, is mea-
sured. N contains aset of independent sources {uy, us, - - - ux }. The network,
including Ir, is labeled as N’ as shown in Fig. 2.2. N’ may be solved using
the tableau method: Therefore, from (2.6):

Um = Q1Uq + AoU9 + - AU + CLTIT,

because there are & independent sources within A and I applied from out-
side /. We combine the first k terms into a single term, V7, and rewrite the
last term as Rrlr.

Um = VT + RTIT (27)

(i) Asper (2.7), when I7 is nulled (open circuited), the measured v,, is V.
Vr is also the open-circuit voltage, measured when the port is open.
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Figure 2.3: AN contains linear circuit elements, independent sources, and
linear dependent sources. N’ includes Vy applied across the port.

(ii) When we null the &k independent sources (short-circuit voltage sources,
open-circuit current sources), from (2.7), v,, is only RrIr. Ry is also
the driving point resistance of the network.

As such, N may be replaced with a. voltage source,” Vp; in series with a
resistor, Rp. |

Theorem 2.3 (Norton’s theorem): A'network Nis comprised of linear cir-
cuit elements and has one port P. Looking at A from outside P, the behavior
of NV is identical to that of a single current source I in shunt with a resistor
Ry, where (i) Iy is the short-circuit current of A/, and (ii) Ry is the driving
point resistance of the network.

Proof. Consider the one-port’ network N as shown in Fig. 2.3. A voltage
source Vy is applied from outside the network, and the current 7,, is mea-
sured. A contains a set of independent sources {u1, us, - - - ux }. The network,
including Vi, is labeled as N”. A" may be solved using the tableau method.
Therefore; from(2.6):

im = blul + b2u2 +--- bkuk + bNVN

We arrive at the above equation because there are k£ independent sources
within N and Vi applied from outside P. We combine the first & terms into
a single term, I, and rewrite the last term as Vy/Ry.

Ty = [N—l-VN/RN (28)

(i) Asper (2.8), when Vy is nulled (short-circuited), the measured i,, is Iy.
Iy is also the short-circuit current, measured when P is short-circuited.
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(ii) When the k independent sources are nulled (voltage sources short-
circuited, current sources open-circuited), from (2.8) 4,, is only Vi/Ry.
Ry is also the driving point resistance of the circuit. Nulling a source
implies making its value zero.

As such, N may be conveniently replaced with I in shunt with Ry. |

The Thévenin and Norton theorems are duals of each other. Any linear
circuit can be modeled as its Thévenin or Norton equivalent.

Example 2.3. In the circuit shown below, Ry, Ra, R3, R4 are 1 ©, 2.,
3 Q) and 4 2 respectively. Ry is 5 2 and Vj is 6 V. Evaluate the current
through the resistor Ry, in the direction indicated.

Notice that the component values arée such.that the familiar Wheatstone-
bridge is not set up. Let us evaluate the Thévenin equivalent of the network,
looking back from Ry. We will now pull Ry, out of the network. For clarity,

We can now disconnect Ry, and work out the open-circuit voltage across
the two dangling terminals. If we consider the negative terminal of Vj to
be the datum, the upper dangling terminal is at VyR3/(R3+ R4) = 2.57 V.
The lower dangling terminal is at Vo Ra/(R1 + R2) = 4 V. The open circuit
voltage is —1.43 V.
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Next we can work out the driving point resistance looking into these two
dangling terminals. We will short-circuit V. This works out to (Rs ||
R4) aF (Rl || RQ) = 2.38 Q.

Now the model of the dotted region is simply a voltage source of —1.43 V in
series with a resistance of 2.38 €). We now return Rj, back into the circuit.
The current through Rj; works out to —0.19 A.

Example 2.4. In the circuit shown in the schematic below, evaluate the
voltage across the 6 2 load resistor.

Load
6 Q

First, we will rtemove the load and measure the open-circuit voltage. Then,
we will null‘all the internal voltage and current sources and find the driving
point resistance. The open-circuit . voltage, Vr, is 3 x 3/15 x4 = 2.4 V. The
driving point resistance, Rp,is4 || 11 = 2.933Q. The circuit can now be
re-drawn as in the schematic (a) below, where the voltage across the load

can be found using poténtial division, as 1.612 V.
L}

(a) Thévenin equivalent (b) Norton equivalent

The same circuit can also be analyzed using Norton’s theorem. The short-
circuit current, Iy, is 3 x 3/11 = 0.818 A. The driving point resistance,
Ry = Rp = 2.933Q. The circuit can be re-drawn as in the schematic (b)
above, and the voltage across the load can be worked out using parallel
combining of resistors, as 1.612 V.
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Figure 2.4: Circuit simplification with the help of source transformations.

2.4 Source transformations

Theorem 2.4 (Transforming a veltage source into a current source and
vice-versa): A linear circuit has a Thévenin equivalent of Vr and Ry. Then
its Norton equivalent is Iy = Vi /Rpand Ry = Ry. If the linear circuit has a
Norton equivalent of Iy and Ry, dits Thévenin equivalent will be Vi = IyRy
and RT = RN.

Proof. The Thévenin model has a short-circuit current of Vr/Rp. Therefore
the Norton equivalent .current will be Iy = Vi /Ryp. Further, Ry and Ry are
the same driving point. resistance of the circuit.

Similarly, the Norton model will have an open-circuit voltage of IyRy.
Therefore the Thévenin equivalent voltage will be Vi = Iy Ry. |

We can transform a voltage source in series with a resistor to a current
source in shunt with a resistor. For example, a 10 V battery with an internal
resistance of 2 {2 can be transformed to a 5 A current source with a shunt
resistance of 2 (2. The transformation is both ways, and a current source in
shunt with a resistor can be transformed to a voltage source in series with a
resistor.
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Example 2.5. In the circuit of Fig. 2.4, let us work out the power supplied
by the 24 V source.

1. In the first step, the 18 A source and the 2 € shunt resistor are
transformed to a 36 V source and a 2 2 series resistor.

2. In the next step, we combine the two series resistors, and then the
36 V source with 3 Q is transformed to a 12 A source in shunt with

3 Q.

3. The two parallel resistors are combined, and the 12 A source with 2 {2
in shunt is transformed to a 24 V source with 2 Q in series.

4. The two series resistors are combined, and the 24 V source with 6 €2
in series is transformed to a 4 A source in shunt with 6 . The two
shunt resistors are combined.

5. We transform the 4 A source in shunt with 2 2 to.an’8 .V source in
series with 2 €.

6. Now the circuit reduces in complexity. and the eurrent>coming out of
the 24 V source works out to 2" A.*The power supplied by the 24 V
source is therefore 48 W.

Observation 2.1. A practical voltage source always has an internal series
resistance. Therefore it can be.transformed into a current source in shunt
with the internal resistance. Every source of finite power (voltage or current
source) can be transformed one way or the other. There is nothing sacrosanct
about a voltage source; in some cases, it may be easier to treat it as a current
source.

2.5 . Compensation theorem

The compensation theorem has been stated in the literature in several dif-
ferent: forms [3], [4]. All the statements are equivalent in terms of network
theory. The statement in this text follows that of [4].

Theorem 2.5 (Compensation theorem): The compensation theorem is il-
lustrated with the help of the schematics in Fig. 2.5. An LTI network N
is connected to a resistor R. A current I flows through R as shown in
Fig. 2.5(a). When the resistor R is changed to R+ AR, the current changes
to I + A, as shown in Fig. 2.5(b). Ry is the driving point impedance of
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N. Al is the same as the current driven by a voltage source —IAR driving
Ry + R+ AR, as illustrated in Fig. 2.5(c).

Proof. Let us mentally replace the network N with its Thévenin equivalent
model, V7 in series with Ry. Ry is nothing but the driving point impedance
of the network, Rys.

In the first scenario, V7 is driving Ry + R and a current I flows.

SV =IR+ IRy

In the second scenario, Vr is driving Ry + R+ AR and a current [ + Al
flows.

Vr = (I+AI)(Ry+ R+ AR)
or, Vi = IR+ IRy +IAR+ ALRy + R+ AR)
w_/
T
or, Vo = Vr+IAR+ AI(Ry + R+AR)
. —IAR = AI(Ry+ R+AR)

Example 2.6. In the circuit below the strength of the voltage and current
sources are unknown: The kth resistor, Ry, is of k & When Ry, is 10 2,

I, is 1 A. What will be [y, if Ry, is 15Q7?
Ry

VWA I

Ry R Rs —¢

R4 % RG RL

First let us work.out the driving point impedance of the circuit looking
backwards fromRy,. To evaluate the driving point impedance, all indepen-
dent sourcesaieed to be switched OFF (or zeroed), i.e., all voltage sources
are to be short circuited and all current sources are to be open circuited.
The remaining circuit, looking back from Rp, not including Ry, has an
impedance of:

Ry =Re || [Rs + {Ra || Ry || (R2 + R3)}] =2.92 Q

We do not know the strengths of the voltage and current sources; as such let
us not use the Thévenin or Norton theorems, but apply the compensation
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IAR

Figure 2.5: [Compensation theorem] (a) An LTI network A is connected to
a resistor R. A current [ flows through R: (b) R is changed to R + AR.
The current I will no longer flow, and change-to I +AJ. (¢).Compensation
theorem says that Al will be the current driven. by a voltage source IAR
driving R + AR and the driving point impedance of A/, The polarity of the
voltage source is against the direction of current.

theorem. The resistor Ry is changed by AR =5 Q). The extra current, Aly,
will be that caused by a voltage source of =1 A x5 Q driving Ryr+ Rr+AR.

Al = 5/(2.92 + 15) = —0.279

So the new I7,.is 0:721/A.

Alternately, ‘we could use Thévenin’s theorem to work out this problem.
Imagine «the network looking back from Rj; to have a certain Thévenin
equivalent voltage ¥ and resistance Ryr. In that case, Vi = I (Ry +
Rp) = 1292V, for the original circuit. Now when we change Ry, to 15 €,
12.92.= I7(2.92 + 15), or I, is 0.721 A.

2.6 Reciprocity theorem

Definition 2.6 (Passive network): A passive network is a network in which
no individual component generates power. A typical passive network will
not contain controlled voltage and current sources, independent voltage and
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Figure 2.6: If A is passive, the reciprocity theorem (Theorem 2.6) states
that I, will be the same as ;.

current sources.

Theorem 2.6 (Reciprocity theorem with a voltage source, short circuit cur-
rent): The passive (resistive) network N has two ports P; and Py An exci-
tation voltage V) is applied at P;, and the short cireuit current is'measured
at Py as I,. Then, if we apply the same excitation V; at P-, the short circuit
current measured at P; will be I5.

Proof. Let us assume that the short eircuit in both cases is a 0-£) resistor.
The network di-graph in both cases is identical: \We will apply Tellegen’s
theorem in the following manner: first, the currents'in Case-A, voltages in
Case-B, and next, the currents in Case-B, voltages in Case-A.

Let us also assume there are k resistors in N, of values { Ry, Ro, -+ Ry},
the currents through these k resistors being {ig14/ir2,, - irk,} in Case-A,
and {igr1,,iRrops, " iRk, p 0 Case-B:

=k j=k

]1A X 0 + IQAVYl + Z(iRjARjiRjB) — O — VvllgB + O X IlB + Z(iRjBRjiRjA)
j=1 7=1

The above results in /o, =Js . |

Theorem 2.7 (Reciprocity theorem with a current source, open circuit volt-
age): The passive (resistive) network A has two ports P; and Py. An exci-
tation current [y is applied at P;, and the open-circuit voltage is measured
at Py as V,. Then, if we apply the same excitation I; at P, the open-circuit
voltage measured at P; will be V5.

Proof. Let us assume that the open circuit in both cases is a resistor of
infinite value. The network di-graph in both cases is identical. We will
apply Tellegen’s theorem again: first, the currents in Case-A with voltages
in Case-B, and next, the currents in Case-B with voltages in Case-A. Again,
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Figure 2.7: If N is passive, the reciprocity theorem (Theorem 2.7) states
that V5, will be the same as V.

let us assume there are k resistors in AV and have currents as in the proof of
theorem-2.6.

k k
LVay + 0 x Vi + > (inj, Ryinjs) = 0= 0% Vi, + Vo, + Y (i, Riigg,)

=0 =0
The statement can be simplified to show that Vs, = V5. n

Reciprocity is valid as-long as the network is'linear ‘and passive. Reci-
procity is also valid in electro-magnetism; for example, a passive antenna
is reciprocal becausets characteristics while transmitting and receiving are
identical. Theorems 2.6 and 2.7, which we ‘have just proved, form the basis
for the reciproeity of an antenna.” A mutual inductor is also reciprocal, in
the sense that the effect of a changing current in the primary coil on the
secondary coil will be the same as the.effect of a changing current in the
secondary coil on the primary ¢oil.

Example. 2.7. In the circuit shown below, the values of the unmarked

are unknown. When & current of 5 A is applied in the schematic on the

left, a‘current.of 1 A is measured through the 10  resistor. What will be

iz the cutrent in the 3 ) resistor when a current of 5 A is applied as in

the schematic on the right?

VIV ¢ VA
1A

cw 00 i GW 'G
ol !

VWA VWA

For the schematic on the left, a current of 1 A through the 10 2 resistor
creates a 10 V drop. Let us consider a passive two-port network which
includes both the 3 € and the 10 (2 resistors, in addition to all the other

[3p)
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resistors shown in the schematic on the left. Applying a 5 A current at the
port on the left creates an open-circuit voltage of 10 V at the port on the
right.

By the reciprocity theorem, applying a 5 A current at the port on the right
should create a 10 V open-circuit voltage at the port on the left. For the
schematic on the right, this is the case. Therefore, the current ¢, through
the 3 Q) resistor will be 3.33 A.

Reciprocity can also be applied to multi-port (more than 2-port) networks
quite easily. One only needs to consider two ports at a time, while ignoring
(either by short-circuiting, or by open-circuiting,‘or even by connecting an
agreed-upon load at) the other ports.

Example 2.8. In the schematics shown below, N\ is a passive three-port
network. When a 10 V voltage source with source resistance-of 1 € is
applied at Pi, a voltage of 2 V is measured across a»2-€) resistor at Po,
a voltage of 3 V is measured across @ 3 ()-resistor at Ps(illustrated in
the schematic on the left). What is the voltage vy measured across a 1
resistor at P; (illustrated in the schematic on the right) if 1 V in series
with 2 Q is applied at P» and 1V in'series-with 3€24s applied at Ps at the
same time?

1V
L2V
20 20
Pi P2
10 30
+ +
10V L W P3S30Q 3V e 105 P N Py 1V

It is possibleto solve this question with the help of Tellegen’s theorem.
Instead, we'will apply the reciprocity theorem, with the aid of superposition
and homogeneity. (Any question that can be solved with the help of the
reciprocity theorem can also be directly solved with the help of Tellegen’s
theorem.)

First, let us consider the network A/, as shown in the schematic below.
The 1 € resistor at Py, the 2 ) resistor at Py and the 3 € resistor at Ps
have been absorbed into A”.
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Now, as per problem statement, when 10 V is applied at the new Pji, and
the new P and P3 are short-circuited, the currents in P, and Pg are L-A
and 1 A. If we apply reciprocity theorem now, and apply 10 V.at Ps, (with
a short circuit at Ps,) Py should carry 1 A. Similarly if we-apply. 10"V at
Ps, (with a short circuit at Ps,) P; should carry 1 A. To summarize in a
table:

Voltage at | Voltage at | Current at
P Ps P1
10V 0oV 1A
1V 0oV 0.1 A
oV 10V 1A
oV 1V 0.1 A
1V 1V 0.2°A

Overall, with the help of reciprocity and superposition, we have evaluated
the current at Py to be 0.2 A, the voltage v, to be 0.2 V.

In the previous example 2.8, observe the usage of the reciprocity theorem
along with superposition. We also have used homogeneity. That is, if the
applied voltage of 10 V results in a current of 1 A, then an applied voltage of
1 V will result-in a current of 0.1 A. Homogeneity can be applied only when
there is a single independent source ON at a time, or when all independent
sources are scaled together.

2.7 Maximum power transfer theorem

The following discussion on the maximum power transfer theorem applies
to circuits with resistors and linear dependent sources. We will study a re-
statement of the theorem for general circuits with R, L, C, M, and dependent
sources, later in Unit-4.
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i
—

Rg +

-

Vs —

Figure 2.8: The maximum power transfer theorem (Theorem 2.8) states that
maximum power is transferred from Vg to Ry, if R, = Rg.

Theorem 2.8 (Maximum power transfer theorem for a resistive network):
When a non-ideal voltage source (voltage source in series with a nen-zero
resistor) drives a resistive network, maximum power isdrawnfrom the source
to the network when the driving point resistance of the network is equal to
the source resistance.

Proof. iy, is Vs/(Rs + Rp). v is VsRy/(Rs + Rp). . Therefore the power
transferred to the load is Pr.= V&R /(Rs +Ry)*. P is'maximum when
dPy/dRy, is zero.

dP,  {ol(Rs+ R1)%<2R,(Rs +R1)}

_ —0
dR; % (Rs +Rp)*

Simplifying, we obtain R; = Rg. |

We have stated the maximum power transfer theorem for a non-ideal volt-
age source. However, equivalently it could also be formulated for a non-ideal
current source (current source in-shunt with a resistor). We can transform
a current source in shunt with a source resistance into a voltage source in
series with the'same source resistance, and then the theorem in its current
wording may be applied.

Corollary 2.3. When a non-ideal current source (current source in shunt
with a non-zero resistor) drives a resistive network, maximum power is drawn
from the source to the network when the driving point resistance of the
network is equal to the source resistance.

Proof. The current source in shunt with the source resistance can be trans-
formed to a voltage source in series with the same source resistance. The
proof follows. |
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Example 2.9. In the circuit below, what is the value of Ry such that
maximum power is delivered to Ry? What is this maximum power in

watts? Assume Vj is 10 V and Ry, is k €.
Ry Ry

Ry Rs

Let us first construct a Thévenin equivalent of the network, lookingin from
Rp. The driving point impedance can be calculated by short-¢ircuiting Vjy;
the rest of the circuit can be resolved byfseries and parallel combinations.
The driving point impedance, Ry is:

Ry = {(R1+ Ra) || Rs} + Ra'+ R5 = 8875 Q)

Maximum power will be delivered to.R;, if Ry is 8.875 (2.

The Thévenin equivalent voltage, Vi, can'be evaluated-by considering the
open-circuit voltage across the terminals.” This\simply works out to:

R3

"R{+ Rs% R4

Vr
The power in the Ry, is the voltage across Ry, times the current through Ry,.
When Ry, is the optimal 8.875.2, the voltage across Ry, is Vr/2, and the
current is Vr/(2Rr).  Therefore, the maximum power that can be delivered
to Ry, when Ry is 8.875 €, is«(Vr/2) - (Vr/(2Rx)) = 0.396 W.

Observation 2.2, Looking back from a load, Ry, if the Thévenin equivalent
voltage is Vp, then the maximum power that can be delivered to the load
resistor is- V2 /(4Ry).

Observation 2.3. The maximum power transfer theorem is misapplied in
many cases. The theorem states that for a given source resistance, the load
resistance must be equal to the source resistance to draw maximum power. It
does not talk about what the source resistance should be. The premise of the
maximum power transfer theorem is a situation where the source resistance
is constant. What should be the source resistance to deliver maximum power
from the source to the load?” The answer is zero for a voltage source, oo for a
current source. If you have the option of changing the source resistance of a
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power source, to maximize power transfer your objective should be to make
the source as ideal as possible.

Example 2.10. The model of a BJT amplifier is shown in the two-port
network below. The input is from a microphone of source resistance Rg.
The output is delivered to a speaker of resistance Ry. i¢ is a variable
bias current that the amplifier designer can control. vr, V4, 8 are BJT
device parameters that are fixed. Find the values of R;, and i¢ such that
maximum power is delivered to the load speaker

O—
Rg
F Vi
. ) R
. T
L Y > e 22 vpe
o—

Let us first evaluate the driving point impedance of the circuit. looking
back from Ry. Only the independent.woltage source, vin;is to be nulled
for this evaluation. If vy, is zero, the voltage vy, is also zere;.the current
through the controlled current seurce is therefore‘zero. The driving point
impedance is therefore simply V4 /ic. For maximum power transfer to Ry,
Ry, must be equal to V4 /igs We do not have a value for i¢ yet.

Next, let us evaluate the actual power delivered to Rr. The voltage across
the input port is vm% The current through‘the controlled source
is the input port voltage times i¢/vy. Only half of this current flows
through Ry, assuming we have already made Rp'= V4/ic. The power, P,

in Ry, is therefore:

P = (1 e AT/ : )2(VA/Z'C) = o/ Va

2 vr B+ porfic 4(icRs + Bur)?
To maximize the power in Ry, we need to evaluate dP/dic and equate it
to zero. This results in:

BV (igRs +.8vr)? = 2icB*ValicRs + Bur)Rs
or; icRg+ Bvr = 2icRg
or,ic = puvr/Rg
We can rephrase the result to fvr/ic = Rg. This result is very interesting
and satisfying, because the driving point impedance of the network looking
rightwards into the input port is Svr/ic and this needs to be equal to the

source resistance. This means that maximum power needs to be delivered
to the input port, and that defines the value of ic.

Finally, we have ic = fur/Rg, and Ry, = RgV4/(Bvr).
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s/Rs (0n.ip)
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(a) (b)

Figure 2.9: We have plotted i as a function of vy;. In (a), the eircuit
corresponds to a voltage source Vg with a series resistance Rg.-In (b), we
have shown the corresponding characteristics of a photovoltaic cell. “The
available power is the area of the largest rectangle that can be drawn within
the characteristics.

Observation 2.4. When the load resistance is equal to the source resistance,
Pr is V2/(4Rs). The source resistance defines-the maximum power available
from a given voltage source.. The maximum.power available from a given
voltage source is the available power.

Definition 2.7 (Available power): The maximum power that a practical
source can deliver is known as its available power:

Let us ploty as a funetion of vy,. (i andwy, are shown in Fig. 2.8.) The
power delivered to the load is the area of ‘a rectangle drawn from a point on
the curve with the axes, asshown-in Fig. 2.9(a).

The concept of available power is valid for all sources of power. A source of
power is always an element where energy is converted from either mechanical,
light, or chemical-energy to electrical energy. The maximum power that one
can draw from such a'sourceis physically limited by the mechanical, chemical,
or electromagnetic power given to the energy conversion system. There is no
ideal voltage source in practice. In circuit theory, ideal voltage and current
sources are .convenient mathematical tools that help us analyze and design.
In practice, every source is a source of power and has finite available power.

2.8 Unit summary

e If an input wu, is applied to a system, the output is v;. For an input us
the output is vy. The system is linear if on application of uy + us at
the input, the output is vy + vs.

e A circuit with R, L, C, M, independent sources, and linear dependent
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sources is an LTT system.

In the superposition theorem, the response to multiple independent
sources is the sum of the response to each independent source taken
separately. When applying one of many independent sources, make
sure to null the other sources. To null a voltage source, make it 0 volts,
i.e., replace it with a short circuit. To null a current source, make it 0
amperes, i.e., replace it with an open circuit.

A linear network between two terminals can be simplified into a single
voltage source in series with a single resistance. (Thévenin’s theorem.)
Alternatively, a linear network between two terminals can be simplified
into a single current source in shunt with a single resistance. (Norton’s
theorem.)

The equivalent resistance obtained using either Thévenin’s theorem or
Norton’s theorem is also known as_the driving point impedance.. The
driving point impedance betweentwo terminals is‘evaluated by nulling
all independent sources in the circuit and then finding the-equivalent
resistance between the two terminals.

The Thévenin equivalent. voltage; V7, of a network-is-the open-circuit
voltage of the network. The Norton equivalent current, Iy, of a network
is the short-circuit current of the network. Vr and Iy of a network are
related to each other by the driving point impedance. However, one
should not, in general, try to obtain the driving point impedance by
evaluating Vr and Iy, as this may occasionally result in a division by
Zero.

A voltage source, V5, in‘series. with a resistance, R can be transformed
into a current, source, Vy/R; in shunt with a resistance, R. A current
source, Iy in'shunt with a resistance R can be transformed into a voltage
source, [gR in series with a resistance, R.

A passive two-port network is reciprocal. A voltage source V; (or cur-
rent source /) at port-1 creates a short-circuit current I at port-2 (or
open-circuit voltage V, at port-2.) Then the same voltage source V; at
port-2 (or current source I at port-1) will create the same short-circuit
current I at port-1 (or the same open-circuit voltage V,, at port-1.)

A non-ideal voltage source drives maximum power into a resistive load
when the load resistance is the same as the source resistance. A non-
ideal voltage source can be transformed into a non-ideal current source.
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The non-ideal current source drives maximum power into a resistive
load when the load resistance is the same as the source resistance.

2.9 Exercises

2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

2.9

Multiple choice type questions

A network is excited by two sources. If the first is ON and the second is
OFF, a current of 2 A is measured. If both are ON, a current of 1.5 A is
measured. What is the current when the first is OFF but the second is ON?
(a) -0.5 A (b) +0.5 A (c)-3.5 A (d)y3.:5 A

A battery applies a current of 13.6 mA across a load of 100 €2, and-11.6 mA
across a load of 120 2. What is the open circuit voltage of the battery?
(a) 1.20 V (b) 1.36 V (c) 1.39. V. (d) 1.58 V

A voltage source of source resistance 10 € energizes a load-through a wire
of resistance 1 ). What should be the load resistance for. maximum power

transferred to the load?
(a) 1 Q (b) 9 Q (e)10 (d) 11 Q

For maximum poewer transfer from a voltage source to the parallel combina-
tion of two resistors.of 10 © and 20 €2; ‘the source resistance should be:

(a) 0 Q (b) 10 O (c) 20 (d) 30 Q

A 1 A current source has a souree resistance of 10 2. What is the available
power from the current source?

(a) 2.5 W (b)5W (€) 7.5 W (d) 10 W

An LTI passive two-port network, N, is excited at port-1 by a 1 V voltage
source and it provides a short-circuit current of 2 A at port-2. What is the
short-cireuit current at port-1 when N is excited by a 5 V voltage source at
port-27

(a) 04 A (b) 2 A (c)4 A (d) 10 A

Short answer type questions

A good voltage source should have a (large/small) series resistance.
A good current source should have a (large/small) shunt resistance.
If the driving point impedance of a network is Ry and the Thévenin equiv-

alent voltage is V7, then the Norton equivalent current is

A 10 V voltage source in series with 10 € can be transformed into a A
current source in (series/shunt) with a () resistor.
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Figure 2.10: Circuit for questions 2.13, 2.14

2.10 The superposition, Thévenin’s, and Norton’s theorem apply to cir-
cuits only.

2.11 The reciprocity theorem applies to a multi-port network that is-strictly a
and network.

2.12 An LTI network has a single independent source..<If this source is 1 V, a
measured current is i,. It is easy to prove (using.the superposition theorem)
that if the source is 10 V, the measured current will be 107z It is not so
easy to prove that if the source is 0.1 V, the measured current will be 0.14,.
How will you prove this second statement?

Numericals and long answer type questions

2.13 Use superposition or Thévenin’s or Norton’s theorems to determine the value
of iz in Fig. 2.10.

2.14 Is the tableau matrix T.guaranteed to be invertible? Set up the tableau
matrix for the eircuit in Fig..2:10 and invert it using Octave.

2.15 In the circuit of Fig: 2.11, all voltages (Vp... Vs, V,yut) are referred to the
datum node with the ground/earth symbol. The node labeled Vj is con-
nected to awoltage source Vj with respect to ground; the node labeled Vi is
connected to a voltage source Vi with respect to ground etc. Use Thévenin’s
theorem and superposition to arrive at an expression for V,,; in terms of
Vo, Vi, Vo, and V3. The circuit is commonly used as a digital to analog
converter. If Vy is by - 1, Vi is b1 - 1, etc., then show that V,,; is the digital
word b3babiby times 1/16 volts.

2.16 In the circuit of Fig. 2.12, use superposition and Thévenin, Norton’s theo-
rems to find the power supplied by the 1-volt voltage source and the power
supplied by the 2-volt voltage source.



64 UNIT 2. NETWORK THEOREMS

Vo Vi Va Vi

2R 2R 2R 2R
Vout

2R

Figure 2.11: Circuit for question 2.15
20 4 Q

3Q 4 Q

3Q 2Q

Figure 2.12: Circuit, for question.2.16.

2.17 A two-port network shown ‘in” Fig. 2.13 thas only linear circuit elements.
When only the 2-A current source is-applied, v is 0.3 V, and i is 0.4 A.
When only the 3-V veltage-source_ is applied, v1 is 1.5 V, and 49 is -0.1 A.
What powers are delivered by the 2-A source and the 3-V source when both
are switched on together?

2.18 When conneécted to a load of 10 €, a car battery provides a current of 2 A.
When connected to a load of 20 €2, the same battery provides a current of
1.05 A: What is the open-circuit voltage of the battery? What is the internal
source resistance of the battery?

2.19 A circuit as configured in Fig. 2.14 responds to different values of Ry as

Figure 2.13: Circuit for question 2.17
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2.20

2.21

2.22

v
+
R, y 0A,575V
10 A, 3.25 V
I K

Figure 2.14: Circuit and graph for question 2.19

10 Q E E

+1 + !

5V 'Uli V3 Ry, E
| |

! |

Figure 2.15: Circuit for question 2.20

shown in the corresponding graph. What is the value of Ry .for which the
temperature of Ry, rises the fastest?

The two-port network shown in Fig. 2.15 has‘linear circuit elements and
does not contain independent voltage or current sources. The voltages v,
vg, and the currents iy, i are related by the following equations:

vi = 511 + 619
vg = 601+ 1219

What should be R for maximum power transfer from the input voltage
source to the:dashed box? What should be Ry for maximum power transfer
to R;? Explain why the two answers are different.

In the circuit.shown in Fig. 2.16, find the driving point impedance looking
in from the terminal-pair labeled with positive and negative symbols.

Project activity

A simplified SPICE circuit description format is as follows. A circuit is
described in a file, with each line describing a single circuit component. If
there are n nodes in a circuit, the nodes can be labeled as 0, 1, ...n — 1.
If there is a resistor, Ry, between nodes 2 and 5 of value 26 €, we can
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0.5vp Vg Vb 0.5v,

10 Q
10 Q

Figure 2.16: Circuit for question 2.21

write a line in the file as Rk 2 5 26. Similarly, if there is a voltage source,
Vo between nodes 3 and 0 of value 2 V, we can write a line_in the file as

VO 3 0 2. A current source I, between nodes 6 and 4 of value 0.1 A can
be described in the file as Ix 6 4 0.1. As an illustration, the ¢ircuit in
example 2.4 can be described as:

file.sp
Ra 1 0 4
Vb 2 1 4
Rc 2 0 3
Rd 2 3 &
Re 3 4 3
Rf 3 56 8
Rg 5 4 4
Ih 4 0 3
RL 5 4 6

Write a tableau solving program. The program will be in Octave. The
program will take in afile with a circuit description using the SPICE syntax
and output the tableau matrix. T, and other components of the tableau
equation, W, and U. ‘Restrict the input circuit to have only resistors and
independent woltage and current sources. The program can flow as follows.
First, read. the entire file._ An example is given in the code in Prog. 2.1. Be
aware that the code will not work for elements that have more than two
nodes.

Program 2.1. spicereadin.m: Octave script to read in a SPICE netlist and
store it as instances, nodes, and values. The code will work only for two
terminal elements.

fp = fopen(’file.sp’, ’r’); % Open the file
nodeas = []; nodebs = []; values = []; % Blank matrices.
instances = fscanf(fp, "%s", 1); % First element name

while (~(feof(£fp)))

nodeas = [nodeas; fscanf(fp, "%d", 1)1; % First terminal
nodebs = [nodebs; fscanf(fp, "%d", 1)1; % Second terminal
values = [values; fscanf(fp, "%f", 1)1; % Value

instances = [instances; fscanf(fp, "%s", 1)1; % Next element name
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10
11
12
13

2.23

2.24

if (feof(fp)) instances = instances(l:end-1,:); end; % Termination
% Note, the above line is needed only in Octave. Remowve it for MATLAB.

end

fclose (fp); % Close the file

Estimate the number of branches (the number of instances) and the number
of nodes. Then construct an empty (filled with zeros) tableau matrix T and
an empty (filled with zeros) column vector U. Now process each branch and
keep filling up T and U. Finally, work out W by computing T-10.

As an extension of the previous exercise, if you can incorporate voltage and
current-controlled voltage and current sources, you will have a full-fledged
circuit simulator for DC circuits. You will need to examine the syntax of

SPICE [5].

Based on your experience of question 2.15, design a 6-bit digital to.analog
converter. Demonstrate its operation in the laboratory. Use 1% accurate
resistors (brown for the tolerance color code.) Make a table of the applied
digital code and the observed output voltage of your D/A converter.

Know more

Historical profiles

Léon Charles Thévenin (1857 to 1926) was a Frenchrengineer who worked at
the corps of telegraph engineers, which later became the French PTT (which
have now split into French Telecom and Lia Poste). Thévenin worked on long-
distance underground telegraph cables. A graduate of Ecole Polytechnique
de Paris, he developed the Thévenin theorem in 1882. He was appointed as
a teaching inspector forthe Ecole Supérieure. Later he became the Director
of the Telegraph Engineering Scheol and the Chief Engineer of the telegraph
workshops.

b ¢

Léon Thévenint Edward Norton'

I: Photograph in the public domain.
T: Courtesy of AT&T Archives and History Center.
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Edward Lawry Norton (1898 to 1983) was an American engineer. A
graduate of MIT (B.S. 1922) and Columbia University (M.A. 1925), he spent
his career in Bell Labs. During his days at Bell Labs, Norton was a legendary
figure, single-handedly driving network theory work. Norton’s theorem was
independently derived in 1926 by Edward Norton and Hans Mayer.

Hans Ferdinand Mayer worked in the Siemens research laboratories in
Berlin. In 1943 he was arrested by the Nazi regime for political reasons.
Hans Mayer was the author of the famous 1939 Oslo report, a severe breach
of German security during World War II. At Siemens, he had broad.access
to ongoing research in electronic weapons systems and radar. Hessurvived
the war through various Nazi concentration camps. After the war, he was
the head of Siemens’ research department for communications till 1962.

Understand in depth

The network theorems, such as reciprocity theorem and compensation theo-
rem, have numerous applications in the world of electromagnetics. Refer to
the seminal work of G.D. Monteath to explore the possibilities.

e G.D. Monteath, “Application of the compensation theorem to certain
radiation and propagation problems,” Proceedings of the IEE-Part IV:
Institution Monographs, vol.« 98, ne."1, pp: 23-30, 1951.

An excellent resource for laboratory veri-
fication of the network theorems is at the
Virtual-Labs “website  by. IIT Kharagpur.
Scan the QR+code and visit the analog sig-
nals, network and measurement virtual lab-
oratory.



http://vlabs.iitkgp.ac.in/asnm/index.html

Unit 3

First and second order
networks

Unit specifics

In this unit the following topics are discussed:

e First order differential equations

Series and parallel RL and RC circuits

Initial and final conditions

Second order differential equations

Series and parallel RLC circuits

Forced and free responses

e Time constants

Rationale

The student has learned circuit analysis at DC over the previous two units.
In this unit the student will be introduced to dynamical circuits with first
and second order circuits involving resistors, capacitors and inductors. We
will form differential equations and solve them directly.

The circuits in this unit are a small set of possible first and second or-
der circuits. However, the intuitive techniques shown will help the student
analyze other complex circuit problems.

69
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Pre-requisites

e Mathematics: Differential equations and basic calculus. Complex num-
bers.

e Physics: Inductors and capacitors. Charge sharing in capacitors.

e Software: We will continue using Octave as a numerical analysis pack-
age. Octave will be used for both programming as well as for calcula-
tions.

Unit outcomes

The list of outcomes of this unit are as follows.

U3-01: Be able to frame first and.second order linear differential equations
for a circuit.

U3-02: Be able to solve first and second order linéar differential equations.

U3-03: Be able to write-out solutions to first.and second order circuits by
inspection.

U3-04: Be able to sketch and graph the time-domain responses of first and
second order circuits.

Unit-3 pec ‘mgvﬁﬁn ‘with course outcomes
outcomes : w& ,“?(%ediu@ and 3: strong correlation)

CO-1 | CO-2 'c0-3 | CcO-4 | co-5| cO-6
U3-01 3 | ] ] ] ]
-
U3.02° 3 1 - - - 2
o [ 0 | - | - | |-
: \‘
3[884 2 3 ] ] 1 3
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3.1 First order differential equations

Linear first order differential equations are of the form:

dx(t)
dt

= ax(t) + p(t)

where x(t) is the unknown quantity which is a function of time ¢, a is a known
constant, and p(t) is a known function of time, also known as the input.

3.1.1 Forms of the input

In circuit theory, we like to consider inputs i.e., p(t), which are of the form
Be®t, where B and s are arbitrary constants. It turns out that a simple form
like the above can cover large classes of possible inputs. Typically, the input
function is considered to be zero for ¢ < 0,unless otherwise stated.

s = 0: This will make the input a constant for ¢ > 0..In signal theory, such
an input is known as a step function, symbolized by u(?).

s <0, s € R: In other words; s is a negativereal number. . This will result
in a damped exponential, an input .exponentially decreasing from B
towards 0, with time.

s >0, s € R: In other words, s is a positive real number. This will result in
a rising exponential, an input exponentially increasing towards co from
B, with time.

s € C, Re(s) < 0: sisacomplex number, but with a negative real part. Such
an input is complex. Usually this input comes along with its complex
conjugate; the pair-of inputs (with s and its complex conjugate Conj[s])
together form a damped sinusoid. The amplitude of the damped sine
wave exponentially decreases from B at ¢t = 0 to 0.

s € C, Re(s) >.0: s is a complex number with a positive real part. Such an
input comes along with its complex conjugate as a pair. The pair of
inputs together form an exponentially rising sinusoid. The amplitude
of the sine wave exponentially increases from B at t = 0 to oc.

s € C, Re(s) =0: s is a purely imaginary number. Such an input comes
along with its complex conjugate as a pair. The pair of inputs together
form a pure cosine (or sine) wave.
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We should also realize that once we turn to complex numbers for s, there
should not be any restriction on B. B should also be allowed to be complex.

A complex input, as such, is physically meaningless. However, a complex
input along with its conjugate, in superposition, form a real input. A large
class of real inputs can be synthesized by tweaking the properties of s; real,
positive, negative, zero, imaginary, complex with positive and negative real
parts.

3.1.2 Form of the solution

In mathematics, differential equations are usually solved by looking up tem-
plates. The standard template for all linear differential equations
that we will encounter in circuit analysis is Ce®"." This includes first
order, second order, and all higher order circuits, aslong as they are built
out of linear circuit elements (R,/L; C,; M,/and linear dependént sources).
The template for the solution, s in fact, the same as the template for the
input.

The differential equation will have two parts to the solution. The first part
is known as the homogeneous, or free response, or.zero-input solution. The
second part is known as the forced response, or steady-state, or zero-state
solution. The complete solution is the sum of the zero-input and zero-state
solutions.

3.1.3 Zero-input solution, free response

The first part of the solution is the zero-input solution, or free response,
or homogeneous solution. ©This is the response of the circuit without any
input applied to the differential equation. The free response of the circuit
is primarily due-to initial conditions, i.e., charge stored on a capacitor, or
magnetic flux stored in an inductor, at ¢ = 0. In most practical circuits with
R, L, Cand M, the free response decays to zero as t — co. The template
solution for the free response is Ce®t, where C' is a constant that depends on
the initial conditions of the circuit and s is a constant that depends on the
component values and topology of the circuit.

Multiple free responses (values of s) could be possible; a second order
differential equation will have two possible solutions; an nth order differential
equation will have n possible solutions. The free response is the sum of all
the possible solutions, i.e., > Cre'. A distinct scaling constant, Cj, is
associated with every possible s, in the free response.



3.1. FIRST ORDER DIFFERENTIAL EQUATIONS 73

3.1.4 Zero-state solution, forced response

The second part of the solution is the zero-state solution, or forced response,
or the particular solution. The forced response of the differential equation
is the response to the input, without considering any initial conditions. For
an input of the form Be®!, the forced response will be of the form Ce®0t. In
other words, the form of the solution is the same as that of the input, other
than a scaling constant. (Note, we have allowed complex numbers in the
discussion, and therefore, the scaling constant could also be complex!)

3.1.5 Complete solution

Let us now try to solve the following first order linear differential equation:

dx(t)

T az(t) + Be®' (3:1)

a, B, so are known constants.
To start with, let us assume the input 18 zero.
da(t)

dt

= ax(t) (3.2)

In (3.2), let us plug.in a template solution, x(t) = Ae**. This will give
Asest = g Ae’

In other words, s = a will satisfy (3:2). This solution is known as the zero-
input solution, or the homogeneous solution, or the free response.

However, x(t) = Ae®®will not satisty the complete differential equation of
(3.1). To solve (3.1);1et us pick a different template solution, z(t) = Ce®".
If we plug this in, we obtain:

Cspe’t = aCe® + Beo!

This gives us C = B/(so—a). This second solution is known as the zero-state
solution, or the particular solution, or the forced response.
Our complete solution is the sum of the zero-input solution and the zero-

state solution.
B

Sop— a

sot

o(t) = Ae™ +

e

Notice that A is still an unknown. The value of A is to be deduced from
initial conditions, or from conditions at a particular point in time.
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If the value of z(t) at ¢t = 0 is given as zg, then A can be deduced. At
t = 0, the value of our solution is:

z(0) = A+ B/(so—a) = xg

This gives A = xy — B/(sg — a).

Finally, the solution to the complete linear differential equation is ready.
Between first, second, and higher order differential equations, the only dif-
ferences are:

1. For an nth order differential equation, there will be n possible solutions
to the homogeneous equation. These will have to be combined with'n
different A coefficients.

2. To solve for the n different values of ‘A corresponding to the n solutions
to the homogeneous equations, we will need n different conditions (as
opposed to just one initial condition.)

The reader is encouraged toplug the solution back. into the original differ-
ential equation of (3.1) and check that the solution issatisfactory. Differential
equation theory in mathematics guarantees that this is the only solution to
the differential equation.

3.1.6 Summary of steps
The following is a summary of the steps tosolve the differential equation.

1. Find the solution to the homogeneous equation. The unknown con-
stant(s) are to be left alone. The value of s in the template is to be
solved for. /This is the free response.

2. Find the particular solution to the given input. This is the forced
response.

3. Add the forced and free responses. Now solve for the unknowns in the
freeresponse part by plugging-in at given time-points.

3.2 Series RC and RL circuits

3.2.1 Series RC circuit

In the schematic shown in Fig. 3.1, the switch is turned ON at ¢ = 0. The
voltage across the capacitor before the switch closes is V. Let us solve the
circuit for ve(t) and i(t), as indicated in the schematic.
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Vi () ==y (t)

C

Figure 3.1: Series R-C circuit

The circuit has a single mesh and for ¢ > 0 the mesh equation can be
written out as below:

Vi =i(t)R + vo(t)

The current through the capacitor is the same as the current through the

resistor. As such,

dUc(t)
dt

Let us now proceed with our three-step solution technique, as discussed in
section 3.1.6.

Vi=RC

+ va(t) (3:3)

1. The homogeneous equation is as given below.

dUC 1

Wt . SRCE

The solution to the homogeneous equationwill be of the form Ae~t/(FC),

where A is a constant not. known at present.

2. In (3.3), V] is the input forcing function. The input is of the form
V1e%t. The solution is alsé of the same form as the input; therefore, for
a constant input, the solutionis a constant. Let us assume the solution
to be V5. Then, plugging into (3.3) we simply obtain V; = V5. In other
words, the forced response is V.

3. The .complete solution is now of the form V; + Ae /(B At t = 0,
ve(0) is-Vg. This means,

Vi+Ae’ =1}

The value of A is obtained as V — V. Our final solution is now ready.

(3.4)

velt) = V1+(V0—V1)€_%, fort >0
a\v Vo fort <0
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i(t) can now be evaluated. There are two ways to obtain i(t). According
to the circuit, i(¢) is the current through the capacitor. This makes i(t) =
Cdvc(t)/dt. Alternately, i(t) is the current through the resistor, where the
potential across the resistor is V; — v (t) after the switch closes, for ¢ > 0.
Not surprisingly, both methods to obtain i(¢) will be consistent.

0fort<0
i(t):{ ortv <

%e_% fort >0

Observation 3.1. A quick evaluation of (3.4) at ¢ = 0 will show that the
solution is continuous, that is, if we approach the solution from both the
right and the left, towards ¢ = 0, the limits are the same.
A velt) = linge() = Vo

Although this cannot be generalized, most solutions for the voltage across
a capacitor or for the current through an inductor, will-be continuous. This
is because the voltage across‘a capacitor, often, does not change instan-
taneously. An instantaneous change in the voltage across a capacitor will
require C'dv/dt current, instantaneously infinite.current. This is certainly
possible, but occurs in special scenarios only:.

In our solution of the homogeneous equation, we obtained proportionality
to e~/(HC) | The product RC' clearly has dintensions of time; its unit will be
seconds. RC' compares with the time; a small RC' product will take less time,
a large RC' product will take more time.to attain the same value. As such,
the RC' product is known’ as the time constant of the circuit.

ve(t) is evaluated .and plotted in Octave in the script given in Prog. 3.1.

Program 3.1:seriesRC.m: Evaluation and plotting

VO = 0; Vi'=r1;
t = [0:1e-3:101% % Tume from 0 to 10s in steps of 1ms
RC = [0.01 0.04°0.16 0.64 2.56]1 % Different RC time constants
for k=1:length (RC) % For each time constant

vC = Vi '+ (VO-Vi)*e. (-t/RC(k)); %wvc(t)

plot (¢, vC); hold on; % Plot, but do not erase
end; % End of for loop

Fig. 3.2 shows vc(t), the voltage across the capacitor, for different RC
time-constants in the circuit. Initially the capacitor is charged to V4, and
slowly it charges from Vj to V; through the resistor.

How much time does the process take? The time it takes to reach the
final value is infinite. However, an engineering approximation is to report
the time taken to reach 90% of the target value.
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Figure 3.2: Voltage across the capacitor for a series RC circuit, for different
RC time-constants. The plot is from Prog. 3.1.

Definition 3.1 (Rise or fall time): When the input is a step function, the
rise and fall time are defined to be the time taken for the output-to reach
90% of the target value. When the output is rising, it is referred to as the

rise time. When the output is falling, it is referred to as the fall time.

The rise time, from an inspection of (3.4), is clearly the time for e~*/(fC)

to reach 0.1. It takes approximately 2.3RC seconds to settle to 90% of the
target value. As Fig. 3.2 clearly shows, the rise time decreases as the time
constant of the circuit decreases.

3.2.2 Initial and final conditions

The solutions to the different. circuit expressions can also be deduced with
the help of a short-cut. The short-cut requires the knowledge of initial, final
conditions and the time constant of the circuit.

In Fig. 3.1, the initial condition, v-(07), is V. As ¢ — oo, by inspection
it can be seen that vc — Vi. The time constant of the circuit is RC. The
complete expression for v¢(t) can now be written out as:

vel(t) = Vi + (Vo — V)e me

Now, let us try to work out i(t) using this short-cut. At t = 0%, the voltage
across the capacitor continues to remain at V{. The current through the
resistor is therefore (V; — Vp)/R. Ast — oo, the voltage across the capacitor
reaches V; and the current through the resistor reduces to 0. From this
information we can write out the expression for i(t).

V-V

i(t) 7 e RC
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t=0 "
) CJSM\/\/\Z\% ¢iL(t)

Figure 3.3: A series-RL circuit. The switch turns ON at ¢t = 0.

All other circuit expressions can be quickly worked out by inspection.

3.2.3 Series RL circuit

A series-RL circuit is shown in Fig. 3.3. For ¢t < 0, the loopis open, and the
current in the loop is guaranteed to bezere. At t = 0, the switch is turned
ON. A mesh equation written for ¢ >0 is as follows:

v, iR + Ldzg—iﬂ

We can solve this differential equation using the three-step technique of sec-

tion 3.1.6.

1. The homogeneous equation is:

din() 2o R
TR A0

As such, its solution is of the form Ae */L.

2. The forcing function is a constant. The forced response will also be a
constant. If ¢y (t)4s-a constant, I, its derivative is zero. The particular
equation will therefore be:

Vi=IR+L-0
The particular solution is, therefore, a current V;/R.

3. The complete solution is Vi/R + Ae /L. At t = 0%, we know the
current through the inductor is 0. Therefore A is —V;/R. The final
solution is:

L(t) = ¢ 3.5
ir(t) Wil —e TE) fort >0 (3:5)

{Ofort<0
R
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Notice the formatting of (3.5). We have placed ¢ in the numerator and
L/R in the denominator of the exponent. This is to make it appear similar
to (3.4). As such, the time constant of the circuit is L/R.

Once we understand the time-constant of the R-L circuit, we can also
write out the solution by evaluating initial and final conditions.

For example, the voltage across the inductor at ¢ = 0" is V;. As ¢t — oo,
the current through the inductor will stop changing; the voltage voltage
across the inductor will be its derivative, that is, 0. Therefore, the expression
for the voltage across the inductor, v(t), is given as:

u(t) = Vie TR for t > 0

Remember, the time constant of an RC circuit is RC, while' the time
constant of an RL circuit is L/R. The reader is encouraged. to check the
dimensions of RC' and L/R; both should have units of seconds.

3.3 Other first order RC and RL circuits

3.3.1 Order of a circuit

Circuits with only one capacitor or only one inductor will be first order. Such
circuits will require the solving of a first-order linear differential equation.

In circuit theory, we like framing our differential equations with the volt-
age across a capacitor as a variable.. The current through the capacitor
depends on the voltage across: The voltage across the capacitor is referred
to as a state variable. Similarly, differential equations are framed with the
current through an inductor as'a variable. The voltage across the induc-
tor depends on this:current. The current through an inductor is a state
variable.

A complex circuit- with several capacitors and inductors will have many
state variables. Ewery capacitor voltage will contribute one state variable;
every inductor current will contribute one state variable. However, there may
be a situation where the voltage across a capacitor, or the current through an
inductor depends on other state variables in the circuit. These dependent
variables are not counted as state variables.

A circuit with N state variables is an Nth order circuit, and requires
solving an Nth order linear differential equation. The following example will
elucidate this discussion.
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Example 3.1. What is the order of the following circuit?
Ly

~JUd
gl

Cy Cs

There are three capacitors, C7, Cy and C'5. There is one inductor, L4+ The
voltages across the three capacitors are related to each other; the woltage
across (' is the difference of the voltage across C; and the voltage across
Cs. As such, between the capacitors, there are only 2 independent state
variables. The inductor current providesa third independent.state variable.
The order of the circuit is three.

3.3.2 Step response of a first order. circuit

When excited by a step-function (a constant for.t > 0), all first-order circuits
can be solved with the help of initial, final conditions, and by evaluating their
time constants.

How do we evaluate the time constant of a complex circuit? To start
with, let us isolate the single inductor or ‘capacitor in the circuit. The driv-
ing point impedance of the remainder<of the circuit, looking back from this
inductor/capacitor, may be evaluated. The time constant of the circuit is
now simply RyxC or L/ Ry

How do we evaluatethe final condition of a complex circuit? As the time
t — oo, for a constant orsstep input, the current through an inductor, or
the voltage aeross arcapacitor will stop changing. As such, the derivative of
this will.become zero.. The voltage across an inductor will become zero, or
the inductor will. behave as a short circuit. The current through a capacitor
will ‘become zero, or the capacitor will behave like an open circuit. The
short-cireuit current, or the open-circuit voltage will need to be solved for.

With these strategies in mind, let us attempt the evaluation of a few first
order circuits. A large part of the evaluation is to be performed simply, by
inspection.

Example 3.2. The circuit in the schematic below was set up a long time
back, and at ¢ = 0, the switch is flipped from one position to the other.
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Find an expression for the voltage across the capacitor Cs, as a function of

time.
R, K
t=20
Va

Let us assume the datum is the bottom node.

The only state variable in the circuit is the voltage across the capacitor,
ve(t). For t < 0, the circuit would already havereached steady-state, and
vo = 0. At steady-state, the drop across Riawould be.0, andthe veltage
across the capacitor would be V,. At t =07, va(0")=V,.

For ¢ > 0, looking back from C'3, the driving point impedance of the circuit
is Ry || R2. As such, the time-constant of the eircuitis.7 = (R1 || R2)Cs5.

As t — oo, the current through the capacitor reduces. to zero; and the
C3 behaves as an open circuit. R; and Rs simply «form a-potential di-
vider across V. Therefore, the voltage across thescapacitor as t — oo is
%RQ/(Rl T Rz).

Finally, we can write out the.complete solution fotthe voltage across the
capacitor.

) Va, fort < 0,
'l} =
C %RffRz (e Y™ Ve /™ for t > 0.

vei(t) jr Vom i
Ve

a

-

0 time, ¢

The graph above shows how v¢ evolves with time. Till ¢ = 0 vg is V. For
t > 0, the capacitor exponentially charges up to V3 R2/(R; + R3).

Thumb rule (Shortcut). One can quickly evaluate the step response of a first
order circuit (a circuit with only one state variable) using the following steps.
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1. For the output variable, first, identify the initial condition.

2. Next, identify the time constant. One can arrive at this quickly if we
null the input source and look at the circuit from the output quantity.
The time constant will be of the form, either L/R or RC.

3. Third, identify the final condition.

4. Then simply write out the time-domain function.

Example 3.3. Analyze the first order RL circuit shown below:Find

in(t).
t=20

R
I Y,

v, @) Ry S| Ls

1. Before the switch is ONj; at steady state, i;,= 0. Therefore, the drop
across the inductor is 0, the drop aeross.Ro'is also 0, and iy, is 0, i.e.,
) L(O_) = 0.

2. While the switch is.on, if we null the input source, we obtain L3 in

shunt with R; and R,. This configuration gives us a time constant
7 = L3/(R1 ||.R2) = L3(R1 ¥ R2)/(R1Ry).

3. As t — oo;'the cireuit goes into steady-state again. The final state
will again ‘have ‘zero voltage drop across the inductor, and therefore,
the inductor ‘eurrent iz, (c0) = V,/Ry.

Now e write out.the time domain expression for ir,(t).

) 0, for t <0,
ir(t) = Ry Ry

Ya(1 - e 'TelRi+ D), for ¢ > 0.

A common misconception among many is with instantaneously changing
voltages and currents. All voltages and currents can instantaneously change;
even when the voltage is across a capacitor, or the current is through an
inductor. The following example is illustrative.
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Example 3.4. In the following circuit, the input is a voltage source with
the unit step function, u(t). Is this circuit first order or second order? Solve
for v (t) and vea(t).

|
L

u(t) C_r) WU%Q(Zz)i_ Cy %Rg

There is a loop with voltage sources and capacitors. Ordinarily, one would
think there are two state variables, vci(t) and veeo(t). However, these
two are related to each other, as voo(t) = u(t) =wve1(t). The cireuit is ‘a
first-order circuit.

Because there is a loop with voltage sources and capacitors, the initial
conditions on the capacitors cannot all’' be pre-defined. ab.the same time.
Further, be prepared to encounter difficulties with the initial eonditions.

For ¢t < 0, there would be no charge on C5 as it ‘would discharge.through
the resistor R3. Further, since u(t) for ¢ < 0 is 0, there would be no charge
on C1 either because the charge, if any, would be_discharged through Rs.
Therefore, vc1(07) = ve2(07) = 0. However, these voltages would not be
held steady at ¢t = 07 because, at this time, they need to satisfy the KVL
with a different value of the voltage source. ‘Therefore, both voltages will
need to change to satisfy the new KVL.instantaneously. We can obtain
the instantaneous voltages voy(07) and veo(0F) through charge sharing as
1-Cy/(C1 4+ C3) V and 1.3/ (Cy+Cs)V, respectively.

The time constant will\be R3(C7 + C2), obtained by nulling the input
source. The final voltage at steady .state for vgo is 0 volts. Therefore, the
expression for voe(t) as:

0, for t <0,
Ucz(t) = o

t
. ~ R3(C1+C
1 SR 3(C1+C2)  for ¢t > 0.
UCl(t)
Cy
C14+C>

'UCQ(t)

0l time, ¢

We can try to solve this mathematically as well. Assuming the bottom
node to be the datum, we will have a single node equation for ¢ > 0 and a

83
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single state-variable, voo.

d d
Cla(vcg -1+ 02£UC2 +vee/R3 =0

1
——v
R3(Cy + C9) 2

or, Vo2 =

dt

The same result as before follows.

3.4 Second order networks: series, parallel
RLC

In this section, we will analyze second-order circuits; i.e., circuits with two
state variables. The same general'method will be-applied.

3.4.1 Series RLC circuits

Let us first analyze the circuit shown in Fig:3.4. Liet us assume the switch
is turned ON at ¢ = 0. Further, let. us assume that the capacitor is initially
discharged.

The two state variables in the circuit are iy (t) and vc(t), and as such,
the circuit is clearly of second order. A single loop equation can be written
for the circuit, for ¢ > 0.

Vo ip ()R + Ld’fhgt) +oe(®) (3.6)

A second equation givesus iy (t) in terms of vo(t).

dUc (t)
dt

in(t) =C (3.7)

[t is possible to plug (3.7) into (3.6) to obtain a single consolidated differential
equation in one variable, vo(t).

Vo = RCuwe + LCe + v (3.8)

In (3.8), the standard dot notation for derivatives has been used. Let us
attempt solving this differential equation with the help of the same three-step
technique of section 3.1.6.
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M
+
Vo C==uvc(t)

Figure 3.4: Series RLC circuit.

1. The homogeneous equation is:
LCve + RCve +ve =0

The solution template for the second order (and all higher order) dif-
ferential equation is also Ae®. If we plug our template solution into
the homogeneous equation, we obtain:

LCAs*e® + RO Ase™ + Ae*' =0
The factor Ae®® appears in all thrée terms and may be canceled.
LCs* 4+ RCs +1=0 (3.9)

(3.9) is known as the characteristic equation of. the system. For
the second order characteristic polynomial equation in s, there are two
possible values of s that can satisfy the equation.

—RC £ JEECZ Z AL Ri\/(R)Q 1

S1, S2 =

2LC 2L 2L) LC

Depending on the value.of the diseriminant, the possible roots may
be (1) distinct and real if the diseriminant is positive, (2) real and
equal if the discrimminant is zero, (3) complex conjugate pairs if the
discriminant is negative. Based on our discussion in section 3.1.1, it is
understood that the solution will take a multitude of forms depending
on the specific values of s calculated.

In general, there are two possible solutions to the homogeneous equa-
tion: The complete solution to the homogeneous equation is the sum
of these two solutions.

Let us assume coefficients A; and A, for the two solutions. The com-
plete solution to the homogeneous differential equation is:

ve(t) = Are®tt 4 Aye®

where s; and sy are the roots of the characteristic polynomial (3.9).
This is the free response of the circuit.
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A1 and Ay may be solved from the above set of simultaneous equations. All
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2. The forced response of the circuit is relatively straightforward to obtain,

and is just like that of the first-order circuits. For the applied DC
forcing voltage, the inductor may be considered as a short circuit, the
capacitor may be considered as an open circuit. The voltage across the
capacitor settles to V4.

. The complete solution is ve(t) = Vo + Ajestt + Aze™'. Now we in-

corporate the initial conditions of the two state variables of the cir-
cuit. vo(07) =0 and i, (07) = 0. From (3.7), the inductor current is
C Ay st + C Aysqe®?t. Now we have two equations to work out values
of Ay and A,. s; and s, are known from the roots of the characteristic

equation.

VWw+Ai+4, = 0
A5y +Asss =

other voltages in the circuit can be computed. from this solution.

Example 3.5. In the series RLC circuit of Fig."3.4, Ris 1 Q, L is 1/2 H,
and Cis 1/3 F. For Vo =1 V, evaluate iz, (¢) and v (t).

The characteristic equation is:
216+ 5/3+1=10

The roots of the characteristic.equation are s, so = —14452.2361. A; and
Ay form the pair of simultaneous equations (phrased as a matrix equation)

below.
1 N 4] [
S1 S92 A2 o 0

The Octave'code-snippeét below can be used to quickly solve.

octave:1>’a’= 1/6; b = 1/3; c = 1;
octave:2>'sl = .(-b+sqrt(b~2-4*a*c))/2/a;
octave:3> s2 = (-b-sqrt(b~2-4*a*c))/2/a;
octave:4> A = inv([1 1; sl s2])*[-1; 0]
J\

-0.5000 +
-0.5000 -

(@]

.22361
.22361

o

octave:5> t 0:0.01:10;
octave:6> v = A(1)*e. (s1*t)+A(2)*e.  (s2*%t)+1;
octave:7> plot(t, v)
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The Octave code snippet above clarifies the steps required to evaluate the
complete waveform. The same steps can be performed algebraically. The
graph below shows the waveform plotted.

1.5

Let us step back for some time and understand a few, details. s;, s9, A1,
A, computed in the previous examplewere complex. For othervalues of R,
L, C, they could have been real. Are there any finer points that we need to
be aware of? In the following sections, we will individually go through the
cases when the discriminant in the roots of the characteristic polynomial is
positive, negative and zero. The given Octave script works as long as the
discriminant is non-zero:

3.4.2 Over-damped

In (3.9), the roots are real and distinct if (RC)* > 4LC, or if R > 21/L/C.

As such, two real values'of s satisfy (3.9). It will be instructive to verify
that both roots will be strictly negative. The free response, Aje’tt + Aye?t,
where both s; and s are negative, is the sum of two damped exponentials.
The response is known as an over-damped response.

Example 3.6. In Fig. 34, Ris6 Q, Lis1 H, Cis1/3F, Vis1 V.
Evaluate va(t).

The procedure is the same as earlier. The characteristic equation is:
L
§S +25s+1=0

The roots of the characteristic equation are s; = —34+/6 and so = —3—4/6.
The values of A; and Ay should be such that they satisfy:

A+ Ay = —1, and, (3 = \/G)Al + (3+ \/G)AQ =0
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This gives A1 = — (/3 + v/2)/2y/2 and Az = (/3 — /2)/2y/2.

The final response is:

()_1_M (3—/6)t \/3—\/2 (3+/6)t
2./2 2.2

3.4.3 Ceritically damped
In (3.9), the roots are real and repeated if (RC)? = 4LC, or if R=2./L/C

The solution of the homogeneous equation is slightly-different in this
case. The form of the solution is (A; + tAs)e**. With the coefficients in (3.9)
positive, s is required to be negative.. This response is critically damped.

Scan the QR-code, and learn more about,
how the form of the solution changes in.the
limit as s; and sy appreach each other:.

Example 3.7. In Fig. 3.4, Ris2y/3Q; Lis1 H, Cis1/3F, Vjis1l V.
Evaluate ve ().
The characteristic equation-is:
1 %)
. l=(—+1)"=0
+ \/35 +1=(= NG +1)°

The single repeated root of the characteristic equation is at s = —/3.

v (t)ds therefore 14 (A; + Ast)e V3. vo(0T) evaluates to 1 + A;. Zero
initial voltage across the capacitor implies the value of A; as —1. ir(t) is

Cdvc(t)/dt.
ir(t) = 1/3 - (— /3A1eV3 — \/3A5te™ V3t 1 Age™V3)

At t =07, i (0T) works out to 1/3(As — v/3A1), which is zero. Therefore,
A2 is —\/3

Finally, we have the expression for vco(t) as

vo(t) =1 — (14 /3t)e V3


https://web.iitd.ac.in/~shouri/electriccircsnetworks/criticaldamping.html
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3.4.4 Under-damped

The discriminant of the characteristic equation is negative in this case, and
the two roots of the equation form a complex conjugate pair, given below.

_ R [ (RY
b= =N Te T \ar

Let us simplify the expressions for the roots and denote the two roots as

—09 £ jwy. From the initial conditions we will have two equations in A; and
A,. As before,

A+ Ay = -V, and, Ay(0 + jw) + As(0 — jw) =0

Since s; and sy are complex, the solutions to the simultaneous equations
need to be complex. So A; and A, are also complex. The imaginary part.of
the first relationship is zero. Therefore, Im[4;] 4 Im[As] = 0. Likewise, if we
work out the imaginary part of the second relationship, we obtain:

w(Re[A;] — Re[Ay]) 4 @(Im[Ay] + Im[As]). = 0

Using the previous relation, that is, Im[A;] 4+ Im[A45] ='0; we-obtain Re[A;] =
Re[As]. Therefore A; and A are conjugates of each other. Let us call A;
and A, as a + j and a.— j respectively.

Now the overall free response is:

(O./ + j5)6_0t+th + (Oé o jﬁ)e—gt—jwt
— e—ot (a<€jwt T e—jwt) + jﬂ(@jwt o e—jwt))
= ¢ 7" (2acos(wt) — 2fsin(wt))
= 2¢"7(acos(wt) + Bsin(wt))

The form of the solution can berecast as e 7" (A coswt + Bsinwt). Addition-
ally, the result ean be rewritten by bringing v/ A2 + B2 out of the brackets.

e 7" (Acoswt + Bsinwt)
A
= (VA2 + BY)e " (——s
[ )e <\/A2 + B?

= Ape 7" (cos ¢ coswt + sin ¢ sin wt)
= Ape 7" cos(wt — @)

where Ay = VA2 + B2 and ¢ is tan™! B/A.
Note that in all the forms of the solution, there are two unknown con-
stants. If the solution is chosen as e “"(Acoswt + Bsinwt), A and B are

coswt + sin wt)

B
VEL B
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unknown constants. In the second form, Ay and ¢ are unknown constants.
We choose the form of the solution depending on convenience.

Example 3.8. In Fig. 3.4, Ris1Q, Lis1 H, Cis1/3F, Vis1 V.
Evaluate ve(t).

The characteristic equation is:
S TR
—s“+ —s =
3 3

The roots of the characteristic equation are:

1 11
+ v

51, 82 = 75 )75

Now the final solution is of the forms
vo(t) =14 e t/2 (A cos(1/11t/2) + Bsin(\/llt/2)>

At t = 0, the vo(t) = 04 Therefore 1+ A=0, or A = <1. The derivative
of ve(t) will give if(t).

ip(0) =1/3. (=A/2 + By/11/2)=0,0r, B = A/\/11

Finally, we have the complete solution forv-(t) as:

ve(t) =1 — e_t/2<cos(\/11t/2) | ¢111 sin(\/llt/2)>

The over-damped, under-damped and critically damped responses of an
RLC circuit, appear-different. A comparison of the three vo(t) in the three
examples-3.6,.3.7, 3.8 are shown in the Fig. 3.5.

3:4.5 . Response metrics

Definition 3.2 (Characteristic equation): The characteristic equation is an
equation in s that represents the homogeneous equation or the free response.
We can obtain the characteristic equation by writing out the differential equa-
tions in the circuit with zero input, combining them, plugging in a solution
Ae®, and simplifying.

Definition 3.3 (Poles): The roots of the characteristic equation are the
poles.
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Underdamped
I [ Critically damped

I \ —

Vo (t) | \ e

I \ ST

I Vel

,’ /

[/ Overdamped
i,

il
Il

»

0 time, t

Figure 3.5: A comparison of over-damped, critically damped and under=
damped responses. The critically damped response has no overshoot, but a
very low rise time. The under-damped response is very sharp, but is accom-
panied with ringing. The over-damped response is slow but has noringing.

The characteristic equation of a second-order system is. of the following
form:
2
s s
— + 26—+ 1'=0
w2 wy,
Solving this for s results in the following two poles:

s = —Cw, *+ w,A/C? =1

¢ is known as the damping factor, and w, is known as the natural fre-
quency. As long as the damping factor is more than 1, the two roots of the
characteristic equation are real, and the system is over-damped. When the
damping factor is exactly 1;the system'is critically damped, and the two
roots coincide. In this case, the solution to the differential equation becomes
a little different, (At~ Az)e. When the damping factor is less than 1, the
system is under-damped, and the two roots become a complex conjugate
pair. In that case, the response is still Aje’? + Aye®?', but this could be
re-cast in the following form:.

A=t cos(wnty/1 — (2 + )

A and ¢ are two constants that we need to work out from the initial conditions
and the forced response.
The step response of a second-order circuit has a few metrics. A sketch
of the second-order circuit under-damped step-response is shown in Fig. 3.6.
All the metrics are defined for a unit-step input. The tolerance at the
output of the step response is set from 90% to 110% of the target.
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Y
A

Unit step response

-

o

time, ¢

Figure 3.6: Metrics of the second-order under-damped response. ¢, is the
time at which the peak is attained; M, is the peak overshoot. tsis the
settling time, ¢; is the first time at which the response rises-to 90% of the
target.

Iy R L =i (1) =
C &

Figure 3.7: Parallel RLC circuit

e M, is the peak overshoot, beyond the target of 100%. For over-
damped and ecritically-damped responses there is no overshoot and
M, = 0.

e 1, is the time at which the peak arrives. This parameter is not relevant
for over-damped and critically damped responses.

o ty is the first time at which the response reaches 90% of the target.

e t, s the time beyond which the response strictly remains within the
tolerance of 90% to 110%. For over-damped and critically damped
responses, ts = ty. ts is known as the settling time.

3.4.6 Parallel RLC

The parallel RLC circuit shown in Fig. 3.7 excited by a unit-step current
source is identical to the dual of the series RLC circuit. For ¢ < 0, the switch
is ON, and the current in the current source flows through the switch. For ¢ >
0, the switch is OFF, and there is a step current in the parallel combination
of the resistor, capacitor and inductor. Let us assume i,(07) = 0.
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The circuit in Fig. 3.7 is the exact dual of the circuit in Fig. 3.4. The
conductance in the parallel RLC circuit is to be numerically equal to the
resistance in the series RLC circuit. The inductance in the parallel RLC
circuit is to be numerically equal to the capacitance in the series RLC circuit.
The capacitance in the parallel RLC circuit is to be numerically equal to the
inductance in the series RLC circuit. If we consider the bottom node in
Fig. 3.7 as the datum, there is a single node-voltage equation that we can
formulate, as opposed to a single mesh current equation in Fig. 3.4.

1 d’Uc (t)

Iy =ve(t)  +inlt) + C2C diL(t)

dt

, and, vo(t) = L

We combine the two equations by replacing the value of vo(t) ebtained
in the second equation into the first equation. This gives us a single second-
order linear differential equation in one variable, namely, i (t):

. L .
[OZLCZ'L—FEZ'L—FZ'L (310)

(3.10) is the same as the differential equation of the series RLC circuit,
(3.8), with R replaced by 1/R, L replaced by.C, C-replaced by L, and Vj
replaced by Iy. As such, the solution will also be the same, as long as the
correspondences are observed.

The characteristic equation, for the parallel RLC circuit, is as follows.

L
LCS2+Es+1:O

s1 and s, are the two roots of the characteristic equation. The free response
of the circuit is Ajestbd-Aye®?t. As't — oo, the inductor behaves as a short-
circuit, the capacitor as an" open-circuit. As such, the forced response is
ir(c0) = Iy. The.complete solution is of the form:

ZL(t) = Io + Aleslt + A2682t

At ¢t =07, i (07) = 0 (given assumption) and ve(01) = 0 (switch has just
opened). As such, we have two equations in A; and A, to satisfy the initial
conditions.

Al + A2 = —Io, and, 81A1 + SQAQ =0

The values of A; and A, are to be worked out solving the two initial condi-
tions.
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3.5 Other second order circuits

Let us now analyze circuits that are not strictly series or parallel RLC. The
general principle of analysis remains the same. We will still follow our three-
step technique of section 3.1.6. First we will work out the free response with-
out solving for the coefficients, then we will formulate the forced response,
and finally we will combine the free and forced responses and evaluate the
unknowns. A variant of the series RLC circuit follows.

Example 3.9. In the circuit below, after being closed for a long time,
the switch is opened at t = 0. Obtain the complete expression-for ve(t) for
t > 0.

1H 190 10
. J\/\erJ\/\/l
(25

1V Ue— 4 (?tzo

We can analyze the circuit with the help of assingle mesh equation.

1. For t > 0, the switch is open; and<the mesh equation for the circuit
is:
l‘iL—i-l-iL-{—UC:l

Further, ép = 1 - v The'mesh équation simplifies to:
vo.t+ve +vo =1

The characteristic equation of the homogeneous response works out
to:
P+s+1=0

There.are two possible values of s that satisfy the characteristic equa-
tion.”s = =1/2 £ 5,/3/2.

2. The input is a constant voltage. Therefore the forced response should
also be a constant voltage. As t — 0o, the circuit reaches a constant
steady-state, and ve(00) = 1, ir(c0) = 0.

3. Next, vo(t) = 14+ Ae /2 cos(t+/3/2+ ), where A and ¢ are constants
from the solution of the free response. We need to evaluate these
constants with the help of the initial conditions. For t < 0, the switch

was closed, and the circuit was in steady-state. Therefore, v (07)
is 0.5 V, ir(07) is 0.5 A. At t = 0%, 1 + Acos¢ = 0.5. Further, at
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t=0%, i, =ve=—Acos¢/2 — /3Asin¢p/2 = 0.5. The conditions
give A =1/4/3 and ¢ = Tr /6.

1 V3
— 14— t/2 ve
vo(t) + \/36 cos( 3 t+ 7m/6)
The waveform corresponding to v (t) is plotted below.
vo(t)y
1
0.5
0 5 10 "t

It is also possible to analyze second-order circuits using the same short-
cut technique that we studied for first-order circuits. In thiscase, though, we
will need to work out two distinct “time constants”; which may be in general,
complex. Once we have sq, s9, with the help of the initial conditions, we can
write out the expression for the waveform.

Example 3.10. In the following circuit, Ris1 QyLis 1/2H, C'is 1/3 F,
Vois 1V, Vj is 2 V. The two switches open and close simultaneously at
t = 0. Derive an expression foripg(t), as indicated in the schematic.

ir(t) R ¢~0 V=0

Vg
Vil " )l =X 0= Vo

1. For t >0, the eircuit appears to be a parallel RLC circuit when the
voltage'source V; is'mulled. As such, the characteristic equation is:

L
LCs*+ =s4+1=0
- i aF
This gives two poles, namely s; and so that satisfy the characteristic

equation. s1,82 = —1.5 & j1.94. The system is under-damped.

2. As t — oo, the inductor appears as a short circuit and the capacitor
appears as an open circuit. The current ir(oo) is Vi /R. This gives
us the form of the solution.

ip(t) = Vi/R + e 1°1 (A} cos 1.94t 4+ Ay sin 1.94t)
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3. Now let us work out the initial conditions. Two initial conditions
are required; let us work out ip(0%) and ir(0T). At t = 0%, the
voltage across the capacitor is Vy. So ig(07) = (V4 — Vp)/R. After
all, i = (Vi — vg)/R. In that case, ip = —vg/R. But Cvg is
the current through the capacitor. The initial current through the
inductor, i7,(07), is V4 /R. Therefore, the initial current through the
capacitor is ig(0") —ir(07), which is —Vp/R. This gives us the initial
ir as Vo/(R20).

dig  _dVi—wg __Lldug
dt ~dt R R dt
1 . 1 /Vi=-V W -
= "gc'¢ = pelirTit) = RC’( R R)’att_o
:R%’ att =20

The two initial conditions are now ready. From-the form ofthe solu-
tion, at t = 0T, ig is Vi /R + Ay, while ig is —1.54; +.1.9445. Now
we have two equationsin Ay and As.

Vi Vi—W Vo

— 4+ A= d, = 1.541 4+ 1.9445 = ——

R aF 1 R , and, 1 =F 2 RQC

This gives A; = —1 and Ay = 0.77: Finally,

iR(t) =2 +e~15t (= cos 1,94 + 0.77 sin 1.94t)

One needs to workrout the initial conditions for the quantity of interest
and its derivative. In the previous example, the initial conditions of interest
were ix(0") and iz(0*). These two along with the two time constants and
the final value of the quantity of interest will allow us to construct the full
time-domain response.

The following example does not fall into either series or parallel RLC
categories:- However, the analysis technique remains the same. First, we will
work out the characteristic equation and its roots. Next, we will obtain the
forced response. Finally, we will combine the forced and free responses and
evaluate the unknowns with the help of initial conditions.

Example 3.11. In the following circuit, V1 is 1 V, Vj is 2 V. R; and R»
are 1 2 and 2 Q respectively. L and C are 1/2 H and 1/3 F respectively.
Find an expression for i¢(t).
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R

Vi

The circuit is neither of the familiar series and parallel RLC circuits. As
such, we will first have to work out the characteristic equation. Let us
consider the current through the inductor as iy, going downwards, and the
voltage across the capacitor as vo from top to bottom. We will use the node
voltage method, with the bottom node as the‘datum. The node voltage
method gives us the following:

vo—-Vi . dve
e o -
i +ZL+Cdt

LEL _ ye
g dt
I — =V
I R
The second equation gives us we in terms of iy, and%r. Plugging this
expression for vo frem the second equationcinto the first equation, we
obtain a single differential equation/in-ir, as-follows.

L r Ry .
LCip + (RT + RoC)ip+ (14 R—l)zL

_ A
-5

For the characteristic equation; the forcing function on the right hand side
is to be nulled. The.poles of the system are at s, s9 = —3.5 + j2.40.

Now, let us obtain the. initials¢" and ZC At t = 07, the current through
L is Vj/ Ry, and the voltage across C' is Vp. The current through L and
the voltage across O will remain the same at ¢ = 0. The current through
V1, going upwards, is (Vi —ve)/R1. A part of this current becomes i, the
remainder is i¢.

Vi — Vi — Vi Vi
Also. i, ve . ic VL ic ve — iR
SO, ? = - = = — = — _
T TR YT TR L R.C L

Att=0"v0is2V,iris1 A, icis —2 A, v is0V.igis6 A/satt =07,
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As t — o0, the current through the capacitor settles to 0. Therefore the
complete expression for ic(t) is:

ic(t) = e 35(A} cos2.40t + Ay sin 2.40t)
where, —2 = A, from ic(0")

and, 6 = —3.54; 4+ 2.404, from ic(0T)

Ay = —0417

Finally, we have:

3.6

ic(t) = —e 3%(2 cos 2.40t + 0.417 sin 2.40¢)

Unit summary

Every independent inductor current and every independent capac-
itor voltage form a state variable. The number of state variables in a
circuit give the order of the circuit.

Typically, a first. order circuit will have only .one inductor or only one
capacitor. It is possible to. eonstruct first order circuits that do not
obey this:

Typically, the capacitor voltage and the inductor current is continuous
at all times. It is possible to construct circuits where this is not true,
especially in light of the previous remark.

A signal of the form Be®' covers DC signals, sinusoids, rising and
damped-exponentials; rising and damped sinusoids, for different values
of A.and s¢:In circuit theory, the input waveform is always chosen as
one of these.

Every waveform in the circuit is the sum of a forced response and a free
response. The forced response to an input Be®*! is Ceot. A constant
forcing input will result in a forced response that is a constant. A sine
wave as the forcing input will result in a forced response that is a sine
wave.

The free response of a circuit is computed for an input of 0. The
single differential equation in s, formed to evaluate the free response
of a circuit is known as the characteristic equation. The roots of the
characteristic equation are the poles.
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e A system with distinct poles at s; and s, will have a free response of
Aqestt + Age®2t. This can be extended to higher orders.

e If a system is excited by the input Ae®!, and if the system has poles

at {si}, then the response of the system is Ce® + ", Age®*. C' and

{A)} are coefficients that need to be obtained from the initial (and

final) conditions.

e For a step input, at steady state, inductors behave as short circuits and
capacitors behave as open circuits.

e The poles of a second order system determine if the system is-over-
damped, under-damped, or critically damped. If s; and s, are real and
distinct, the system is over-damped. If thetwo poles are identical; the
system is critically damped. If the poles arecomplex conjugate pairs,
the system is under-damped.

e A critically damped system has‘a slightly different free response. In
this limiting case, the free response is (A + Apt)esa2)t.

e An under-damped system will exhibit overshoot and ringing in the
step response. The ringing will damp out with time: The form of the
free response is expressed as e’ (Ajcoswt + Agsinwt), where o + jw
are the two complex conjugate poles. The free response can also be
expressed as Ae?" cos(wt + ¢). These two-forms are both re-phrasings
of the original form of the free response; A;estt 4+ Aje®', where the
coefficients and poles are complex.

e In a series RLC circuit, more resistance increases damping and a circuit
changes from being under-damped to critically damped to over-damped
as resistance increases. In-a parallel RLC circuit, less resistance in-
creases damping and a circuit changes from being under-damped to
critically damped to over-damped as resistance decreases.

3.7 Exercises

Multiple choice type questions

3.1 A digital circuit drives a logic gate of capacitance 1 pF and has a source
resistance of 50 2. What is the rise time of a digital pulse?
(a) 1.15 ps (b) 11.5 ps (c) 115 ps (d) 1.15 ns
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_ _ 1/4F
t=0 20 t=0 /
oo~
LALT 2o 6V 1V 1/3 H liL
(a) (b)

Figure 3.8: Schematics for questions 3.8, 3.9, 3.10, 3.11, 3.12, 3.13, 3.14, 3.15.

3.2

3.3

3.4

3.5

3.6

3.7

3.8

3.9

3.10

3.11

An RC circuit has a rise time of 1 ms when its output rises.from 0-to'1 V.
What is the rise time when the output rises from 3 V to 10.V?
(a) 1 ms (b) 3 ms (c) 7 ms (d) 10 ms

A switching power supply designed with an inductance of 1 mH-: drives a
load of 100 2. What is the rise time of the power supply when it steps from
1VitobV?

(a) 10 us (b) 23 us (c) 40 pus (d) 92 ps

A series RLC circuit has L =1 mH and C.=1 pyF.“What is the value of R
such that the circuit is critically damped?
(a) 31.5 Q (b) 63 Q2 (€).100 (d) 126 ©

A parallel RLC circuit has L = 1 mH and C = 1 pF. What is the value of
R such that the circuit is critically damped?
(a) 16 Q2 (b) 31:5 Q (c) 63 Q (d) 126 ©

A series RLC circuit has. . = 1 mH and C' = 1 pF. Which of the below
values of R gives us an under-damped circuit?
(a) 31.5 Q (b) 63 Q (c) 100 (d) 126 Q

A parallel RLC circuit has L = 1 mH and C = 1 pF. Which of the below
values-of R gives us an under-damped circuit?
(a).8 Q (b) 12 Q (c) 16 Q (d) 31.5 Q

In Fig. 3.8(a), what is ir,(01)?
()0 (b) 0.5 A (c) 0.7 A (d) 1.2 A

In Fig. 3.8(a), what is vo(01)?
(2) 2V (b) 4V (c) 6 V ()8 V

In Fig. 3.8(a), what is i7,(07)?
(a) -24 A/s (b) 0 (c) 12 A/s (d) 24 A/s

In Fig. 3.8(a), what is v (01)?
(a) -6 V/s (b) 0 (¢c)3V/s (d) 6 V/s

50
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3.12

3.13

3.14

3.15

3.16

3.17

3.18

3.19

3.20

HwW 0T

GETE

Figure 3.9: Circuit schematic for exercise 3.20.

In Fig. 3.8(b), what is i7,(07)?
(a) 0 (b) 0.14 A (c) 0.2 A (d) 0.5 A

In Fig. 3.8(b), what is va(01)?
(a) 0 (b) 0.28 V (c) 0.71V (dy1v

In Fig. 3.8(b), what is iz (07)?
(a) 0 (b) 0.28 A/s (c) 114 A/s (d) 2.14 A /s

In Fig. 3.8(b), what is vo(0+)?
(a) 0 (b) 0.57 V/s (c)1V/s (d).1:14 V/s

Short answer type questions

In an nth order circuit, to arrive at thedinal step response solution, we will
need to evaluate initial and final conditions to solve for co-
efficients.

A critically damped system_has a damping factor, ¢, of

In a second-order under-damped system, if the free response is Aje’'t +
Ase®?t then A; and Ay arerelated as

In a second-order under-damped system, if we consider the free response to
be A1t + Age®?! - Ap and A will always work out to be complex conjugates.
A second-order_system-should have two unknown coefficients. If A; and Ao
are conjugates of each other, then which are the two unknown coefficients?

Numericals and long answer type questions

A current source pushes current into an R-L load, as given in Fig. 3.9. From
0 A, the current rises to 1 A at 1 ms, remains 1 A till 1.5 ms, and at 1.5 ms
drops to 0 A. The initial current in the inductor at t = 0 is ig. Work out the
current in the inductor as a function of time. Find the current at 1.5 ms.
What is ig if the current at 1.5 ms is ig?
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4 kQ

2V

1 nF

)
b t =

I

-

2 nF

Figure 3.10: Circuit schematic for exercise 3.21.

20

5V< ; 4 m %

1m

H

Figure 3.11: Schematic for exercise 3.22.

3.21 In the circuit schematic of Fig. 3.10, the switch (thisis a single-pole-double-
throw or SPDT switch) is flipped at ¢ = 0.« The 2.nF capacitor was initially
discharged. At t = 07, the 2 nF capacitor is placed in shunt with the 1 nF
capacitor. Find the voltage-across the.capacitors as a function of time.

3.22

3.23

3.24

In the circuit shown in Fig. 3.11, the switch.is-opened at t = 0. Evaluate
the current. through the inductors as a function of time.

In the circuit schematic of Fig: 3.12,"the switch is turned ON at ¢ = 0.
Evaluate i(t) as a function ‘of time. “Hint: One can easily split the current
into the sum of two first-order currents.

In the circuit-configurations of Fig. 3.13, vg(t) is u(t) —u(t —1). Assume all
capacitors.are discharged at t = 0~. Sketch the profiles of vy, (t) for the four

configurations with reasoning.

100 Q%

Yi(t

‘Lgl
/5

%

%509

Figure 3.12: Schematic for exercise 3.23.
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3.26

3.27

3.28

3.29

3.30
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R R

Figure 3.13: Circuit configurations for exercise 3.24.

In the circuit configurations of Fig3.14, ig(t) = u(t)— u(t=1). -Assume all
inductors have zero current at¢ = 0. Sketch the profiles of vy (t) for the
four configurations with reasoning.

Consider the second-order circuits of Fig.3.15. .wg(t).in each case is u(t) —
u(t —1). Do all four circuits have the same poles? Find out why a few
of the circuits do<have the same poles. Let us assume R = 10 Q, C =
10 pF, and L = 10 mH. Assume the capacitor is'initially discharged, and the
initial current through the indtictor is zero. Evaluate the voltage across the
capacitor, in each case, as a function of time. Re-evaluate with L = 1 mH,
C, and R as before. Again, re-évaluate with L = 10 mH, C' = 25 uF, and R
as before.

In the circuit of Fig. 3.16, the ‘switch is closed at ¢ = 0. Find the current
through the 10.mH inductor; left to right, as a function of time. Assume
the circuit_had reached a‘steady-state well before the switch was closed.

Considér the-circuit of Fig. 3.17(a). wvi(t) is 50u(t) volts, while va(t) is
100u(—t) veolts. Find an expression for the voltage across the capacitor as a
function of time. Now consider the circuit of Fig. 3.17(b). Is the behavior of
this circuit the same as that of Fig. 3.17(a)? Give reasons. If the behavior
is different, work out the voltage across the capacitor as a function of time.

In the circuit shown in Fig. 3.18, ig(t) = u(t)x 5 mA. Find the expression
for ic(t).

In the circuit schematic of Fig. 3.19, evaluate the voltage across the 0.5 H
inductor as a function of time.
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4 O
+
R
*—o Q is(t) Cﬁ) %R v (t)
is(t) @ L %R vr(t) L
—o o o o
@ (v
d 0
R R L
s (1) vou Cul(Q) e
L L R
o o

Figure 3:14: Circuit configurations for exercise 3.25.

vg(t) — g vs(t) L —

C
vg(t) R — vs(t)C“S< R% %L
(d)

()

Figure 3.15: Circuit schematics for exercise 3.26.
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10 mH

l o o 10 puF
1A f o o —
t=20 w0

Figure 3.16: Circuit schematic for exercise 3.27.

v (t) — va(t) 50 V 100V,

24 Q

1V 5 F 2.4 Q
0.5

Figure 3.19: Circuit schematic for exercise 3.30.
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3.32

3.33

3.34
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10
t=20
+
1 VC_D 30 ——vc(t)
10 mF | —
10 mH

Figure 3.20: Circuit schematic for exercise 3.31.

0.1V

Figure 3.21: Schematic for exercise 3.32.

In the circuit schematic of Fig. 3.20, evaluate the voltage vc(t) across the
capacitor as a function of time.

The cireuit of Fig. 3:217s that of a crude DC-DC converter. Assume that
ve(07) is —5 volts« Find the expression for ve(t). What is the largest |vo|?
If the switches are reversed when |v¢| is the largest, and a cycle is repeated,
what.will be the new largest |v¢c|?

Fig. 3.22 shows the unit-step response of a second order RLC circuit. The
times at which the maxima and minima occur and the corresponding voltages
are indicated on the graph. Estimate (a) ¢, the damping factor, (b) wy,, the
natural frequency, (¢) and the characteristic equation of the system. If the
circuit is a series RLC network, and R is 10 €2, can you predict the values
of L and C?

What is the optimal value of (, the damping factor, that leads to the fastest
settling time for a step input?
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v(t) L Q95 139V
5.7, 1.06 V

3.8, 0.85 V

>
>

t

Figure 3.22: Second order RLC response for exercise 3.33.

Know more

Historical profile

Leonard Euler was a Swiss mathematician-and engineer of the 18th- century.
His contributions were groundbreaking in mathematical analysis, complex
number theory, graph theory, and topeology. With several contributions in
fluid dynamics, optics, astronomy, mechanics, his-career was primarily be-
tween the Imperial Russian Academy of Sciences‘and the Berlin Academy.
The real number e denoting the base of the natural logarithm, is named after
Euler. Pierre-Simone Laplace had once said, “Read Euler, read Euler, he is
the master of us all.” Euler is regarded-as one of the greatest mathematicians
ever.

Leonard Euler!

Euler standardized much of the mathematics that we use today, including
the notations of f(z), >, use of z, y, z as unknowns, use of a, b, ¢ as
constants etc. Trigonometry was standardized by Euler, the use of 7, e
and i as v/—1 were also standardized by Euler. Euler combined Leibniz’s
differential calculus with Newton’s method of fluxions into modern calculus.
One of the most famous identities in mathematics that combines geometry,

!Photograph taken from the public domain.



108 UNIT 3. FIRST AND SECOND ORDER NETWORKS

algebra, trigonometry, calculus and complex numbers is the Euler’s identity:
AT+ 1=0

The EE notation of using j for v/—1 was introduced by Charles Steinmetz.
At a meeting of the American Institute of Electrical Engineers in 1893, Arthur
Kennelly introduced the concept of impedance. Although not present at this
meeting, Charles Steinmetz studied Arthur Kennelly’s paper and suggested
the use of j as a standard for all electrical engineers.

Understand in depth

Study the theory of differential equations from a standard Mathematics text
book. In particular, the sections on existence and uniqueness theorems for
initial value problems, will help oneunderstand the-theory of differential
equations.

e Advanced Engineering Mathematics, by Erwin Kreyszig, John Wiley
& Sons Inc., chapters 1y 2 and 3, with a.focus on sections 1.7, 2.6, and
3.2.

Modified nodal analysis (MNA) for dynamical eircuits is a general tech-
nique to analyze any RLC circuit of any order.: MNA is an algorithm used by
circuit simulators for transient analysis. In combination with a state-space
representation andthe matrix exponential, MNA can be used to numerically
analyze any circuit.

MNA, ‘the state-space representation, the
matrix exponential, and numerical analysis
of the transient -behavior of circuits.

Every pole of a circuit corresponds to a mode at which the circuit re-
sponds: In addition, each mode of the input results in a mode of response
of the circuit. For an input with one mode, an nth order circuit responds
in n + 1 modes. In each of these modes, KVL, KCL, and device properties
are individually satisfied. The technique results in the Laplace-transform
method of solving dynamical circuits; this will be discussed in Unit-5.


https://web.iitd.ac.in/~shouri/electriccircsnetworks/mnaexp.html

Unit 4

Sinusoidal steady-state analysis

Unit specifics
In this unit the student will study the following:
e The sine as a rotating phasor and phasor diagrams

e Impedances and admittances

Mutual inductance, the dot convention, transformers

AC circuit analysis

Power in AC circuits, complex power, rms. values

Three phase circuits

Rationale

In this unit, we will study circuit analysis under sinusoidal excitation. All lin-
ear circuit elements, namely, resistors, capacitors, inductors, inductors with
mutual coupling, {dependent and independent voltage and current sources
will be considered in this unit.

There are a few premises of this study:

1. All independent sources in the circuit are sinusoidally oscillating co-
herently at precisely the same frequency.

2. The circuit was set up a long time ago, and we do not need to worry
about any initial conditions. In other words, the circuit is in a steady
state. The free response of the circuit is to be ignored.

109
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3. The circuit does not oscillate by itself, without any input source.

The conditions are not met by default. Some of these conditions are very
difficult to meet. Even against these difficulties, this study will make the
given assumptions.

Pre-requisites

e Physics: The physics behind inductors is needed for the study of mu-
tually coupled inductors and transformers.

e Mathematics: Basic calculus, trigonometry and complex-algebra.

e Software: We will continue using Octave for numerical analysis.

Unit outcomes

The list of outcomes of this unit are as follows.

U4-01: Be able to analyze an AC circuit comfortably.

U4-02: Be able tovisualize the sinusoid as a_rotating phasor. Be able to
draw phasor diagrams and simplify complex problems intuitively.

U4-03: Be able to re-work .all network theorems for AC circuits. Gain the
intuitions granted by the network theorems for all circuits.

U4-04: Understand power in AC eircuits. Gain the intuition behind com-
plex power.

U4-05: Appreciate the design of three-phase circuits. Be able to analyze
three-phase circuits.

Unit-4 Expected mapping with course outcomes
outcomes | (1: Weak, 2: medium, and 3: strong correlation)

CO-1 | CO-2 | CO-3 | CO-4 | CO-5 | CO-6

U4-01 3 - 3 - - 1
U4-02 - 3 2 - - -
U4-03 - 3 1 1 1 -
U4-04 - 2 1 3 1 -

U4-05 2 1 1 3 - -




4.1. PRELIMINARIES 111

4.1 Preliminaries

Theorem 4.1 (Linearity): A circuit with arbitrary connections of linear cir-
cuit elements (resistors, capacitors, inductors, mutual inductance, linear de-
pendent sources) is a linear system.

Proof. Tableau analysis of a circuit has three parts:

A -1 = 0, which is valid for a network with L, C, M
V — ATE = 0, which is also valid for a network with L, C, M
MYV + NI = U, which needs to be modified for L, C, M.

For an inductor L;, in branch k&, vp—Liix = 0. For a capacitor C}, in branch
k, i — Crv, = 0. For a mutual inductance M between branches p and ¢, with
L, in branch p and L, in branch ¢, the equations are v, — Lpi'p +M i'q =0 and
Vg — Lqi'q + M z"p = 0. If we create an operator, D, for the derivative, these
device equations could be represented in the form MV 4 NI = U, with D
operators embedded within the M and N matrices.

Let e, vy, and i; be the circuit’s response for a specific inputary. Further,
let ea, vo, and iy be the circuit’s response to another input us. Then,

0 0 A €1 0
—AT 1 0 Vi| .= 0
0 M N| (i {ju]

0 00 A] fe] [0]
—AT 1 0} vl =10
0 M N_ i2 _112_

We can add the RHS and LHS of the two equations.

0 0 A e; +eq 0
—AT 1 0] - Vi + Ve = 0
0 M N il + i2 u; + U2

The addition could be performed because the derivative operator is distribu-
tive, i.e., Di; + Dis is nothing but D(i; + i3). Homogeneity can also be
proved the same way.

The above proves the linearity requirement. |

Theorem 4.2 (Time invariance): A circuit with arbitrary linear circuit ele-
ments (resistors, capacitors, inductors, mutual inductance, linear dependent
sources) is time-invariant.
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Proof. Like in the proof for linearity, let us embed a differentiation operator,
D, within the M and N matrices. Let e(t), v(t), i(t) be the solution for the
circuit when u(t) is the input.

0O 0 A e(t) 0
—AT 1 o -|vi®)|=] 0
0 M N i(t) u(t)

Then, if we delay the solution by 7" seconds, we obtain e(t — T'), v(t.— T,
i(t —T). If we apply the tableau equation to this set of results, we obtain:

0 0 A e(t—T) 0
—AT 1 0| |vit=T)| = 0
0 M N i(t —1T) u(t —1T)
The above proves that the system is time-invariant. [

Definition 4.1 (Dirac delta function, impulse function): The delta function
is defined as 0(t), where:

oo, for t =0

for all
5 = {O, orall t #0

and,/ o(t)dt =< 1.

—00

Any function of time, x(t); can. be described as a sum of scaled and
shifted impulse functions. Since the impulse function is non-zero only at a
single value of time; this:sum of'impulse functions works out as an integral.

2@ = /_ et — 7V (4.1)

o0

For example; if ' we want to compute z(t) at t = to, we plug t = t¢ into (4.1).
The expression works out as the integral of z(7)d(to — 7). However, §(to — 7)
is zero for all 7, except at ty. So this works out to x(to) [ 6(to — 7)dr, which
works. out to x(tp).

Definition 4.2 (Impulse response): If the input to an (linear and time in-
variant) LTI system is 6(¢), then the corresponding output of the system,
h(t), is defined as the impulse response of the LTI system.

The impulse response, h(t), is defined for LTT systems. If the input to
the system is 55(t — t1) — 36(t — t2) + 7(t + t3), because the system is LTI,
the corresponding output is 5h(t — t1) — 3h(t — ta) + Th(t + t3).
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If the input to an LTI system with impulse response h(t) is x(t), and the
output is y(t), then:

z(t) = /_00 x(1)o(t — 7)dT

[e.e]

So, y(t) = /_00 x(T)h(t — T)dT (4.2)

[e.e]

For convergence of (4.2), z(t) and h(t) have to be absolutely integrable. It
is fair to assume that the input z(¢) is absolutely integrable. However, there
could be a system where h(t) is not absolutely integrable. In the initial set
of premises, as given in the rationale at the beginning of the unit, we are
looking at systems in which initial conditions a long time ago do not affect
the system at present. In other words, we aredooking at a system .where
the response to initial conditions a long time back 'decays with time: Such a
system will have an absolutely integrable A(t).
The integration variable 7 can be changed to 7 =t — 7. Then (4.2)
changes to: .
y(t) = / (" z(t — 7")d7'! (4.3)
—00
The two equations, (4.2) and (4.3), are equivalent because the second came
from the first by a simple variable change. (4.2) and (4.3) are known as the
convolution integral.

Theorem 4.3 (Fundamental theorem of sinusoidal steady-state analysis):
In a linear time-invariant (LTT).system, if the input is a sinusoidal function,
the output is also a sinusoidal-function at.the same angular frequency.

Proof. Let us assume the LTI system has an input z(t) = Ae/'. If the
system has an impulse response h(t), then the output is

o) = / h( A gy

—00

or, y(t).= Aej”t/ h(r)e *Tdr

[e.9]

or, y(t) = Ae’" . K, where K = / h(7)e 7“Tdr, a complex constant.

The above result says that the output y(t) is proportional to e/“*.

A real input should result in a real output. An imaginary input should
result in an imaginary output. The superposition of a real and imaginary
input will result in a complex output. Therefore, if the input to the system
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Imag
A

v(t) = Vp cos(wt + ¢)

Figure 4.1: The phasor is a rotating complex vector. The actual voltage is
the projection of the phasor on.the real axis.

is only the real part of z(t), i.e., coswt, then the system’s output will be the
real part of y(¢). The real part of y(t).is a sinusoid with angular frequency
w.

Corollary 4.1. Suppose the“input to an LTI circuit (with resistors, induc-
tors, capacitors, mutualiinductance,-and linear dependent sources) is a si-
nusoidal waveform with angular frequency w. In that case, node potentials,
branch voltages, and branch currents in the circuit are sinusoidal with the
same angular frequency. w.

A linear circuit excited with a sinusoidal input at w will have sinusoidal
voltages ‘and currents at w. The amplitudes and phases of these different
voltages and. currents in the circuit are different, the frequencies are the
same.

4.2 The phasor

Definition 4.3 (Phasor): A sinusoidal waveform at an angular frequency w
will be of the form v(t) = V4 cos(wt + ¢), where Vi and ¢ are real constants.
To this waveform, we can associate a complex number of the form V =

Vol = Viycos ¢ + jVysin . We define V' as a phasor.
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Fig. 4.1 describes the idea behind a phasor. The phasor itself rotates with
time. It has a certain magnitude (radius) and an angle that it subtends at
t = 0. The actual voltage or current is the projection of this phasor on the
real axis. We define a phasor by its radius (or magnitude, or amplitude of the
sinusoid) Vj, and its starting angle ¢. The vector is rotating at an angular
velocity of w, its projection on the real axis is nothing but Vjcos(wt + ¢).
The position of the phasor at ¢t = 0 is the definition of the phasor. Since
all voltage phasors and current phasors in the circuit rotate at an angular
velocity of w, we omit the wt portion of the complex number and only report
the vector at t = 0.

Example 4.1. What is the phasor corresponding to a current waveform,
i(t) = 2sin(1007t 4+ 30°) A?

When 1007t = 60°, i(t) is 2 A. This is the largestpositive value of i(f). At
t =0, 4(t) is 2sin30° or 1 A. The phasor can be visualized as a.rotating

complex vector, as shown below.
radius 2 " Imag

\,

The phasor can be represented as~a.complex number, 2/ — 60°, or as
2¢=97/3 or as 1 — j1/3/2.

Observation 4.1. The function sinwt has a value of 1 when wt is 90°, coswt
has a value of 1 when wt is 0.+As such, sin lags behind cos by 90°. cos leads
sin by 90°.

Example 4.2. What is the angle between two phasors, v(t) and i(t),
where, v(t) = —10 cos(wt — 60°) V, and i(t) = 5sin(wt + 60°) A?

v(t) is —10 V when wt is 60°. So, v(t) is 10 V when wt is 240°. Therefore,
V =104 — 240°, or V = 10£120°.

i(t) is 5 A when wt is 30°. Therefore, I =5/ — 30°, or I = 5/330°.
The angle between the two phasors is 150°.
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Theorem 4.4 (Phasor addition): The phasor of the sum of two voltages
is the sum of the two phasors corresponding to each voltage. If vy(t) =
Vi cos(wt + ¢1) and vo(t) = Vo cos(wt + ¢s), then the phasor corresponding
to vy (t) + va(t) is nothing but Vi Z¢py + VoL ps.

Proof. Let us define V3 = Vj cos ¢1 + Vo cos ¢p and Vy = V; sin ¢y + V5 sin ¢s.

v1(t) +ve(t) = Vicos(wt+ ¢1) + Vacos(wt + ¢a)
= Re[Viexp(jwt + ¢1) + Vaexp(jwt + ¢2)]
= Relexp(jwt) (V1 cos ¢+ Vs cos o + (Vi sin ¢y + Vosings))]
= Relexp(jwt) (Vs + jVi)]

So the phasor for vy (t) + va(t) is the complex number Vi + jV,: Now, if we
compare this to V1 Z¢; + Volgo, we get:

Viddy + Valoy = (Vicosthy + Vacosdy) +j(Vi sin ¢y .+ Vs sin ¢o)
= V3+jVy

Example 4.3. Three branches form a loop. The voltage drop across the
first branch is vy (f) = 1.cos(wt+45°): The voltage drop across the second
branch is vy(t) = —2sin(wt+ 30°). “What is the voltage drop across the
third branch?

Let us convert ‘the voltages.into their corresponding phasors. v is 1 when
wt is —45°, 050 V3 &=1445°. vy is —2 when wt is 60°. vy is 2 when wt is
—120°. .+ Vo =2£120°

Vi 2 (Vi + Vo) = —(1£45° + 2£120°)
1 1
(\/2+]¢2 +jy/3) = 0.293 — j2.439
= 2.457e 145

covg(t) = 2.457 cos(wt — 1.45)

(Note: The angle given in the answer is in radians, not degrees.)

Corollary 4.2. We can write KVL and KCL in terms of phasors.
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Theorem 4.5 (Phasors obey Tellegen’s theorem): If {V;} are the phasors
corresponding to all the branch voltages, and {I;} are the phasors corre-
sponding to all the branch currents, then:

k
>V - > VA -0
1 1
k k
> VWL=0 and > WL =0

1
That is, the phasors and their conjugates obey Tellegen’s theorem.

Proof. At wt = 0, the voltages are {Re[V;]} and the currents are {Re[l;]}-
At wt = 71/2, the voltages are {Im[V}]} and currents are {Im[I;]}. We apply
Tellegen’s theorem between these voltages and.currents.

So, for example,

Y Vil = ) (Re[V + jIm[Vi])(Re[l] = jIm{Ly])
= 3 Re[VilRe[l] ] Y Re[Vildml[I]
+3 ) Tm[VJRel[ g+ Y In[Vi] Im[];]

= 0, because'the four terms are individually 0.

Similarly, we can prove that the other voltage and current phasor combina-
tions also follow Tellegen’s theorem. |

4.3 Impedances.and admittances

4.3.1 Inductor

If the current through an inductor L is iy (t) = Iy cos(wt), then the voltage
across the inductor is

vp(t) = Lig(t) = —IwLsin(wt) = ILwL cos(wt + 7/2)

Representing in terms of phasors, for a current I; = I; /0, the voltage is
Vy, = IrwL/7w/2 = jwLI;. The current-voltage relationship implies that the
inductor behaves like a resistor of value jwlL.
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Definition 4.4 (Impedance): We define the ratio of the branch-voltage pha-
sor to the branch-current phasor in the sinusoidal steady-state as impedance.
Impedance is a generalized form of resistance and is generally complex.

4.3.2 Capacitor

If the voltage across a capacitor C' is vo(t) = Vi cos(wt), then the current
through the capacitor is:

ic(t) = Cvp(t) = —VewC sin(wt) = VewC cos(wt + 7/2)

Piepresenting in terms of Qhasors, for a voltage Vi = Ve Z0, the current is
Ie = VewCZn/2 = jwCVe. The voltage-current relationship implies that
the capacitor behaves like a conductor ofwvalue jwC'.

Definition 4.5 (Admittance): We define the ratio of the branch-current pha-
sor to the branch-voltage phasor in the sinusoidal steady-state as-admittance.
Admittance is a generalized form of conductance; and .is generally complex.

Corollary 4.3. Two impedances, Z; and Z5, when-in series, can be combined
as Z1 + Zy. Two admittances, Yi.and Y5, when in shunt, can be combined as
Y1+ Yo

Proof. If a current phasor / flows through the Z; in series with Z,, the total
voltage drop will be Z, I + Z,1; which is nothing but I(Z, + Z,). Similarly, if
a voltage phasor V is applied across two parallel admittances Y; and Ys, then
the total current will be Y3V + Y5V which is nothing but V(Y; + Y3). |

Definition 4.6 (Resistance; reactance): The real part of an impedance is its
resistance. The imaginary part of an impedance is its reactance.

Definition 4.7 (Conductance, susceptance): The real part of admittance is
conductance.. Theimaginary part of admittance is susceptance.

Example 4.4. Evaluate the driving point impedance of the following
network. Assume the circuit is to be operated at a frequency of 1 rad/s.
Further, assume Ry is 1 Q, Co is 1/2 F, Lg is 1/3 H, Cy is 1/4 F, L5 is
1/5 H.

Ls Ls
o— L+~
Cy Cy Ry
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Let us solve this with the help of Octave.

octave:1> [R1, C2, L3, C4, L5] = deal(1, 1/2, 1/3, 1/4, 1/5);
octave:2> w=1;

octave:3> Y1 = 1/R1;
octave:4> Y2 = Y1 + j*w*C2;
octave:5> Z2 = 1/Y2;
octave:6> Z3 = Z2 + j*w*L3;
octave:7> Y3 = 1/Z3;
octave:8> Y4 = Y3 + jxwxC4;
octave:9> 74 = 1/Y4;
octave:10> Z5 = Z4 + j*w*Lb
Z5 = 0.745149 - 0.0121601
octave:11> abs(Z5)

ans = 0.7452

octave:12> angle(Z5)

ans = -0.016318

octave:13> angle(Z5)*180/pi
ans = -0.93495

We first worked out the parallel admittance (¥2) of Ry and Cs.< Then we
converted the result into an impedance (Z2) and placed it in series with Ls.
The result (Z3) was converted to an admittance (Y3), andplaced in shunt
with Cy, to give Y4. The admittance was converted to animpedance (Z4)
and placed in series with L5 to give Z5.

Zs = 0.745 —0.012 = 0;745¢ 246 — 0745/ — 0.93°

Observation 4.2. The complex equivalent of resistance is impedance and is
given in ohms (). The complex equivalent of conductance is admittance
and is given in siemens (S).

An inductor of value'L at an angular frequency of w has an impedance of
JjwL. A capacitor of value €' at an angular frequency of w has an admittance
of jwC.

All series-parallel rules are followed after replacing inductors and capaci-
tors with their corresponding impedances.

Example 4.5. In the series-RLC circuit shown below, evaluate the volt-
age V. The current source is a sinusoidal source of 1 A, the impedances
of the resistor, the inductor, and the capacitor, are 2 €, j3 2, and —j4
respectively.
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K
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Q

Let us consider I as a phasor with a reference direction of 0°.. Then Vj is
aligned with I and is just 2x the magnitade of I. Vydeads I by 90° and
has a magnitude 3x that of I. Vi lags behind I and has a.magnitude 4x
that of I. The complete voltage V is the sum of Vz, V. and ¥ and can
be graphically computed with the help of vectorraddition, as shown below.

Al

A

~

VL=j3 Z

=
e VIR 4
[\
h
|
O
+
[
s

=y

(e
<
[

2—j1 =224/ — 26.6°

VC . _j4 //

Y/

The diagram above is'’known as a phasor diagram. Each phasor is rotat-
ing, with .time.. The diagram only depicts the phasors at ¢t = 0.

Finally;the voltage across the combination of the resistor, capacitor and
inductor is V=2 — j1 V, or 2.24/ — 26.6°.

Phasor diagrams like the one in the previous example give intuition about
the circuit. They are used as aids in analysis, although they are not as
powerful as direct numerical computation. In the following example, let us
twist the series-RLC circuit a little bit and apply a voltage source instead of
a current source.
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Example 4.6. In the series-RLC circuit shown below, evaluate the cur-
rent I. The voltage source is a sinusoidal source of 1 V, the impedances
of the resistor, the inductor, and the capacitor, are 2 €, j3 Q, and —j4
respectively.

+ +

G
1

=

L+

~

40

L+

Q

Let us still consider the current phasor; I, as the reference phasor. Al-
though its angle is not 0°, let us draw a time snapshot.at a time whenvits
angle is 0°. The phasors Vg, V7 and Vi are in the direction of, 90° ahead
of, and 90° behind I, respectively. The phasor diagramis shown below,
and is no different from the phasor diagram in.the previous example.

VRN |
//I
‘O
VL =43 . ¥ _
L .7 // R—I—i L:2+J3
/ [}
/ = |
/ =42
oizf“.
:7
SV = 2= j1 =224/ — 26.6°
VC:’—]4 //
V//

If we take the reference phasor as that of I, then V is lagging by 26.6° and
has a magnitude 2.24 x that of the current. Clearly, if the reference phasor
is the voltage, the current will lead by 26.6° and will be 2.24x smaller.

_ 1 o .
o T =55, /266°=04+02 A

The computation is straightforward with the help of complex numbers.

I=V/(Zr+Zp+Zc)=1/(2+4j3 —j4) =1/(2—j1) =04+ j0.2 A
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i1(¢) i(t) i1(t) ia(t)
+ () + + ° +
’Ul(t) L1 Lg ’Ug(t) U1(t) L1 L2 Ug(t)
(a) (b)

Figure 4.2: Mutual inductance. (a) The coupled terminals are both placed
at the positive terminals, and (b) the coupling is between the positive and
negative terminals.

4.4 Mutual inductance

4.4.1 The dot convention

A pair of mutually coupled inductors form-a two-port circuit.component
with three parameters, Ly, Lo, and M. The mutually coupled inductors of
Fig. 4.2(a) are related by the‘following equations inthe time domain. The
dots mark the terminal-pair that has been coupled. If the coupled termi-
nals are also the positive terminals of the two-port, the relationships are
straightforward.

vip(t) =" Lyig(t) + Mis(t)
vy ()= My (1) % Lyis(t)

In the phasor domainy i; and iy are Iy cos(wt) and I cos(wt), respectively.
The mutual inductance equations resolve to the following:

‘71 = jWL1f1+jCUM]_2
‘72 = ju}Mjl—"jWLgfg

InFig. 4.2(b), the coupling is between the positive and negative terminals of
the two ports. In this case, the signs of V5 and I; need to be reversed.

‘71 = jWLlf_l - jWMfz
—‘72 = jWMj_l - jWLQI_Q
or, Vo = —jwMI + jwL,l,

In this case, the mutual coupling simply becomes negative.
The rule can also be stated as follows:
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1. If currents in both the coils are entering at the dot (or both leaving at
the dot), the sign for M will be the same as that of L.

2. If current in one coil is entering at the dot, and current in the other

coil is leaving at the dot, the sign for M will be opposite that of L.

Example 4.7. Evaluate the driving point impedance looking into the two
circuits shown below. L; and Ly are 1/3 H and 1/4 H respectively. The
mutual inductance between the two inductors, M, is 1/5 H. The operating
frequency of the circuit is 100 rad/s.

(a) (b)

To evaluate the driving point impedance, let.us push a current I through
the network, and evaluate the voltage. Let us denote Vi as the voltage
across L, from top tobottom, and V5 as the veltage aeross Ly from top to
bottom.

Case (a):

Vy =LA+ SwMI
JwMT + jwLol

W+ =ojo(Ly + Ly + 2M)T

S
|

The driving point'impedance of the circuit in (a) is jw(Lj + L2 + 2M), or
798.33 .

Case (b):
Vi = jwLil—jwMI
Vo = —jwMI + jwLoI
Vi Ve = jw(Ly+ Ly —2M)I

The driving point impedance of the circuit in (b) is jw(Ly + Ly — 2M), or
j18.33 Q.
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L
—>
+
Vi Ly

Figure 4.3: Two mutually coupled inductors are driven by a voltage V;. The
second inductor drives a load Z.

4.4.2 The transformer

Mutual inductance is created by coupling the windings of two coils. The
two coils individually possess self inductance. The relationship between the
mutual inductance and the self inductances of the two coils'is as follows:

M = Ky/I7L, (4.4)

In (4.4), k is known as the coupling coefficient, and & € [0;1]. When the
two coils are not coupled to each other, k is 0; as the coupling between the
coils becomes tighter and tighter, k increases from 0 to.1,in the limit.

In the limiting case, when k= 1, the mutual inductances form an ideal
transformer. Let us analyze.

In the circuit of Fig. 4.3, a voltage V; is applied across L,. L; and L, are
mutually coupled with a mutualiinductance of M. L, is connected across an
arbitrary impedance Z. The. voltage across Z is V. I is the current in L,
and I is the current in Z.

V; and V; are written in terms of I; and I, as follows.

i = jWLljl - jWMj2
‘/2 — jWMl_l — jCL)LQI_Q = ZTQZ
or; jwMI, = L(jwLy+ 2)

_ WM
L = ﬂf;;ﬁh
Vo= (ij1+%)I1
or, Iy = ijl(jjszi;)Z+ uﬂ]\ﬂv1
_ oM _
C o= ijl(ijZa—)i- Z)—i—uﬂ]\ﬂv1
W, = JwMZ _

7
jwly(jwLy + Z) +w?M? !
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In the situation where k = 1, M = /L, Ly, or M? = L;L,. Plugging in this
value, we obtain:

_ ]wMZ — M — L2 —
Vo = V==V =4/ 2V
2T 2L Lo+ jwliZ + w?LiLy ' Ly ! L !

In short, if we apply Vi across L;, we obtain /Ly/L; Vi across Ly, re-
gardless of the value of Z.

A quick recall of the physics of an inductor is now required. The in-
ductance of a coil changes with the number of turns in the coil. The flux
generated in the coil is proportional to the n, the number of turns. The total
flux linked into the coil is n times the flux generated. As such, the inductance
is proportional to n?, where n is the number of turns in the coil.

Scan the QR-code, and learn more ‘about
the physics of an inductor. Also learn more
about mutual inductances and how coupling
is introduced between coils.

If the turns in L, is given by ny, and the turns in L, is'given by no, then
Ly is proportional to n3, Ly is proportional to n3. Overall, we now have the
following for V5:

Vo= \[5Vi=—T (4.5)

(4.5) is the equation for an ideal‘transformer. If the number of turns in
the primary is n; and the turns in the secondary is ns, Vs / Vi = ny /ny.

When Z is a short cireuit, Ip /I, & M/Ly = \/Li/Ly = ni/ny. Notice,
this is the inverse ratio. The eurrent.in an arm of the transformer is inversely
proportional to the number of turns in the arm.

4.5 AC circuit analysis

We will now‘use phasors to analyze circuits. We will replace every inductor
L with its equivalent impedance, jwL. We will replace every capacitor C
with its equivalent admittance, jwC, or impedance, 1/(jwC'). After this, we
will analyze the circuit as if all inductors and capacitors are like resistors.

Observation 4.3. In AC circuits, voltages are oscillating sinusoidally. Is it
important to denote the + and — signs around the voltage sources and for
potential differences? Yes, it is important! At ¢ = 0, the voltage between


https://web.iitd.ac.in/~shouri/electriccircsnetworks/inductor.html
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two nodes has both magnitude and a sign. An opposite sign denotes a phase
that is 180° off.

Thumb rule. Replace every inductor, L, with jwL. Replace every capacitor,
C, with —j/(wC). Now perform sinusoidal steady-state circuit analysis. Use
complex numbers in polar or Cartesian forms, depending on convenience.

Example 4.8. Analyze the circuit shown below using the mesh method.

j1Q
I j2 Q
[ ]
&+ j5 Q
@ @3 G
- [l . I
§! [
—j5 0 <330

I is nothing but —1£0'= —1 A:

2 =21 [LT] =355 —2(cos 60° + jsin 60°)
W i34 NN —j2

o [ _ [/ 5/8:555/3] -1 - j6.732] _ [-3.411 - j3.033
| =/3 —=5/8 —j2 ~|—2.911 + 50.333
The result gives i1(t) = 4:564 cos(wt — 138°) A, and i3(t) = 2.93 cos(wt +
173°) A Of course, is(t) = — cos(wt). We may compute all other branch
currents and branch voltages as required.

Complex numbers need to be freely converted between Cartesian and po-
lar forms while handling phasors. It is understood that an effective numerical
analysis program like Octave, or an efficient calculator that can handle com-
plex numbers, is essential for solving numericals.

Common mistakes while solving numericals involve (1) conversion be-
tween degrees and radians, and (2) conversion between radians per second
and hertz. While solving a numerical, double-check that all trigonometric
computations are correctly entered in radians (in case you are using Octave).
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If you are using a calculator, the mode of the calculator can be changed
from radians to degrees. In case you are operating with degrees, all angles
(sometimes including wt) need to be changed to degrees.

Let us solve an instance of a circuit that has mutual inductance as part
of the network. We will slightly modify the circuit in example 4.8 with mu-
tual coupling between the three inductors. In example 4.9, there are three
inductors that have been physically wound together. As a result, there is a
mutual inductance between the first and second inductor, a mutual induc-
tance between the second and third inductor, and another mutual inductance
between the third and first inductor.

Example 4.9. In the circuit shown below the three inductors are coupled
with each other. The values of the mutual indactances are indicated in
parentheses. Analyze the circuit.

245 243 Q

We will use the mesh méthod to solve the circuit. The mesh currents, I,
I, I3, are as indicated in the schematic. Note that while the terminal-
pairs with dots are coupled to each other, the terminal-pairs without dots
are also coupled to each*other. Also, verify that the mutual inductances
given in the.circuit.result in coupling coefficients that are < 1. The mesh
equationsiare written below.

2/60° — 350 + 75(1 — I2) + j3(I3 — Ip) — j2I3 +2(I; —I3) = 0
Mutual inductance terms
52(I3 — I2) —jIs +j3(I — I2) +jI3 + j(Ix — I3) + j2(I> — I)
Mutual inductance terms Mutual inductance terms

+2(f3—f1) = 0

I, = 1£0°
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The mesh equations can be compressed into the following matrix equation.

2 —2+441] [[] _ [-2¢7™/3 — 58
2441 2441 | || —j2

Notice that with the value of I plugged into the equation system, the
matrix is symmetric. Symmetry in the matrix will be maintained as long
as there are no dependent sources, even when there are mutual inductances
in the network. This can often be used as a sanity check. Finally I; and
I5 are as follows.

octave:1> I = inv([2, -2+j; -2+j, 2+j1)*x[-2*xe” (j*pi/3)-8*j; -2*j]
I =

-3.8122 - 1.5907i

-3.9599 + 1.2954i

In the next example, we will analyze a.circuit-using the node voltage
method.

Example 4.10. Analyze the cireuit shown below using the node voltage
method.

70.66 B
m Va
+
1020°
_ —e — =710 Q ——= %5 Q
10£120° 104 —120° %5 Q ———j10Q
i i 70.66
115 Vo
—j10 Q —— %5 Q
ITy Ve
j0.66 Q

We have considered the central node (negative terminal) of the three volt-
age sources as the datum. The three unknown node voltages are labeled
as Vg, Vp, and V.. The following are the node voltage equations.

0.4-3j13 —02-;01 —02-30.1] [Va —j15
~02-301 04-351.3 -02-501|-|V|=|-13+,75
~0.2—40.1 —0.2-70.1 04-—;13 g 134 47.5
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V, 0.22 + 50.66 —0.11 —0.11 —j15
or, |V,| = —0.11 0.22 + 50.66 —0.11 - | =13+ 475
V. —0.11 —0.11 0.22 + j0.66 13+ 7.5
Va, 10 — 45 11.18/ — 26.6°
or, |Vo| =] —9.33 —6.16 | = [11.18£ — 146.6°
V. —0.67 + j11.16 11.18£93.4°

We can now compute all the branch voltages and branch currents.

4.5.1 Network theorems

Superposition theorem: In Theorem 4.1, we 'showed that superposition
is valid for all linear time-invariant circuits iinder all conditions: The
superposition theorem is valid in thesinusoidal steady state.

Tellegen’s theorem: We used Tellegen’s theorem in Theorem 4:5. Telle-
gen’s theorem is valid for phasors because thereal parts of the phasors
are the voltages and currents at ¢.= 0, and the imaginary parts of the
phasors are the voltages and currents at wt = /2.

Thévenin’s, Norton’s theorems: Thévenin’s and-Norton’s theorems are
valid with phasors. We can convert all inductors, capacitors, and mu-
tual inductances to their impedance forms.- We can now calculate the
open-circuit voltage, short-circuit current; and driving point impedance
as complex phasors.

Reciprocity theorem: We ean apply the reciprocity theorem when a two-
port network has passive components only, i.e., resistors, capacitors,
inductors, and mutual inductances.

Compensation theorem: The compensation theorem will apply in the si-
nusoidal steady state. Impedances will be used in place of resistances.

Maximum power transfer theorem: The maximum power transfer the-
orem will be discussed in section 4.6.3, after we have worked out the
power absorbed in terms of phasors, in section 4.6. In the sinusoidal
steady state, maximum power will be transferred from a source with
series impedance Zg to a load of impedance Z;, when Z; = Z§, that
is, when the load impedance is the conjugate of the source impedance.
This will be proved in section 4.6.3.
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Example 4.11. In the circuit shown below, what is I1,?

The 3 2 resistor is considered as a load and pulled out. The remaining
one-port network can now be modeled using/Théyenin’s theorem:.  First,
we need to evaluate the open-circuit voltage. Using potential division, V7
works out to:

_ —isd2 2
Vp = 10( ——22d20__ )
5120 + 40 20 15t 45

) = —9:29 — 71.66

Next, we null the‘input voltage source (it becomes a short circuit) and we
find the driving point resistance. The.overall'Zr works out to:

Zp = (10 | (=55 [120)) 4(20 | 5+ j5)) = 7.02 — 50.12

The model of the circuit without.the 3 Q load is Vp in series with Zp.
Therefore the current I7/is:

If= Vo {Zr +8)'= —0.53 — j0.17 = 0.55/ — 162°

Example 4.12. The three-port network shown below, N, is linear and
passive. A few experimental observations were made.

Vs
— 2 +
i Iz,
I Iz
—

-
o—— ——o
- -

Wi N Vi
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When Vi = 12£0°, and ports 2 and 3 are short circuits,
1. I; = 0.1£0°,
2. I, =0.2/60°,
3. and I3 = 0.3£30°.
What is Iy, when Vi is 5 V, Va is (3 + j4) V and V3 is (3 — j4) V?

Since the network is linear and passive, we can apply superposition, homo-
geneity, and reciprocity.

Vi Vs Vs L Comment
1£0°V 0 0 0.120° A
0 1£0° V 0 0.2/60° A Reciprocity
0 0 120°V 0.3/30° A Reciprocity
5V 0 0 0.5+ j0) A Homogeneity
0 B3+j4)V 0 (—0.39+4 50.92) A | Homogéneity
0 0 (3—j4) V| (1.838—3;0.59) A | Homogeneity
5V B3+j4) V| (3=34) V| (1.494;0.33) A /| Superposition

4.6 Power computations with phasors

4.6.1 Phasor convention

Before we start our discussion on power in the sinusoidal steady state, we
are going to re-define phasors. This is the standard convention for phasors.
The convention for phasors.used earlier is to be discarded.

Convention. [Phasor convention| Note the standard convention for pha-
sors. For a current i(t) = V21, cos wt, the phasor is I. The magnitude
of the phasor is the root-mean-squared (rms) value of the time-domain
signal, or /2 times smaller than the amplitude. The scaling has been
done so that the power in (4.7) relates easily to the power at DC. This
convention for phasors is the standard, and is used henceforth.
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4.6.2 Power in an element

Let us compute the power consumed by a device, where the current through
the device is i(t) = /2 - I cos(wt + ¢1), and the voltage across the device is
v(t) = /2 -V cos(wt + ¢2). The phasor corresponding to i(t) is 1Z¢y, or,
Ied%r, or, I cos ¢y + j1 sin ¢;. The phasor corresponding to v(t) is V Z¢s, or,
Vel®2 or, V cos ¢y + 7V sin ¢s.

The average power consumed over one period is given by:

W 2w W 2 fw
P = — v(t)i(t)dt =—=-VI- / cos(wt + ¢1) cos(wt + @o)dt
2m J, m 0
W 27w
= V]% (cos(2wt + @1 + ¢2) + cos(¢a — ¢1))dt
0
W 27w
= VI— cos(¢py — ¢y)dt
2 0
= VIcos(¢s — ¢1) (4.6)

The average power over one period also happens to be the real part of the
product of the phasor corresponding to v(t) and the conjugate of the phasor
corresponding to i(t).

P = VI cos(dy ~ ¢1) =Re(Ve!® - Tew1?) = Re(V - ) (4.7)

P = Re(V': I*) is also known as the “active power” consumed by the
device. The imaginary pait, P, =Tm(1"~I*), is called the “reactive power”
consumed by the device. If we split the device into a real resistance and a
reactance, the resistance will consume the active power. The reactance will
store energy.

In Theorem 4.5, we had proved that Y ViIi = 0 with the help of Telle-
gen’s theorem. The sum of all complex powers in a circuit is 0. This implies
that the.sum of active powers is 0, and the sum of reactive powers is 0.

cos(¢y — ¢1) is known as the power factor. If the current leads the
voltage, i.e., if the phase of the current is more than the phase of the voltage,
the power factor is said to be leading. If the phase of the current lags behind
the phase of the voltage, the power factor is lagging. The power factor leads
in case of a capacitive load and lags in case of an inductive load.

Definition 4.8 (Power factor): If the voltage across a load and the current
through the load differ in phase by ¢, the power factor is cos ¢. If the current
leads the voltage, the power factor is leading. If the current lags behind the
voltage, the power factor is lagging. Power factor is dimensionless. (If the
real power lags behind the apparent power, the power factor is lagging.)
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P=|I?R

Figure 4.4: The power triangle for an inductive impedance. P is proportional
to R, the real part of the impedance. () is proportional to X and S is
proportional to Z. P lags behind S.

Capacitive loads have leading power factor, while inductive loads have a
lagging power factor.

In a practical circuit we can only have voltage sources. This.is why we
always use the phase of a voltage as the reference. The phase of the current
is referred to the phase of the voltage, either as leading in case of capacitive
circuits, or lagging in case of inductive circuits.

Definition 4.9 (Active power): The active power is the power ‘consumed
and is given by Re[V I*]. The unit for active power'is watt [W].

Definition 4.10 (Reactive power): The reactive power is the energy cycling
through the storage elements of the circuit per cycle and is Im[V I*]. The
unit for reactive power is var [var].

Definition 4.11 (Apparent power): The current magnitude and voltage
magnitude product is the apparent power and is |[VI*| = |V| - |I|. The
unit for apparent power is volt.ampere [V-A].

Definition 4.12 (Complex power): The complex power is the complex prod-
uct, VI*. The unit for complex poweris volt ampere [V-A].

In short, the complex power, S,ds V I*. The real part of S is P, the active
power, or the real pewer.The imaginary part of S is @), the reactive power.
The magnitude of .S is the apparent power.

Let us force a eurrent.of (1£0) A through an inductive impedance Z =
R+ jX. Fig. 4.4 shows a phasor diagram. The current is in the direction of
R. The voltage across the impedance, (Z-1) V, will be in the direction of Z.
The complex power, S, is VI*. In this case, I* is (1£0) A and V is (Z) V.
The real power, P, is the power in R, the reactive power, (), is the reactive
power in jX. The current vector, (1£0), lags behind the voltage vector, in
line with Z. The power factor is cos ¢, lagging. The active power P lags
behind the complex power S. An inductive load results in positive var and a
lagging power factor. An inductor always consumes positive reactive
power in var.
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Figure 4.5: The power triangle for a capacitive impedance. P leads S.

If we force a current of I through a capacitive impedance, R — j X, the
voltage across the impedance is (R + jX)I. Fig. 4.5 shows phasor diagrams
for this case. The complex power, S, is (R — jX)|I|>. The real power; P
is R|I]?, while the reactive power, @, is —X|I|>. The reactive power in a
capacitive load is negative. The current. vector (in the direction of R) is
ahead of the voltage vector, and the power factor is cos¢, leading. Note
that the active power P leads the complex power S. A capacitor. always
consumes negative power in var. Alternately, remember that a
capacitor generates or delivers var; an inductor consumes var.

Convention. [Capitalization in units] By now, you would have noticed

that the abbreviations for the units are sometimes written in capital
letters, and sometimes in small. Refer to«[6] for the correct standard.
The unitds in a capital letter if it is the name of a person. That is why
VAT CHY BT Y, W are all capital letters. On the other hand,
the unit of distance, meter, is written as ‘m’. The unit for apparent
power is written.as ‘“V-A’™because the ‘V’ and the ‘A’ are names of
important people.
All units, when written in expanded form, are to be written in lower
case. The unit for conductance, siemens, is written as ‘S’, while the
unit for time, seconds, is written as ‘s’. Can you explain why decibels
are abbreviated.as dB?

Example 4.13. In each of the following cases, find the complex power.
(1) Apparent power is 100 V-A, power factor is 0.8 lagging. (2) Reactive
power is 100 var, apparent power is 125 V-A. (3) Active power is 100 W,
power factor is 0.8 leading. (4) Reactive power is —100 var, power factor
is 0.8.

1. The active power is 100 x 0.8 = 80 W. By Pythagoras’ theorem,
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o

Zy,

O
0,

Figure 4.6: Source trying to deliver power to a load

the reactive power must be of magnitude 60 V-A. The power factor.is
lagging; the active power must be lagging behind the apparent power;
the reactive power is positive; +60 var. Finally, S = (80 + j60).'V-A.

2. The reactive power is 100 var and the apparent power is,125:V+-A.
By Pythagoras’ theorem, the activedpower must be 75-W. Finally;
S = (754 j100) V-A.

3. The active power is 100 W and the power factor.is 0.8 leading, There-

fore the apparent power must be 125 V-A;.the reactive power must
be —75 var. Finally, S = (100 — j75) V-A.
4. The reactive power is —100 var and the powerfactor.is 0.8. If cos ¢

is 0.8, then sin ¢ is 0.6 andytan ¢ isc0.75. Therefore the active power
is 133.33 W. Finally, S = (133.33 = 7100) V-A.

4.6.3 Maximum power transfer theorem

Fig. 4.6 shows a voltage source of source impedance Zg, trying to deliver
power to a load, Z5: The basic premise of the rest of the discussion is
that the source impedance is fixed. No matter what, one is not allowed
to change the ‘source impedance.

Theorem 4.6 (Maximum power transfer with phasors): A voltage source
with source impedance Zg delivers maximum power to a load when the load
impedance, 77, is Z%.

Proof. The current through the circuit is V/(Zg + Z;). The voltage across
Z1is VZ/(Zs + Z1). Therefore the power delivered to Zj, is:

A % A
Sp=V_2t . _yp_L
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If Zg is Rg + jXg, and if Z;, is Ry + j X1, the power delivered to the load
Z; will become:

Ry + 75X,

S; = |VI|?
L= |(RS+RL)2+(XS+XL)2

The real (active) part of this power is:

Ry,
(Rs+ Rp)?+ (Xs+ X1)?

PL = RG(SL) = ‘V‘z (48)

If we need maximum power delivered to the Zj,, the derivatives of (4.8) with
respect to Ry and X will have to be 0. The derivative with respect-to Ry,
being 0 implies:

d ( Ry ) N
dR;, \ (Rs + Rp)?*+ (Xs +X1)?
= 2R (Rs+ Rp)— (Rs + RL)2 =0
= Ri."=.Rg (4.9)

Further, the derivative with respeet-to X being 0 implies:

d ( Ry ) _ 9
dXp, \(Rs+ Rp)? + (Xs +X1)?
= QRL(XL—FXS) =0
= X; = —Xg (4.10)

(4.9) and (4.10) indicate that Z;, = Rg — jXg, or in other words, Z, has
to be Z3. |

Further; the maximum power delivered to the load is:

VE

Pma:c =
4Rg

(4.11)

where Rg is the real part of both Zg and Z; = Z% for maximum power
transfer.

4.6.4 Reactive power

The instantaneous power in a branch is v(t)i(t), where v(t), i(t) are the
branch voltage and current, respectively. If i(t) = /2[ycoswt, and v(t) =
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V2Vy cos(wt + ¢), then the instantancous power is p(t).

p(t) = 2Volycoswtcos(wt + ¢) (4.12)
= Volp - (cos ¢ + cos(2wt + ¢))
= Voly - (cos ¢ + cos ¢ cos(2wt) — sin ¢ sin(2wt))
= Volpcos - (1+ cos(2wt)) — Volpsin g - sin(2wt)  (4.13)

(4.13) shows that the instantaneous power is effectively the sum of two
quantities. The first term is the active power, always greater than 0, and
of average value VI cos¢. The second term, the reactive power, has a zero
average and an amplitude of V1 sin ¢.

The impedance relates the current and voltage phasors. The phasor for
the current is ;. The phasor for the voltage is Vgdo = Vi cos ¢ +3V, sing.
If the impedance is R+ j X, IhR is Vycos ¢, and IpX is Vjsin ¢. (4.13) can
now be rewritten as:

p(t) = IR - (1 + cos(2uwt)) = IZ X - sin(2wt) (4.14)
Resistivve power Reacti\‘zg power.

The first term in (4.14) is proportional to R and is the instantaneous power
delivered to the resistor. The'second term in.(4.14) is propertional to X and
is the instantaneous reactive power. The circuit stores.energy in the reactive
elements and dissipates energy in the resistive elements. The rate of change
of the stored energy is the reactive power.

Example 4.14. In the circuit shown below, find the impedance of the
capacitor such that maximum-pewer.is transferred from the source to the

load. Evaluate the power absorbed by the load and its power factor.
10 73 Q Load

I
:
I
1£0° !
I
I
I

Looking back from the load, the Thévenin equivalent impedance is (1 +
j3) Q. Therefore, maximum power will be absorbed by the load when its
impedance is (1 — j3) Q. If the impedance of the capacitor is —j X, then
—jX || 10 = (1 — 53). If we work with admittance, we obtain j/X + 0.1 =
1/(1 —j3) = 0.1 + 50.3. This gives us X as 0.3 2. The impedance of the
capacitor should be —30.3 €.
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When the impedance of the capacitor is —j0.3 €2, the impedance of the
load is (1 — j3) €. The total impedance in the circuit is 2 ; the current
provided by the source is 0.5 A. The voltage across the load is therefore
(0.5 — j1.5) V. The power absorbed by the load is (0.25 — j0.75) VA. The
active power absorbed by the load is 0.25 W, the reactive power absorbed
by the load is —0.75 var.

If the angle of the complex power is ¢, the power factor is cos¢. In our
case, the angle of the complex power is tan~!(—3). Therefore, the power
factor is 1/4/10, leading (since the load is capacitive).

The apparent power is essential to power engineers because it relates to
the current magnitude that the transmission cable needs to-support. The
transmission cable can support a larger amplitude of current only .if it has
a larger diameter. The apparent power directly relates to the diameter of
the transmission cable, and therefore, to the cost of the (copper in the)
transmission cable.

The reactive power is also significant to power engineers. Reactive power
requirement implies extra current that the transmission cable needs to sup-
port, even when the‘current is not used as.active.power. Reactive power can
easily be compensated for in thedoad by adding opposite storage elements,
e.g., we can compensate an inductive load with extra capacitance and a ca-
pacitive load with extra inductance.-Compeénsation can reduce the apparent
power and lead to a saving in eopper.

4.7 Three phase circuits

Three-phase. (in general, poly-phase) circuits were independently invented by
several engineers; including Nikola Tesla, in the 1880s. Three phase power
generation-is simple. Further, three-phase power transmission is economical
as it reduces the amount of copper required in power transmission. All
modern power systems generate and transmit three-phase power.

We can model a three-phase generator as three voltage sources, namely
V, = V,£0°, Vy = 1p£120°, and V}, = V;£240°. All voltages are with respect
to a common neutral terminal. An example of a three-phase supply (and
three-phase load) is in Example 4.10. The three phases of a three-phase
system are color-coded as red, yellow and blue, for convenience. The load
to a three-phase supply may be connected in two configurations, typically
known as star and delta.
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Figure 4.7: General three-phase configuration with a star-connected load.

4.7.1 Star-connected load

In a star-connected load, three loads are connected between a common termi-
nal (known as neutral) and the three phases; V,, V;,, and V;. Further, there
may be a wire between the common terminal (neutral) of the three loads
and the common terminal (neutral) of the three sources. Fig. 4.7 shows the
general configuration. The wire NN’ is the neutral connection.

If the three loads are Z,, Z,,/and Z;, respectively, then the currents in
these three loads are I, =V, /Z,, I, = V,/Z,, and I, = V;/Z,, respectively.
The current through the neutral wire (N’ N. of Fig. 4.7) is I; + I, + I. If the
three loads are equal (balanced, Z, = Z; = Z, = Z), the current through
the neutral is:

L, =V,)Z +V,]Z 4V Z =V ] Z(1L0° #1£120° + 1/240°) = 0

The zero current through the neutral wire is'the main attraction of the three-
phase power delivery system: As long as the loads in the three phases are
balanced, the current through'the neutral wire will be zero. With slight
imbalances in the three loads the:neutral current will no longer be zero but
much smaller than the currents in the three loads. As such, the copper
requirements in-the neutral wire are substantially reduced. A thin wire with
low current carrying capacity can be used for the neutral wire. For the same
load current requirements, a single-phase system will require roughly 2x the
amount of copper. In a typical power delivery system, we connect the neutral
terminals to the ground or Earth at both the load and the source. Current
through the Earth will indicate an imbalance in the loads.

4.7.2 Delta-connected load

In a delta-connected load, three load impedances, Z,,, Z, and Z,, are con-

nected across V, V_yb, and V., respectively. In this case, there is no neutral

TY)
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Zbr ZTy

Zyy

Figure 4.8: General three-phase configuration with a delta-connected load.

wire. However, the three loads are required to be floating; not referenced,
not related to ground / Earth. Let us assume V, is the reference, ‘7;), is
120° ahead of V,, and Vj is 120° behind V. The voltages-across the three
loads are V,, = V, — V, = /3Vp4=30°, Vi = V, =V, = /312£90°, and
Vir = Vi — V, = /35 £210°.

The rms values of the voltages across the three loads.are /3 times the
rms values of the voltages with respeet to-ground:

Fig. 4.8 shows a general configuration for a delta-connected load. The
currents I, .fy, and Iy, can easily be computed in the following manner.

Vj“y/Zry - ‘/_IJT‘/ZI)T

53 Vzb/Zyb N V;y/Zry
= ‘/br/Zbr - Vyb/Zyb

S S

If the three impedances are equal, i.e., if the load is balanced, the three
line currents, I,; Iy, and [, ate 3Vy/Z, 3Vy/Z£120°, and 3V,/ZZ — 120°,
respectively.

The rms values of the three line currents are /3 times the rms values of
the currents in.the three loads.

4.7.3 ~Line and phase

A three-phase power system delivers power over three wires (lines) and pos-
sibly a neutral. The load has three phases and may be star-connected or
delta-connected.

Definition 4.13 (Line current): The rms current in each line of the three-
phase system is the line-current.

Definition 4.14 (Phase current): The rms current in each phase of the load
is the phase current.
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Iphascv Ilinc Iline
(o, > (e, > 1
o—e
+
Iphase
Viinea Vphase

(b)

Figure 4.9: Line and phase voltages and currents. (a) The line current and
phase current are the same in a star-connected load. (b) The line voltage
and phase voltage are the same in a delta-connected load.

Definition 4.15 (Line voltage): The rms voltage between a pair-of lines is
the line voltage.

Definition 4.16 (Phase voltage): The rms voltage across each phase of the
load is the phase voltage.

The definitions are depicted in'the schematics of Fig:4.9. In case of a
star-connected load, the line and phase currents are the same, while the line
voltage is /3 times the phasewvoltage. In case of a balanced delta-connected
load, the line and phase voltages are the same, while the line current is /3
times the phase current:

4.7.4 Balanced loads

The load is balanced when_ the impedances in the three arms of the three-
phase system are equal. “Balanced loads are straightforward to work with,
regardless of whether they are star.or delta-connected.

Corollary 4.4. In-a balanced three-phase star-connected load, the value
of each impedance is*Z. An equivalent delta-connected load will have an
impedance of 37 ineach arm.

Corollary 4.5. In a balanced three-phase delta-connected load, the value
of each impedance is Z. An equivalent star-connected load will have an
impedance of Z/3 in each arm.

Proof. The two corollaries (4.4 and 4.5) are converses of each other; both are
proved together.

Let us consider the three phase-voltages of a star-connected load, and
call them V, = VoZ0°, ‘_/y = Vp/120° and V, = V,£240°. Then, the three
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Figure 4.10: (a) Phasor diagram for the line and phase voltages in a star-
connected three-phase system. (b) Phasor diagram for the line and phase
currents in a delta-connected three-phase system.

line voltages are V,, = V, — V, =./3Vg£ —30°, Vyb = 3V 290°, Vi, =
V/3Vp£210°. The phase and linevoltages can be-quickly. deduced from the
phasor diagram in Fig. 4.10(a):

The line currents are I, =V,/Z, I, = (Vo /Z)£120°, Iy = (Vy/Z)£240°.

If we had a delta-connected load with Z’.in each arm, the three line
voltages would remain the same as before. The phase currents would now
be I, = V,, /7" = (3Vo]Z!)L =30°, Ly =(y/3Vo/Z')£90°, and I, =
(v/3Vo/2") £2102.

The overall line currents for the delta-connected load would be I, =
I, — Ly, = (3Vp/21)£0°, I;= (3Vop/2")£120°, I, = (3V/Z')£240°. This can
be quickly deduced from the phasor diagram in Fig. 4.10(b).

Overall, it can be'seen that if 7/ = 3Z, the line currents in case of the
star-connected and delta~-connected loads are equivalent. [

In summary, we ¢an replace a balanced star-connected load of Z in each
arm with a‘balanced delta-connected load with 37 in each arm. How do we
remember? The star connection is almost like a series connection; so the net
impedance in a star connection increases. A delta connection is almost like
a parallel connection; so the net impedance in a delta connection decreases.
We use this hint to remember that if a star load is to be replaced with a
deltay we need to replace with a larger impedance in each arm.

Example 4.15. In the following schematic, the three delta-connected
impedances are equal, the three star-connected impedances are equal. The
line voltage is 2204/3 V rms. What are the line currents? What is the
overall power factor of the circuit?
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(e,

The delta-connected impedances can be modeled as impedances of value
(1/3 + 52/3) Q, connected in star. Now in each phase there are two
impedances in series forming a star. The two impedances combine as:
(3+74)+(1/3+352/3) = (10/3+j14/3) 2. For.eachphase, the phase volt-
age is 220 V. Therefore the line current for the R-phaseds (22.3—731:2) A,
or (38.44 — 54°) A.

The three line currents are (38.44 —54°) A, (38.4£66°) A, (38.4£186°) A.
The power factor is cos(—54°) or-0.58 lagging.

4.7.5 Unbalanced three-phase networks

Three-phase networks which are not balanced can be analyzed using the reg-
ular node-voltage and mesh methods. Star-delta transformations to simplify
the analyses can be used; such transformations are introduced in section 7.4.
Fortescue’s theorem is often used to transform an unbalanced three-phase
system into a set of three balanced three-phase systems.

Scan the QR-code, and learn more about
Fortescue’s theorem, how to convert an un-
balanced three-phase network into a set of i
three balanced three-phase networks with a &3
positive, negative and zero sequence.

4.8 Unit summary

e A circuit may settle to its sinusoidal steady state if all the independent
sources exciting the circuit operate at one frequency, w.


https://web.iitd.ac.in/~shouri/electriccircsnetworks/symmetrical.html
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All voltages and currents in the circuit will be sinusoidal at the same
frequency as the excitation, w. Only amplitudes and phases will be
different.

The amplitude and phase information can be expressed as a complex

number, known as a phasor. The magnitude of the complex number is
the amplitude / V2.

A circuit with R, L, C, M, and other linear controlled sources is a linear
time-invariant (LTT) system.

An inductor of value L can be replaced by an impedance of value jwL.
A capacitor of value C' can be replaced by an admittance of value jwC'.
Impedance is the complex form of resistance; admittanceis the complex
form of conductance.

Impedance = resistance +j-reactance. (Z =R+ jX). Admittance =
conductance +j-susceptance. (Y =G + jB).

First, we convert all gircuit components to their-impedance forms.
Then, we can analyze the circuit with complex mumbers.

Power in any component is VJ/*, where V. and I are the voltage and
current phasors for the component.

VI* = S = P+jQ. Thereal part of the complex power, S, is the active
power, P; the imaginary patt, (),isthe reactive power; the magnitude,
S|, is the apparent power.” The total S consumed in a network is zero;
individually, the total P and the total () consumed in a network are
zero (by Tellegen’s theorent).

Capacitive loads havea leading power factor, inductive loads have a lag-
ging power. factor: Capacitive loads consume negative reactive power.
Inductive loads econsume positive reactive power. A capacitor or an
inducter does not consume any active power.

For maximum power transfer, Z; = Z§.

Three-phase power delivery saves the number of wires used (the total
amount of copper used) and is, therefore, more efficient. The neutral
conductor does not need to carry current in a balanced three-phase
system because IpZ0 + [(£120° + (£ — 120° = 0.

A balanced star-connected load can be transformed into a balanced
delta-connected load by multiplying each impedance by 3.
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4.9 Exercises

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.9

4.10

4.11

Multiple choice type questions

What is the phase between vy (¢) and wvo(t), where vy (t) = 2 cos(wt — 40°)
and vy (t) = 3sin(wt + 20°)?
(a) 20° (b) 30° () 60° (d) 110°

What is the phase between vi(¢) and va(t), where v;(t) = —2 cos(wt — 40°)
and va(t) = 3sin(wt + 20°)?
(a) 70° (b) 120° (c) 150° (d) 160°

What is the phase between v;(t) and wva(t), where vi(t) = 2cos(wt = 40°)
and va(t) = —3sin(wt + 20°)?
(a) 70° (b) 120° (¢)150° (d) 160°

The phasor corresponding to v(t) = 14.148in(1007t < 50°) .is:
(a) 10 — 140° (b) 10£140° (c) 104~ 50° (d) 10£50°

What is the least possible effective’inductance of two.coupled inductors, L
and Lo, that have been placed.in series?

(a) L1+ Lo (b) Ly — Lo () (/L1 + /L2)* () (VL1 — VLg)?

What is the maximum pessible effective inductance of two coupled inductors,
L; and Lo, that have been placed in series?

(a) L1+ Lo (b) L1 = Lo (e) (VL1 V/La)? (d) (VL1 — VLg)?

What is the least possible effective inductance of two coupled inductors, L
and Lo, that have been placed in parallel?

(a) 0 (b) A2 (c)Smallex of Ly, Lo (d) Larger of Ly, Ly

What is the maximum:possible effective inductance of two coupled inductors,
L1 and Lo, that_have been placed in parallel?

(a) % (b) LlifLQQ (c) Smaller of Ly, Lo (d) Larger of Ly, Lo

A load has a power factor of 0.8 and draws 100 W. What is the apparent
power?
(a).60 V-A. (b) 80 V-A (c) 112.5 V-A (d) 125 V-A

The current through and voltage across a load are 2 cos(1007t + 30°) A and
—110sin(1007t — 40°) V respectively. What is the power dissipated by the
load?

(a) 3T W (b) 103 W (c) 110 W (d) 206 W

The reactive power in a load is 80 var and the power factor is 0.6. What is
the active power?
(a) 60 W (b) 80 W (c) 100 W (d) 120 W
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4.12

4.13

4.14

4.15

4.16

4.17

4.18

4.19
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R L
N VWV

w0 () c== %R

Figure 4.11: Circuit schematic for exercise 4.18.

The reactive power in a load is —50 var and the apparent power.is 130.V-A.
What is the active power?
(a) 80 W (b) 100 W (c) 120 W (d) 130 W

The power factor of a load is 0.8 lagging. If the resistive part of the load
impedance is 80 €2, what is the reactive part of the load?
(a) —760 Q (b) 76082 (c) j64 Q (d) 7100 ©

Short answer type questions

Model the mutual coupling of twoinductors with the help of linear current-
controlled voltage sources.

The unit‘for apparent power is ; the unit for real power is ,
and the unit for reactive power is

An inductive load will have a power factor, while a capacitive load
will have a power factor.” A purely resistive load will have a power
factor of

A series' RLC network is excited by a sinusoidal source. The circuit is in
the steady state. What is the frequency of the source such that the reactive
power delivered-by the source is zero?

Numericals

In the circuit of Fig. 4.11, v(¢) is 21 cos(1007t). R is 7 Q, C is 690 uF, L
is 14 mH. What is the phasor for the voltage across C7 What is the active
power generated by the input voltage source? What is the reactive power
generated by the input voltage source?

In the circuit of Fig. 4.12, L; and Ly are 2 mH and 3 mH, respectively. R;
and Ry are 4  and 2 ), respectively. The input source, V;,, is a voltage
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Figure 4.12: Circuit schematic for exercise 4.19.
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Figure 4.13: Circuit schematic for exercise 4.21.

source operating as‘asinusoid at 1007 rad/s.. What should be C, such that
the power delivered by V;, is purely active?

4.20 In the same circuit as in Fig: 4.12,°[y and Lo are mutually coupled, with
a coupling coefficient of 0.82, the dots (not marked) are at the top of both
inductors. As before, Lj.and Ls are:2. mH and 3 mH; Ry, Ry are 4 2 and
2 Q. The input operates at 1007 rad/s. What is C' such that the power
delivered by Vj,.is purely active?

4.21 Find the impedance looking into the circuit of Fig. 4.13 at an angular fre-
quency of-l.rad/s.

4.22 In the circuit of Fig. 4.14, v(t) = cos(wt) V. The values of L, C, and R are
0.75 H, 41.67 mF, and 3 €2, respectively. What is the angular frequency, w,
such that v, (t) has an amplitude of 1/(2v/2) volts?

4.23 In the circuit of Fig. 4.15, Ris 1 Q, L is 3 H, C is 2 F. The input voltage
v(t) =100cost. If Ry, is 1 €, what is the expression for i(t)?

4.24 1In the circuit of Fig. 4.16, R is 6 €, X is 6 ). The voltage source is a phasor
of 10£0° V, while the current source is a phasor of 1+ j A. Find the phasor
corresponding to I.
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Figure 4.15: Circuit schematic for exercise 4.23.

R

Figure 4.16: Circuit schematic for exercise 4.24.
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Figure 4.17: Circuit schematic for exercise 4.25.
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4.25

4.26

4.27

4.28

Q
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|
|
Q

Figure 4.18: Circuit schematic for exercise 4.26.
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Figure 4.19: Circuit schematic for exercise 4.27.

In the circuit of Fig. 4.17, the two-port network shown is a linear circuit.
When Vi of 10£0 is applied, and- V5 is O; the measured I; and I are 2j+1 A
and 35 + 4 A, respectively. When V5 of 100 is applied, and Vj is 0, the
measured Iy and I are 35 +1 A and 35 + 1'A, respectively. Find the power
(active, reactive) absorbed by the circuit when V; is 10£0 and V3 is 20£90°.

In the schematic of Fig. 4.18, find the phasor V,,. Solve the problem as a
function of wyi.e., the angular frequency of the input source.

In the schematic of Fig. 4.19, R,, Ry, R., R4, Re, and Cp, are 9 Q, 7 Q,
19,89, 6 and 5 mF respectively. Let us assume Vj, is a phasor of
10040 V; eperating at an angular frequency of 1007 rad/s. Evaluate the
phasor corresponding to the voltage across C,. Compute the reactive power
generated by the voltage source. Compute the imaginary part of the current
coming out of the plus terminal of Vj,.

A pair of headphones has an input impedance that behaves like a resistor Ry,
in series with an inductor L. Ry and Ly, are 13 2 and 5 mH respectively.
A reputed company designed a power amplifier with a source resistance,
Rg, of 50 Q2. To transfer maximum power from the power amplifier to the
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4.29

4.30

4.31
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Figure 4.20: Circuit schematic for exercise 4.28.

headphones, an intelligent engineer decided to use a two-port network, as
shown in the schematic of Fig. 4.20.<Help this engineer by. computing the
requisite values of Lj; and C'), such that maximum power is transferred to
Ry at a frequency of 953 rad/s¢ For the designed L), and C)yy if the input
Vin 18 821 mV rms, then what is the rms value of the current through the
voltage source? What is the rms value of the voltage across R;? What is
the driving point impedance looking into the circuit marked as Zy?

A radio receiver antenna is modeled as a voltage source in series with 50 2.
A tuning circuit is used to tune to the right, frequency. The tuning circuit
is an LC-shunt network with .a wvariable capacitance. The circuit is further
connected to an amplifier for further reception and digitization. The model
of the amplifier is a load resistor of 50“€2. The inductor in the LC-shunt
network is 1 gH. What is the optimal capacitance in the LC-shunt network,
such that the receiver is‘able to receive all FM signals from 80 MHz to
110 MHz? For. this value of.the capacitor, what is the voltage across the
load at 80 MHz, at 95 MHz, and at 110 MHz? Is there an improvement if
we optimize the value of the capacitor at 93.8 MHz?

A linear and passive-three-port network has ports P1, Ps, and P3. When
1£0'is applied at P1, the short-circuit currents measured at Py and Ps are
3. A and 2.4 A respectively. What will be the short-circuit current at Py,
when 2.9260° and 4.9/140° are applied at Py and P3 at the same time?

A three-phase 50-Hz voltage source has V,,, = 230£0° volts, V4, = 2304 —
120° volts, and V., = 2302£120° volts. The voltage source feeds an inductive
load with Z = 5/75° ohm, as shown in the schematic in Fig. 4.21. All
voltages are rms quantities. A capacitor bank is installed to improve the
power factor to 1.00, as seen by the source. Assume that the potential at n
is the same as at n/. What is the three-phase apparent power (active plus
reactive) absorbed by the inductive load Z7 What is the value of C? What
is the three-phase apparent power absorbed by the capacitor bank? What
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Figure 4.22: Three-phase schematic for the load, exercise 4.32.

is the three-phase apparent power supplied by the source?

4.32 A three-phase voltage_ source suppliées current to a delta-connected load as
shown in the circuitiin Fig:4.22. The line voltages are V,, = 1274 — 30° V,
Vi, = 1274 — 150%V, V., =127/£90° V. The load impedances are Z,;, = 10{2,
Zpe = R+ j X, Zyi="R —jX, where X > 0. The rms values of the
phase currents I,p; Iy, and 1., are equal, and the total power dissipated is
4.84 kW Calculate the phase voltages Viyp, Vi, and V,,. Calculate R and
X. Calculate the phase currents Ip. and I.,. Calculate the line currents I,
Ib, and Ic.

Project activity

4.33 Based on your experience with the project activity in exercise 2.22, develop
an Octave program that will analyze an AC circuit. The SPICE netlist [5]
uses the following statement form to specify an AC source: VXXX 1 0 ac 1.
The statement starts with a V to indicate a voltage source, then come the
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Figure 4.23: Schematic for project exercise 4.34.

connections, and the value is specified with the word ac; to indicate that
it is a sinusoidally oscillating source.<Modify your work in exercise 2.22 to
incorporate inductors and capaciters.

4.34 A fifth order low-pass Butterworth filter is shown in Fig..4.23. Set up the
mesh or node equations to analyze the circuit. . ApplyVj, of 10 V and
evaluate V,,:. Analyze the circuit using Octave at:different frequencies.
Hint: In Octave, w=[0:0.001:10] will generate an-array for w, from 0 to
10, in steps of 0.001. Use the array form-ofw foryour analysis. Plot Vi, as
a function of the angular frequency, w. The Butterworth filter was designed
to have a 3-dB attenuation at.1 rad/s.

Know more

Historical profiles

The history of AC circuits and electrical technology is intriguing and exciting.
On one side eminent. scientists like Hertz, Faraday and Maxwell were experi-
menting and building the foundations of electromagnetism, and on the other
side there were the genius minds of Edison and Tesla who were engineering
the future.

Some of the prominent engineers who helped in the development of sinu-
soidal steady state analysis of electrical circuits were Oliver Heaviside [7, 8],
Arthur Kennelly [9, 10], and Charles Steinmetz [11]. Oliver Heaviside was a
recluse self-taught British physicist and electrical engineer who contributed
substantially to the use of complex algebra to analyze electrical networks.
Heaviside’s attraction to electrical circuits came through his uncle, Wheat-
stone.
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Oliver Heaviside* Arthur Kennelly? ~ Charles Steinmetz*

Kennelly, born to Irish parents in India (Mumbai), who later migrated.to
the United States, developed the concept of impedance. Steinmetz, a Polish
engineer who later migrated to the United States, brought in the modern rep-
resentation and conventions for phasors. Independently, Steinmetz, Kennelly
and Heaviside contributed significantly to transmission lines, distributed net-
works, long distance telephony, radio, and the ionosphere.

A special mention must be made of Sir Jagadish Chandra Bose (1858-
1937). Sir J.C. Bose was performing experiments at frequencies up to 60 GHz
in 1897. Even though the circuit understanding and analysis techniques were
not developed at that time, he could demonstrate radio transmitters and
receivers at millimeter-wave frequencies. Sir J.C. Bose developed the world’s
first wireless communication link.[12], [13].. Read ‘more about the life and
times of Sir J.C. Bose in his modern biography [14].

Three-phase circuits were advocated first by ‘the Westinghouse Corpo-
ration. George Westinghouse, the founder-of the'Westinghouse Corporation
saw the promise in Nikola Tesla’s proposal for three phase alternating current
systems and took it up. The.collaboration placed Westinghouse and Tesla in
competition with Edison,as’Edisen was a strong proponent of direct current.
Tesla, originally from Serbia,emigrated to the United States and first worked
for Edison for a short.time before starting on his own.

Nikola Teslat George Westinghouse*  Charles Fortescue

I: Photographs were taken from the public domain.
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Charles Fortescue, in 1918, while working for the Westinghouse Corpo-
ration, had proved [15] that an arbitrary set of three phasors can always be
described as the sum of a positive, a negative, and a zero sequence. Fortes-
cue’s paper has been referred to as the single most important contribution
in power engineering in the entire 20th century.

The first street to have electric lighting in India was Harrison road (now
Mahatma Gandhi road) in Calcutta (Kolkata), in 1889. Calcutta Electric
Supply Company (CESC) electrified Calcutta ten years after electric power
was introduced in London. The first hydroelectric power station was the
Sidrabong power station in Darjeeling, that generated AC power at-83.3 Hz,
with a capacity of 130 kW. From roughly 1.3 GW of installed «capacity in
1947 with electricity only reaching urban areas, India has roughly 400 GW of
installed capacity as of March 2022, with.less than 20 thousand. households
without access to electricity in 2019.[16]

Understand in depth

For more practice:

e Engineering Circuit Analysis, by William H. Hayt and Jack E. Kem-
merley, McGraw-Hill, chapters. 9, 10, 11 and most of 12.

e Schaum’s Qutline of Theory and Problems of Basic Circuit Analysis,
by John O’Malley, McGraw-Hill, chapters 10, 11, 12, 13, 14, 15, 17,
and relevant parts of 16.



Unit 5

Laplace transforms

Unit specifics

In this unit we have discussed the following:
e Laplace transforms, circuit analysis using Laplace transforms
e The convolution integral and the inverse Laplace transform

Transformed network with initial conditions

Transfer function representation, poles and zeros

e Frequency response, magnitude and phase plots

Series and parallel resonances

Rationale

We have studied circuit-analysis at DC, circuit analysis with differential
equations, and circuit analysis at sinusoidal steady state. We have worked
with differential equations only for first and second order networks, not for
a general network.

In this unit we will study a mathematical technique, namely the Laplace
transform, that aids us in solving differential equations rapidly. The tech-
niques shown in this unit will enable the student to solve an arbitrarily
complex linear time-invariant circuit (with L, C, R, M, and linear dependent
sources) rapidly, for any general input. The Laplace transform is also used
to directly solve a circuit with initial conditions.

155
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The circuit may also be viewed as a system with an impulse response. In
this unit we will learn about the system transfer function and appreciate the
roles of poles and zeros of a system.

Pre-requisites

e Mathematics: Differential and integral calculus. Complex analysis and
residue integration [17] is required for section 5.2.1.

e Circuit Theory: Thoroughness with Unit-3 of this book.

e Software: We will continue using Octave.

Unit outcomes

The list of outcomes of this unit‘are as follows.

U5-01: Be able to convert-a signal to its Laplace transform, and invert it
back to time domain.

U5-02: Be able to transform circuits with initial-.conditions into the Laplace
domain.

U5-03: Obtain the time domain response of circuits for any input.

U5-04: Appreciate the concept of the transfer function.

Unit-5 § 1ng with course outcomes
outcomes | (1: We %%edzum and 3: strong correlation)
,&\‘“ CO-1 €0-2 | CO-3 | CO-4 | CO-5 | CO-6
18D 1 _ i, .
NS ’
o, 2 _ _ _ _
- U502 3
_Us-03 | 3 i 3 i i 2
U5-04 - 3 - - 3 2
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5.1 The Laplace transform

The Laplace transform is an essential tool in the analysis and synthesis of
LTT circuits. In this section, we will learn about the Laplace transform.

Definition 5.1 (Laplace transform): The Laplace transform of a function
f(t) that exists for ¢t € [0,00), L[f(t)], is defined as:

F(s)=LIf()] = [ f(t)e "dt (5.1)
-

s can be a complex number, s = o + jw, with ¢ as the real part of s and w
the imaginary part. [Note: We have specifically chosen s as the symbol for
a complex number, just like in Unit-3.]
Definition 5.2 (RoC, the region of convergence): The Laplace transform
integral is not convergent for all values of s. For a_given function f(t); the
RoC is the set of all s such that F(s) = L[f(¢)] is'convergent.

If f(t) is a rapidly increasing function, the real part of s, oy has to‘be
large enough to make the integral of (5.1) converge. The RoC of the function
will accordingly be defined.

Example 5.1. What is the Laplace transform of f(t) = 2e%? What is
the corresponding RoC?

Lf)] = / 00(26%*“) dt=2 / "9t gy

_ 2 |:e(5~s)t:|
9(%'s N

2
= 5—3(0_ 1) Vs such that Re[s] > 5

2
L. 3 Vs s.t. Re[s] >5

Jw 'RoC 7,

SRR
\

s-plane iRe

ot

s>

The RoC, Rels] > 5, is indicated in the shaded region of the sketch above.
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5.1.1 Convergence of the Laplace transform

The Laplace transform integral is absolutely convergent if the integral of the
absolute value of the integrand does not blow up. That is, L£[f(t)] exists if
for some value of s,

/Oo FBetdt < oo

or, / |f(t)]e 7 e |dt < oo, where s =0 + jw
o

or,/ FOletdt < oo, -+ [e ¥ = 1 (5.2)

The Laplace transform of a signal exists as long as there is_some real o,
for which the absolute integral in (5:2) does not blow up. Automatically,
the Laplace transform will converge for all values of s that have a real part
greater than the above o.

The condition in (5.2) is ‘@ very powerful ‘criterion. ~Almost all useful
signals (e.g. polynomial, exponential) have a Laplace transform that con-
verges. One can construct a signal such ase”")that does not satisfy (5.2) for
any value of 0. However, such rapidly diverging signals are not of practical
importance, because every practical signal will:-be bounded.

5.1.2 Important properties of the Laplace transform

Theorem 5.1 (Linearity of the Laplace transform): The Laplacian operator,
L, is linear.

Proof.

Llay fult)+ azfo(t)] = /Ooo(alfl(t) + ag fo(t))e™*dt

= m fi(t)e ™' dt + as fa(t)e tdt
0~ 0—

= a L[f1(t)] + ax L] f2(t)]

The above demonstrates superposition and homogeneity at the same time,
and proves that the Laplace transform of the scaled sum of two signals is the
sum of the scaled Laplace transforms of the two signals.

With both superposition and homogeneity properties, we have proved
that the Laplace transform is a linear operation. |
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Convention. It is common convention to use lowercase letters for a func-
tion of time and corresponding uppercase letters for its Laplace trans-
form. For example, H(s) is the Laplace transform of h(t), Y (s) is the
Laplace transform of y(t).

Theorem 5.2 (Laplace transform of a derivative): If g(t) = f(¢), then
G(s) = L[g(t)] = sF(s) — f(07), where F(s) = L[f(t)]

Proof.

G(s) = Llg(t)] = / h dfd—(tt)e“dt

Now let us consider the derivative of the function f(#)e~*".

d —st _ df(t) —st —st
E(f(t)e ) = Yy sf(t)e™,
> d —st _ e df(t) —st > —st
or, / %(f(t)e )dt = /‘ —r e dt = < sf(t)e™dt,

[e.o]

on, 10| 4= 6= 57

Gls) = sF(s) = F(0%),

provided we choose s within the RoC of F(§)."If s is'within the RoC of F(s),
limy o (f(t)e™5") will be 0. [ |

Theorem 5.3 (Integration with the Laplace transform): g¢(t) is fot, f(r)dr.
Then,
G(s) = Llg(t)] =F(s)/s, where F(s) = L[f(1)]

Proof. Consider the function g(t)e */(—s).

e B

— = f(t)e_:_Jr g(t)e ™,
or, /(j%{g(t)e__:}dt = /fo f(t)e__jdtJr/iog(t)e_Stdt
I
or, G(s) = £s) o, 90

S S
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However, g(07) is 0 because g(t) is the integral of f(t) starting from 0~. So
at 07, g(t) is 0.

Theorem 5.4 (The derivative of the Laplace transform): If the Laplace
transform of f(t) is F(s), then the Laplace transform of ¢ f(t) is —dF(s)/ds.

Proof.
F(s) = Ooof(t)e_St dt
CAF(s) _ [Td(f(De )
Cds / ds dt
- / (e Ffe i
= L)

Theorem 5.5 (Laplace transform of a delayed signal): If g(t) = f(t — to),
where t( is a real and positive delay, then G(s) = e s F(s).

Proof. ¢(t) is the same as f(t), but delayed by to. While f(t) may start at
t =0, g(t) will correspondingly start at.t-= to.

PO 4D = [ swear

G(8) = Llg(t)] = / " gyt dt

= f(T _ to)efsr dr
to
(substituting t =7 —ty) = Ft)e (1) gy
0-
= e *F(s)

5.1.3 A few important Laplace transforms

We will derive a few important Laplace transforms.



5.1. THE LAPLACE TRANSFORM 161

Impulse function

Step function

B e~ st 0 B 1
N —S 0+ N S
Notice that the result is consistent with the fact that wu(t) is the integral of

0(t), and 0(t) is the derivative of u(t).

e Because u(t) is the integral of §(¢), by theorem 5.3, L[u(t)] = L[d(t)]/s-
L[6(t)] is 1, and therefore Llu(t)] isd/s.

+

Llu(t)] = /OO u(t)e *tdt = /0OO e tdt

e Conversely, d(t) is the derivative of u(t). Then, by theorem 5.2, L[5 (¢)]
is sClu(t)] — w(07). But Llu(t)] is 1/s and «(0~).is-0. This gives us
L[o(t)] as 1.

Ramp function

The unit ramp function, p(t), is defined as:

(1) < 0, fort <.0
P SV dor £.300.

The unit ramp function is the definite integral of u(t). As such, L[p(t)] =
1/s- Llu(t)]. .. Llp(t)] =1/s%
The exponential

We will now ‘derive the Laplace transform of f(t) = e*u(t).

Cleu(t)] = / " ety t)etdt

= / e (5t
0

1 0
- _ . |:e—(s—a)t:|
S—a 0

1

sS—a
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We could derive this using a second, more elegant method without com-
puting the integral. Let us assume Lle®u(t)] is F(s).

ﬁ[%(eatu(t))] = Llae"u(t)] + L[5(t)]
or, sF(s) = aF(s)+1, ceut)=0att=0"
or, F(s) = . i -

Note that the constant a does not have to be real. Since we have allowed
complex a, a large class of signals are covered (refer back to section 3:1.1).
The RoC of the Laplace transform of this function is the set of all“s“such
that Re[s] > Rela].

Sine and cosine

We can express sine and cosine functions as the- superposition of complex
exponentials.

ejwot + e~Jwot

cos(wot)u(t) = #u(t)
- Llcos(wod)], — %c[ejwotu(tw%c[eJ'wotu@)}
1 1 1
e
2°s <jwy S+ Jwo
S
S

sin(wet)u(t) = ———u(t
(il St
- Lin(wt)] = %ﬁ[ejwotu(t)] _ %E[ejwotu(t)]
S S B T
2 s —jwo s+ jwo
824w

The regions of convergence for both the sine and cosine functions are the
set of all s such that Re[s] > 0. This is also known as the right half s-plane
(RHP).
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Other signals

In most cases, direct evaluation of the Laplace transform integral will not
be necessary. With the help of the linearity principle (theorem 5.1), we
will break up the signal into exponentials, sines and cosines. Obtaining the
Laplace transform will then be a matter of looking up Tab. 5.1 and writing
out the result.

Occasionally, we will use the integral, differential, and derivative proper-
ties (theorems 5.2, 5.3, 5.4) to deduce the transforms of functions that we are
not directly familiar with. The strategy will always be to reduce the function
to be transformed into a linear combination of familiar functions that we atre
comfortable with.

o L[te™u(t)]: There is a multiplication with 4. "We know L[e*u(t)].- We
can use theorem 5.4.

L Lfte™u(t)] = —%(S i a) T s _1a)2

o L[t>e™u(t)]: There is a further multiplication with t. We-can use the-
orem 5.4 again.

cL L[ e u(t)] = —d%(ﬁ) - ﬁ

e L[t"eu(t)]: From the previous.two steps, by induction, we will obtain:

L[t e u(t)]) =

Example 5.2: Find the Laplace transforms of:

(@) fi(t) = (67 + €3 4 2t2 — 9)u(t)
(®) f2(t) = (2% 4 3cos(6t +7/3) 4+ e~
(c) f3(t) = (3sinht+ 2cosht)u(t)

3t cos(6t) )u(t)

(a) The transforms are mostly derived with the help of Tab. 5.1. For
the third term, ¢? is 2 [ tdt. Using the integral property of the Laplace
transform in theorem 5.3, the Laplace transform of t? is 2/s3.
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Table 5.1: Laplace transform pairs

Name f(t) = L7E(s)] | F(s) = LIf(1)]
Impulse o(t) 1
Step u(t) 1/s
Ramp p(t) 1/s?
. . 1
Exponential eu(t)
s=a
S
Cosi t)u(t
osine cos(wot)u(t) PR
. . «o
S t)u(l
ine sin(wot ) u(t) FF o2
Cosine with exponential | e~ cos(wqt)u(t) st
(s+a)? + w?
. . . Sat wo
S th tial o Hul(t
ine with exponentia e~ sin(wot)u(t) oo
n!
t™ times exponential e u(t) oy
1 1 2 1
6 1 4 9

s+5+s—3+s3 5

(b) The second term can be broken up into sine and cosine terms using
trigonometry. It can not be expressed as a delay.

cos(6t + m/3) = cos(m/3) cos(6t) — sin(m/3) sin(6t)

Now we can use Tab. 5.1 to arrive at the transform.

2 3s . 18 s+3
F(s) = 5_72_’_(:08(71-/3)m_Sln(w/3)52+62 + (s +3)2 4 62
2 9s/2 —27./3 s+3

s—2 52+ 36 52 4+ 6s + 45
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(c) Hyperbolic functions can be broken up in terms of exponentials.

t _ _—t t —t
sinht = € 26 and cosht:e —;e
3/2 3/2 2/2 2/2
232 22 3
s—1 s+ 1 s—1 s+1
5/2 1/2 _ 25+3
s—1 s+1 s2-1

I.f%(s) =

It turns out we can also use Octave to perform Laplace transforms.

octave:1> pkg load symbolic
octave:2> syms t
Symbolic pkg v3.0.0: Python communication limk active, SymPy{vl.9.
octave:3> f 3*xsinh(t) + 2*cosh(t);
octave:4> F = laplace(f)
F = (sym)
2:s + 3

2
s -1

5.1.4 Initial and final value theorems

Theorem 5.6 (Initial value theorem): If f(t) has a Laplace transform F(s),
F01) = Jim_sF(s)
5§—00
Proof. From Theorem 5:2; we have:

/OO df—(t)e_“ dt = sF(s) — f(07)

ot
ColimsF(s) = lim fe~stdt + £(07)
S$—00 §—00 0—
0+ . o0 .
= lim fe stdt + lim fe®tdt + f(07)
s—00 fo— 500 Jot
ot
= lim fe~stdt + £(07)
§—00 0—

= f(07) = f(07) + £(07) = £(07)
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Theorem 5.7 (Final value theorem): If f(t) has a Laplace transform F(s),

lim f(t) = lim sF(s)

t—o00 s—0

Proof. Once again, from Theorem 5.2, we have:

Fdft) g o, -
/ T i = sr(s) ~ (07)

1 _ : r —st _
..il_l)l(l)SF(S) = lim . fe *dt + f(07)

= fdt+ f(07)
o
= lim f(%)

t—00

The initial and final value theorems can be used to rapidly ascertain the
values of f(t) at t = 0" and as .= co. The initial and final values are useful
in many ways. They.can be used to verify the Laplace transform.

5.2 The inverse Laplace transform

The inverse Laplace transform, £7!. s most often performed with the help
of a table look-up. A:table.of Laplace transform pairs is shown in Tab. 5.1.
From the table, if the Laplace transform of p(t) is 1/s% then the inverse
Laplace transform of 1/5* must be p(t).

One would argue that such a technique for inverse Laplace transforms
must be severely. limiting. However, for almost all practical functions that
we need to invert; it is possible to use the look-up table.

5.2.1< Inversion integral

For completeness, in this section we will briefly present the inversion integral
that one can use to work out the inverse Laplace transform.

For a Laplace-domain function F(s), the following expression gives its
inverse Laplace transform.

ft)=LF(s)] ! / JOOU e F(s) ds - u(t) (5.3)

j27T joo+o
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In (5.3), o is a real number such that all the points of singularity (known
as poles) of F(s) are to the left of the contour of integration. For instance,
if all the poles of F(s) are in the left-half s-plane (LHP), one may choose o
to be 0.

No proof of the inverse Laplace transform is offered in this text. The
mathematically inclined inquisitive reader may refer to [18] for the proof.
We can use residue integration [17] to work out the integral in specific cases.

Example 5.3. Use the inverse Laplace transform formula to obtain

L]
s+a

The only pole of the expression is at s = —a. As such we can select a
contour for integration along a path that encloses the pole. The integration
contour is shown in the sketch below. o is greater than.—a.

o+ IR
R — o0
oc—R\'—a O
o-9R

In the limit as R — 0o, the contour will enclose the entire LHP. The half-
circular part of the contour will have a zero integral because the integrand
will vanish as R — oo along the half circle. What we will be left with is the
contour of integration desired for the inverse Laplace transform in (5.3).
Now we can perform residue integration. There is a single pole enclosed
within the contour.

+jo00+0 est est
/ ds = 727w Res ( )
Yoot St a s=—a\S+a

est
= j2ﬂsgr§a(s+a)s+a
= j2me %
1 +joo+o est
ds-u(t) = e “u(t)

]27 —jooto s+ a

The inverse Laplace transform is not difficult as long as one uses residue
integration on the complex plane.
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The closed-form expression for the inverse Laplace transform tells us that
the inverse Laplace transform is unique. No two functions have the same
Laplace transform. This is the basis for our next, and more popular, tech-
nique of inverting the Laplace transform, based on table look-up.

5.2.2 Partial fraction expansions for inverse Laplace
transforms

We can break up any rational polynomial function, F'(s) = N(s)/D(s); where
both N(s) and D(s) are polynomials in s, with the help of partial fractions.
If D(s) is a polynomial of order n, if the order of N(s) is less than the order
of D(s), and {sj}r=12.n» are non-repeated roots of D(s), then F(s) can be
expressed as:

F(s) = Y <2 (5.4)

s—§
=1 k

If D(s) has repeated roots, say g repeated roots of s, then the related terms
will be:

r r r
A P2 S Pa
s =8p (8- sp) (8 —8p)9
When the roots are mnon-repeated (most common), the evaluation of the
residues ({ry})(is very straightforward.. Note, these residues are the same

as the residues discussed in section-5:2.1.

rp = lim(s — sx) F(s)

S—Sk

In other words, multiply both sides of (5.4) by (s — sx) and plug-in s = sy.
All the terms-on the right evaluate to 0, except the term ry. Therefore, 1 is
the value of (s — §p)F(s)-

When the roots are repeated (not common, common in difficult exami-
nation.questions), we may use one of two methods to break up into partial
fractions. ‘The first method involves repeated differentiation, while the sec-
ond method is more direct. We will discuss these methods in the following
section 5.2.3.

Popularized by Oliver Heaviside, partial fraction expansions of rational
polynomial functions are very useful for evaluating inverse Laplace trans-
forms. Once expanded into partial fractions, the inverse Laplace transform
is straightforward, with the help of Tab. 5.1. We will now demonstrate with a
few examples. Examples with repeated roots will be taken up in the following
section 5.2.3.
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Example 5.4. Let us find £7![ 2553 ].

5243542
25+ 3 _ 25+ 3
$24+3s54+2  (s+1)(s+2)
o T
s+ 1 0 s+2
25+ 3 1
= lim =1,
& s——1 s+ 2
2 3
ro = hm S+ = I,
s——2 s+ 1
) 25+ 3 _ 1 " 1
Ts24354+2 s4+1 s+2

-1 25+ 3

—t —2t
e ) = t t
s2+35+2] e u(Lgeg "u(?)

Example 5.5. Let us find the dnverse Laplace transform of

s+4
fle) SS90
s+ 4
Fo) = G s @oa)
. 1 72
T S+ (14B) Sat (=3
R N PR S k. o+ )
! s (1435) 6+ (L= 35)
=372 0¥ )
ot N A5 HE
? s=—(1<35) s + (1 + 35)
="1/2-(1-)
F@) - 1/2-(1+3) , 1/2-(1-3)
s+ (1+35) s+ (1—3j)
S f) = {1/2-(A+j§) e teT 4172 (1 — ) - e eIt u(t)

= e 'u(t){ cos(3t) + sin(3t) }

We can work this out efficiently using the lookup tables (Table 5.1) a little
more effectively. The last two rows of the lookup table reveal that for our
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function F(s), which has a denominator of s? 4+ 2s 4+ 10, a = 1. We can
break up the denominator as (s + 1)? + 32, and obtain a = 1, wg = 3. The
numerator, s + 4, can now be broken up as (s + a) + wy. We obtain the
inverse Laplace transform as f(t) = e~tu(t){cos(3t) + sin(3t)}.

5.2.3 Partial fraction expansion with repeated poles

In the presence of repeated roots, the partial fraction expansion technique
is more involved. In this text, we will demonstrate only through examples.
There are two general methods. The first method, developed by Oliver Heav-
iside, uses Heaviside’s expansion theorem.

Theorem 5.8 (Heaviside expansion theorem): Consider a rational polyno-
mial function with ¢ repeated poles. at s,.

P(s)

(85— sp)2

F(s) can be broken up into k partial fractions as follows:

F(s) =

"y + T3 S "bq
S N 5y (5 —sp)1

where:

ol dTP(s)
" {q—n) dsin

Tp

s=5p

Proof. First we can’ construct-P(s) as F/(s)(s — sp)q.
P(s) 2 F(s)fs— s = (s — )7 + (s — 5,12 4o 413,
If we now set s'= s, then all the terms except the last one vanish.
"oy = P(8)]s=s,

Next, we can differentiate P(s). All terms will reduce by one order and the
last one will vanish. If we now set s = s,, we will obtain g1+

Tpg1 = P/(S)|S:8p

The next time we differentiate and plug in s = s,,, we will obtain 2r,__,. The
process can be continued till we have all the partial fraction coefficients. W
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The second technique is much simpler in practice and involves a modified
power series expansion [19]. We will demonstrate with the help of examples.

Example 5.6. Find the inverse Laplace transform of:

§—2
F(s) = —=
(s) s(s+1)3
We have repeated poles at s = —1. Let us change the variable and substi-
tute p = s + 1. Then,
p—3
F(p—1) =
) (p—1)p?
3 p—3
Fp—-1) = ——=
or p*Fp-1) =

Now we will expand (p — 3)/(p — 1) using long division, in increasing
powers of p.

34 2p+2p>
1-— p)T—T
3—3p
2
2p=2p°
2p2
2p°=2p°
3

2p

We stop at three terms in_the long division, because we need only three
partial fraction coefficients. We-now have:

-3 2p3
PEp— =220 3494274+ L
P 1—p
3 2 2 2
or, Fp—1) = —+—5+-—+
P=1) P p* p l-p
3 2 2 2
or, F(s) = + + -

(s+13 " (s+1)2  s+1 s
Now we will evaluate f(t) based on Tab. 5.1.

f(t) = (3t%e/2 4 2te™ 4 2¢7 — 2)u(t)
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Let us now demonstrate a slightly more difficult example with two roots,
each repeated twice.

Example 5.7. Find the inverse Laplace transform of:

552 — 4
F(s)= 2

(s +2)2
Let us first expand for the pole at s = 0.
—4 + 552

2
Fs) = —- 9%
o) 4+ 4s + s2

We have organized the expression in increasing powers of’s."Now using
long division,

-1+ s
4+4s5+8%)—4 " 455
24 45— &2
45%465>
454452453
Q5%
1 ¢§ 2—s
.‘.F(s)————?—i-g—i-m
Now we will expand the‘fractional terimn*around the pole at s = —2. In this

case, we will use a new variable, p’="s + 2, or, s = p — 2.

A~ s
sk2)2 £ — " _—9_g=—4-—
() 4t 4s + s2 2
Further long division is.not necessary, since there is no denominator. Di-

viding beth. sides by (s + 2)? and replacing p thereafter, we obtain the

follewing.
2-5 4 1
4+4s+s2 = (5+2)2 s+2
1 1 4 1
F - 4= _
() 32+s+(s+2)2 s+2
SO =L7UF()] = (—t+144te™ — e 2)u(t)

The technique happens to be simpler than the first method that uses re-
peated differentiation.
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5.3 Solving circuits with Laplace transforms

5.3.1 Solving a differential equation

We will now try using the Laplace transform to solve a differential equation.
As an example, let us try to work out the differential equation in example 3.9.

Example 5.8. Solve the below differential equation from example 3.9.
o + vo +ve = 1, with ve(0) = 0.5, and, ve(0) = 0.5.

We are going to take the Laplace transform of both sides of the equation. If
we assume Lvc(t)] = Ve(s), then Llve] = sV (s)= 0.5. Further, Llic]| =
s(s(Vo(s) —0.5) — 0.5. On the right side, thed tramslates to 1/s because
it is the same as u(t) for t > 0.

s(s(Vo(s) = 0.5) — 0.5 + sVe(s) —0.5 +Ve(s) = <1/s
82 ¥25+2
2s
A2V 2
25(8%2 +s+1)

or, Vc(s)(32 +s41). =
or, Ve(s) =

Breaking this up intoartial fractions, we obtain:

1 <572
ye(s) = y s>+ s+1
Now we can take the inverse Laplace tramsform of Vi (s) to obtain ve(t)
using Tab. 5.1. The first‘term gives usw(t). The denominator of the second
term gives us a = 1/2-and wy'="1/3/2- We expect a factor of —1/2 to satisfy
the s term in the mumerator with the cosine. To satisfy the units term of
the numerator, e need the sine term to have a factor of +1/,/12.

- delD) = u(t){l +€—t/2< _ ;cos(\/;t) N \/%Sin(\/;)t))}

The expression is in a different form of the result obtained in example 3.9.

With the Laplace transform, solving the linear differential equation re-
duces to algebra, manipulation, and a lookup table. Zero-input and zero-state
responses are dealt with at the same time. The solution technique implicitly
takes care of initial conditions.
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ic(t) Io(s)
+ L = L Cve(07)
ve(t) = —>  Vu(s) 1/sC

1/sC

Figure 5.1: Laplace domain model for a capacitor

5.3.2 Directly solving a circuit

Laplace transforms of the voltages in a loop.will obey KVL' because the
Laplace transform is a linear operation. i.e.; the Laplace transform of the
sum of two or more voltages is the sum of the Laplace transforms of the
voltages, as proved in Theorem 5.1. Similarly; the Laplace transforms of the
branch currents of a‘circuit will obey KCL.“We are-going to see how we can
solve a circuit directly in the Laplace domain,

The capacitor

If the current through a capacitor, C, is ic(t) and the voltage across the
capacitor is v¢(t), then:

dUc (t)

dt

) dv
or, Llic] = CLI-"]

or, Ic(s) = sCVqa(s) — Cue(07)

wlt) = ©

We have shown the model for a capacitor in Fig 5.1. One can transform the
current source Cve(07) in shunt with the impedance 1/sC into a voltage
source ve(07)/s in series with the impedance 1/sC. Recall that the model
for a capacitor C' in the sinusoidal steady state is 1/jwC. In the Laplace
domain, jw is replaced with s, and the model for the capacitor is 1/sC. To
account for initial conditions, there is an additional series vo(07)/s in the
Laplace domain.
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IL (8)
—
in(t) E
— “Lip(07)
N c
v (t) : Vi, (S)
c sL

:’ VL(S-S Ir(s) s @U(O_)/s

Figure 5.2: Laplace domain model for an inductor

The inductor

If the current through an inductor, L,ds iz (¢) and the voltage across the
inductor is vy (t), then:

dip(t)
dt
or, Llur] = LE[CZ—ZJ]

or, Vi(s) = sLIy(s) —Lig(07)

UL(t) - @2

Just like the capacitor, we have shown the model for an inductor in Fig. 5.2.
The inductor is modeled as animpedance of s in series with a voltage source
of —Lir(07). One can transform the model into an impedance sL in shunt
with a current source, i5(07)/s. Recall that the model for an inductor L in
the sinusoidal steady state is ywL.-In the Laplace domain, jw is replaced with
s, and the model for the inductor is sL. To account for initial conditions,
there is an additional shunt ¢z(0~)/s in the Laplace domain.

In any given lineartime-invariant circuit, we can replace the input source
with its Laplace transform, the inductors with their Laplace-domain models,
the capacitors with their Laplace-domain models. Following the replacement
step, we can perform a Laplace-domain analysis. We can use any method,
e.g., tableau, node-voltage, mesh, Thévenin, Norton, superposition, and reci-
procity. We can evaluate the output quantity of interest and then perform
an inverse Laplace transform.

Typically, the input sources will be of the form u(t) or cos(wpt)u(t), and
the Laplace transforms of these will be available. The inverse Laplace trans-
forms will have to be worked out with the help of partial-fraction expansion.
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Example 5.9. In the circuit below, Ry, L3 and Cy are 2 Q, 1/3 H and
1/4 F respectively. Find an expression for ve(t).
Ry

VW—t

i (%o

u(t) C_F) Ly ——C,

The circuit has been set up a long time before ¢t = 0. As‘such, at' t =
0~, the voltage across the capacitor must be 0, and thecurrent. through
the inductor must be 0. We will replace the capacitor; the.inductor, and
the voltage source with their Laplace-domain models. Thé model-for the
inductor is only an impedancesof sLs and the model for the capacitor is
only an admittance of sCy.

¥ Vels)
1/s sDs ifg 1/sCy
*4
From the figure, Vi (s) s given by:
1 sLs 2
V f— _ p—
oA~ S it sl + L0 P25+ 12
o 2 V11
T 11 (s+1)2+ (V11)2
2,
WY~ 11
ve(t) 711 e~ "sin(y/11t) u(t)

The two-capacitor first-order circuit of example 3.4 was probably a little
disturbing, because it demonstrated an instantaneous voltage change across a
capacitor. We will now verify the same problem using the Laplace transform
technique. Laplace transforms and inverse Laplace transforms can also be
handled by the Octave symbolic package.
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Example 5.10. In the circuit below evaluate v (t) and veog(t).

ve1(07) and ve2(07) are both 0.

Cl 1/601
u(t) Oy r /s
— Ry —— 1/sCy < Rs

We can evaluate the voltage across Cy using potential division.

1 (1/802) ” R3

Vor®) = 750, v el |
C1/(C1 + Co)
S + 1/(01R3 + CQRg)
UCQ(t) C’l-?—l—cz e R3(CI+02) ¢ u(t)

Inverse Laplace transforms.<an also be done. tising Octave.

Program 5.1. rcc.ms’ Inverse Laplace transforms with Octave.

pkg load symbolic % Load symbolic toolbox

syms s; % Declare s

Cl = 1/2; €2 = 1/2; R3 = 3; %Values of C1, C2; R3

VC1 = (1/s)*(1/(s*C1))/(1/(s*xC1)+1/(s*C241/R3)); % Voi(s)

VC2 = (1/s)*(1/(sxC2+1/R3)D/A(1/(s*€C1)+1/(8%C2+1/R3)); % Vioa(s)

velt = ilaplace(VC1); %wci(t) empression

© 0 N O U A W N

ve2t ilaplace (VC2); ‘% voo(t)-expression
fhl = function_handle(wvclt)s “% Function based on the expression
fh2 = function_handle(vc2t); % Function based on the expression

Jun
o

t = [0:2e-2:10];« % Initialize t

vel = fh1(t); wc2 = £h2(t); % -Evaluate vor(t) and vos(t)
plot (t, vcil);“hold ‘on;" % PRlot, do not erase

plot (t, vc2); % Plot

e
W N

- —
087 T ver(t)
— 0E %,///
= 0.4 — \\\
o T e
’ ‘ x S e
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In the last two examples, there were no switches and the initial conditions
were zero. In the next two examples we will have switches; naturally the
initial voltages across capacitors and initial currents through inductors are
not expected to be zero. One should work out the initial conditions mentally.

In unit 3, if v, had to be evaluated, we were working out v,(07), ©,(07)
(if second order), and further derivatives in case of higher order. With the
Laplace transform technique, only initial voltages across all capacitors and
initial currents through all inductors are required.

Example 5.11. This is a repeat of example 3.9. In the circuit’ below,
after being closed for a long time, the switch is opened at t.='0. Obtain

the complete expression for vo(t) for ¢ >A0.
LH 10 1.0

M M»—J
ir
1V vo—==1F {Q_o

The initial voltage, vo(07) is 0.5 V. The initial current; i7,(07) is 0.5 A.

We have drawn the Laplace domain model of the circuit below.

Inductor o 't

Y W\ apacitor
I 3 :
I

LT

,,,,,,,,,,,,

The mesh equation.is:

—1/8= 054 sl +1I,+05/s+1I1/s=0

The above results in Ir(s+1+1/s) = 0.5/s+0.5
0.5(1 + s)
I, = —/———
R Iy |
s2+2s+2

Now, Vo =11/s+0.5/s = ———
W, Vo = I1/s+05/ 2s(s2+s+1)

The inverse Laplace transform was worked out in example 5.8. Note the

use of 1/s as the transform of the DC voltage source. The voltage source

did not have a step function in the time domain. However, the Laplace

transform is only for ¢ > 0 and a constant source behaves like u(t).
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N O A W N =

Example 5.12. Analyze the circuit below and evaluate v(t), the voltage

across the capacitor.
t=0 9H

W y 24
|1F 2V
20 1A v(t);: 20 1H

At t = 07, the circuit is in the steady-state with the 2 V voltage source in
the circuit. The current in the 2 H inductor is 0, the current in the 1 H
inductor is 1 A, the voltage v(0~) across the 1 F capacitor is 0. We have
shown the Laplace model of the circuit for ¢ > 0 below.

2s
-
2% @1/5 V(s)|1/s %2 5 @1/5

The circuit can be solved using superpesition. We switch the current
sources on, one at a time, and write out V(s). Accordingly,

_ sl (/509 N K A S
V) = 2 g G Ay W A1 1 8 2)

2s
253 4 352 +ds+ 2
o(t) = 0.51e706% _ 704000 75 5in(1:13t) +0.51¢os(1.13t)}

The inverse Laplace transform may fail when you use the Octave symbolic
package. This is because the denominator polynomial is cubic. We can
solve this numerically using a second technique with the residue function.

Program 5.2. res.m: Inverse Laplace transforms using residues at poles.

B=[-2 0]; A=[2 3 4 21; 2% Numerator=B, denominator=A, in decreasing orders of s
[R, P, K, E] = residue (B, A); % Rs the residue at each pole P.
% We expect three poles.because A is of order 3. The length of A is 4.
t = [0:1e-2:20); vt =+«zeros(size (t)); % Initialize t and v(t)
for m=1: (length(A)-1) % For each pole P,
vt = vt + R(m)xe.5(P(m)*t); % add the corresponding R, elm?
end;

0.4 —
0.2 —

0—

u(t) [V]

—0.2
—0.4—

t[s]
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Vin(s) C—D LTI circuit | Vout(s)

Figure 5.3: A circuit as a system. An independent voltage or current source
is applied at the input. The output is any node voltage, or branch voltage,
or branch current.

5.4 The circuit as a system

5.4.1 Convolution

In unit 4, we had studied the impulse response of a linear time-invariant sys-
tem. The response to an input applied to a system is-given by the convolution
integral that we had studied in (4.2) and (4.3).

As a refresher, an input-of 0(¢) may be applied to a linear time-invariant
circuit. The corresponding output of the system is the impulse response.
Now visualize a circuit as a system, with its.input.as an independent voltage
or current source. The output of this system may be any node voltage or
branch current. Fig. 5.3 depicts-our setup.

If the input is d(¢), Vi, (s) is'l: The Laplace transform of the corresponding
output is the transfer function of the circuit, H(s). The inverse Laplace
transform of H(s) is h(t), thedmpulse response of the circuit.

For some other input. applied; say z(t), because the circuit is LTI, the
output, y(t) is the’convolution.of z(¢) and h(t), given by (4.2) and (4.3), and
is reproduced below.

y(t)y = / h(T)x(t — T)dr = / z(T)h(t — T)dT
The process of convolution is represented in short-hand with a %. That is, in
short; the above equation is expressed as:

y(t) = h(t) x x(t) = x(t) * h(t)

We know that if we apply an input voltage source of x(t), with a Laplace
transform of X(s), to the LTI circuit, the response should correspondingly
be X (s)H(s) (because of linearity). Does this work out to convolution in the
time domain? Let us check.
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Theorem 5.9: Convolution in the time domain is equivalent to multiplica-
tion in the Laplace domain.

Proof.

L) = L] / " a(r)h(t — ) dr]

= / / Ya(t — 7)dr e ' dt
t=0~ —00

We will now interchange the order of integration. First we will integrate with
respect to t, and we will integrate with respect to 7 after that.

el = [T @ [ bt geat)ar
— /Too_oo z(7) < /toz hit — T)es(t—f)dt> Wor

Now we will replace t — 7 with a new variable, t'.

S Ly()] = /T:O—oo z(1) (/t,OO_T h(t’)eStldt'> e=dr

Now both A(t') and z(7) are 0 for all '.< 0 and 7 <0, respectively.

L) = / :O_OO < /t :Ooh(t')e~8f’dt'>em¢

_ Chtls) /_ Y @ dr

= H(s) /Oooa:(T)e_STdT = H(s)X(s)

The overall procedure is shown in Fig. 5.4. In the Laplace domain, each
block processes the signal by multiplying its transfer function. From an input
independent source to the output voltage or current, a circuit behaves just
like any other system, with a transfer function in the Laplace domain.

5.4.2 Transfer function representation

An LTT circuit will comprise of L, C, R, M, and linear dependent sources. We
will assume the circuit has a single independent source, which is considered as
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Hi(s)X(s)
X (s) —| Hi(s) > Ha(s) > Ha(s)Hi(s)X(s)

Figure 5.4: A system processes an input by multiplying its transfer function
in the Laplace domain.

the input. To work out the impulse response of the circuit, the independent
source is set to d(t), or 1 in the Laplace domain. The inductors, capaeitors,
and mutual inductances are replaced with their respective Laplace-domain
models.

Now consider working out the output with the help of the mesh-current
method. The impedances of each branch are tabulated in a matrix with
correct signs, and this matrix is multiplied by the unknown mesh currents
to obtain a vector comprising of functions of .the single independent volt-
age source. The mesh currents will be obtained by inverting the matrix of
impedances. As such, every output of the circuit, and the impulse re-
sponse of the circuit will be a rational polynoemial in s, i.e., of the
form H(s) = N(s)/D(s)y where N(s) and D(s) are polynomials.

5.4.3 Poles and zeros

Definition 5.3 (Poles): The roots of :D(s), the denominator of the transfer
function, are the poles.

Definition 5.4 (Zeros): The roots of N(s), the numerator of the transfer
function, are the zeros.

The units for both pole.and zero locations are the same as the units of s,
that is, radians per second.

Example 5.13. In example 5.9, the output is vo. What are the poles
and zeros of the system?

The expression for Vi (s), if the input voltage source is §(t), is:

8L3 2s

V = =
C(S) Ro + sLg + 82R2L3C4 524+ 25+ 12

The numerator of the system transfer function is 2s. The system transfer
function has a zero at s = 0 rad/s.

The denominator of the system transfer function is s2 4 2s + 12. The poles
of the system are at s = (—1 + j4/11) rad/s and s = (=1 — j/11) rad/s.
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The poles and zeros of a system are denoted pictorially on the s-plane. The
poles are shown as crosses, whereas the zeros are located with circles.

JwA  s-plane
(=1+5v11)X
o7 %
(=1 -jy11)X

We have defined poles twice, first in Definition 3.3 as the roots of the char-
acteristic equation, and now in Definition 5.3 as the roots of the denominator
polynomial of the impulse response. Is there any diserepancy?

It can be proved that the roots of the characteristic equation are identical
to the roots of the denominator polynomial. Regardless of the chosen output
quantity, the poles of the system will be identical.

why the roots of the characteristic equation
are identical to the roots of the denominator
of the system fransfer function.

The response of a system.to. any-input<can be broken up with the help
of partial fractions. For each pole‘s; with a residue ry, the impulse response
will be rpe®* in the time domain. In-case the input is not an impulse, the
residues may change, but the evaluation technique remains the same. If the
pole is in the LHP; ie., if Re[si] < 0, then e*** reduces to 0 as t — 0.
Therefore, the impulse response of a system reduces to 0 as t — oo if the
poles of the system are in-the LHP. As ¢t — oo, in such a system, the response
of the system is only the forced response and the free response dies out. This
is true even when the poles are repeated and the impulse response has terms
like t"e®*'. The negative exponential decays faster than any polynomial.

5.4.4 Stability of a system

A system is said to be stable if for bounded inputs the output is bounded.
In other words, if the output does not blow up for any reasonable input, the
system is stable.


https://web.iitd.ac.in/~shouri/electriccircsnetworks/poles.html
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If all the poles of the system are in the LHP, the free response decays to 0
as t — 0. If we apply a bounded input to such a system, the forced response
will remain bounded. A system with all its poles in the LHP is stable.

5.5 A system in sinusoidal steady state

Let us now relate the Laplace transform with the sinusoidal steady state
analysis that we learned in unit 4. The Laplace transform of a cosine.input
is s/(s* + wg). The system transfer function will have multiple poles; the
poles that are not in the left half s-plane will lead to unstable behavior: As
such, we will consider a system that has poles only in the left half s-plane
(LHP).

Let us consider a system with a transfer function of the following form:

H(s)= K - (s —s)(8 = 82,): (5~52,)
(s =8p ) (5= 8pa) - (5= sp)
The system has m poles and n zeros. The input to.the system is a cosine at

wo, with a Laplace transform of s/(s*+ w3). Then; the output of the system,
Y (s), is given by:

A (S
Y(s) = (824 wi) (5 —8p, ) (55=5p,) -~ (5 — 5p,,)

We should be ableto transform Y (s$) into the time domain with the help of
the partial fraction method. Each peole of the system will have a complex
residue. Let 7, be the residue for the pole s, . Let us assume the residues at
s = +jwy are r, and r,. Then, we have y(t) as:

jwot —gwot t t t
y(t) —£ Iraejwo + € Jwo _|_ flespl _I_ T2€8P2 _I_ e _I_ /rmespmJ
vV
exponentially decaying to 0

All the poles of the system are in the LHP. As such, a term re®re? will

exponentially decay to zero with time. In the steady state, a long time
after the experiment was started, all such terms will contribute to 0. Then,
in the steady state, we will be left with only the first two terms.

To compute the residue r,, we multiply Y (s) by (s — jwp) and plug in
5 = jwo.

. . S (8 — S, ) B
ST = lim (s — Y = — - K !
" s—1>jwo(8 jun)Y (s) s+ jwo (5 —Sp,) -+
Jjw _ [
- H S
270 (on) B (on)
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Similarly, for 7, we multiply Y'(s) by (s + jwp) and plug in s = —jwy.

. . S (S — 821) o« e
b= silzg'lwo(s +]W0)Y(S> N S — ng . K(S — 3p1> e
—JWwo . 1 .
— CH(— = _H(-
Y (—jwo) 9 (—jwo)

Finally, in the steady state, we have the response of the system as:

H (juwg)elt + H(—jug)e 7«0t
2

y(t) =

The input to our system was real. It is imperative that y(¢), the output, is
also real. We can break up y(t) into real and imaginary parts; the imaginary
part necessarily needs to be zero.

2 2Rely(t)] = Re[H(jwo)] cos(wot) — Tm[H (7w )] sin(wot)
+ Re[H (—jwo)]cos(wot) + Im[H(=jwo)}sin(wpt) (5.5)
and 2Im[y(t)] = Re[H (jweg)]sin(wot) + Im{H(jwy)] cos(wot)
[H(

— Re[H(—=jwyp)] sin(wot) + Im[H(=jwp)] cos(wot) (5.6)

(5.6) is zero at all times. The cosine terms must add up:to zero, and the sine

terms must add up to zero separately.. This means the real parts of H(jwy)

and H(—jwg) are equal, and the imaginary parts of H(jwg) and H(—jwy)

add up to zero. To summarize thetwo, H(—jwp)-is the conjugate of H(jwy).
(5.5) can now be simplified as follows.

2y(t) = 2Re[H (jwp)] cos(wot) — 2Im[H (jwo)] sin(wpt)
or, y(t) =_|H(jwe)|cos(wot + ¢) (5.7)
where ¢ ="ZH(jwy)

Equation (5.7) implies that the sinusoidal steady state response of a sys-
tem can be quickly computed by plugging in s = jwy and evaluating the
magnitude and the phase. The input amplitude is scaled by the magnitude
and modified'in phase by the phase of H(jw). This discussion reconciles the
Laplace transform method with our development of phasors in unit 4.

5.5.1 Significance of poles and zeros

The poles and zeros of a transfer function are significant in the following
ways.
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1. If the transfer function has a zero at a frequency s,, and we apply an
input at the complex frequency s., i.e., the input is e®:!, then the forced
response is zero. If the system has a pair of zeros at +jw, and we apply
coswpt as the input, the forced response will be 0.

2. A similar statement cannot be made for the poles. Poles of the transfer
function express the nature of the free (homogeneous, zero-input) re-
sponse of the system. Given a system with poles at s,,, sp,,. .., for any
initial conditions, if we release the system with zero input, the response
will be of Ajesmt + Agesr2! 4 ... where A;, Ay are coefficients.that can
be determined by obtaining the residues.

3. Poles in the RHP will result in an unstable system because its response
to initial conditions will rise exponentially. Poles on‘the jw axis will
result in a marginally stable system: its response to initial .conditions
will not decay. A stable system necessarily requires all its-poles in the
LHP.

4. The frequency response of a system.can be constructed from its poles
and zeros.

5.5.2 Frequency response

While using a circuit as a system, it.is of great importance to understand the
response of the circuit to different frequencies, in magnitude and in phase.
For a system H(s), the:magnitude, |H(jw)| and the phase ZH (jw) together
comprise the frequeney response:

Example 5.14." In_the circuit shown below, evaluate the frequency re-
sponse of Vyp-withirespect to the input Vj,. Assume Ry is 1 2, L and C
are 1/2 H'and 1/3 F respectively.

The inductor has an impedance of sL, the capacitor has an impedance of
1/(sC). The two components in parallel have an impedance of sL/(1 +
32LC). We can obtain V,,; through potential division.
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Ro + 3770 + Ro

Vout (s) +Vin(s)

The system transfer function can be simplified as:

H(s) = Yourl®) _ Ry(1+s°LC) 1 14§LC

- H(jw) = 1—w?’LC . 6—u?
Y _2(1—w2LC)+%_12—2w2+3jw

We can now obtain the magnitude and phase responses.

6—w2)2
H . 2 (
[H () (12 — 2w?)2 1002
3w
/H(jw) = —tan ! L2440
(jw) R,
0.6
04—
2 0.2
=,
| | | i
0 W2 4 A% .8 a6
9
R
— 0
S -1 9
=
N i | | |
o 2 4. 6 8 10
w [rad/s]

The frequency response of a system is the value of H(s) as we sweep
s along the jw axis. The system may have multiple poles in the LHP and
multiple zeros.' There is no restriction on the location of zeros. Complex poles
and zeros necessarily have to come in pairs with their complex conjugates.
The complex conjugate of every complex pole and zero is required to ensure
the overall transfer function remains real. This is visualized in Fig. 5.5.

The frequency response is a complex number and can be visualized either
in Cartesian coordinates (as H, + jH;) or in polar coordinates (as |H|e’?).
A polar coordinate plot is generally preferred, because the magnitude plot
directly tells us how much the input amplitude will be amplified or attenu-



188 UNIT 5. LAPLACE TRANSFORMS

ASweep s = jw from w =0 to w — oo

Figure 5.5: The frequency response of H(s) is its value as we sweep s along
the positive jw axis.

ated.

The plots of the frequency response give the engineer intuition about the
circuit. For instance, the frequency response plots in example<5.14 reveal
that the output is zero for /6 rad/s.<For frequencies sufficiently far from
this spot frequency, the magnitude gain is 0.5«

5.5.3 Series and parallel resonance

Definition 5.5 (Resonance): A circuit with inductors and capacitors is said
to be in resonance when at a specific frequency its driving point impedance
is purely real.

For s = jwy the impedance of the inductor is purely imaginary and posi-
tive, while the impedance of the capacitor is purely imaginary but negative.
If we combine them in series, then at.tw = 1/v/LC the combined impedance
is 0.

On the other hand, the admittance of the inductor is purely imaginary
and negative, while the admittance of the capacitor is purely imaginary and
positive. If we combine thém in parallel, then at w = 1/ V/LC the combined
admittance is 0.

Corollary. 5.1. ‘An inductor L and a capacitor C' resonate in series at an
angular frequency of 1/v/LC' to form a short circuit (zero impedance).

Corollary 5.2. An inductor L and a capacitor C' resonate in shunt at an
angular frequency of 1/v/LC to form an open circuit (zero admittance).

In example 5.14, the inductor and capacitor resonate at w = /6 rad/s.
At this frequency, the parallel-LC combination behaves like an open circuit,
and there is no connection between Vj, and V,,;. As such, the frequency
response at this frequency is 0, as one will observe in the graph for |H (jw)].
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L C

+ +
‘/in R Vout

Figure 5.6: A circuit with series LC resonance

Series-LC resonance

In the series RLC network of Fig. 5.6,

V:)ut(s) . R . SOR
Vin(s)  R+sL+=% 14sCR+s’LC

H(s) =

For s = jw, we can obtain the magnitude and phase of the transfer function
as follows.

2R202
H(jw))® = -
[H () (1 — J2LC)? + 2 R2C?
, T OWwRE
ZH(jw) = 3 tan T2l

The magnitude of H(jw) is of particular interest and is plotted in the
graph of Fig. 5.7. For the graph; L, C~and R are chosen as 1 H, 1 F and
1 Q, without any loss of generality. It is customary to show the magnitude
plot in decibels. In most cases, showing.the magnitude plot with the w axis
in the log-scale reveals more infoermation.

A signal exactly at.w.= 1/ V/LC will have no attenuation, and a magnitude
response of 1. Other frequencies will be attenuated by the circuit. The
response of the circuit is known as band-pass, because a band of frequencies
around wg = 1/ Vv LC pass through, while all other frequencies are stopped.
The graph-in Fig.’5.7 is in dB; -40 dB on the y-axis means an attenuation of
100 times:*

The band of frequencies that are declared to have passed are arbitrarily
chosen as the frequencies that are attenuated by less than 3 dB, or in am-
plitude terms, are at least 1/4/2 times the input amplitude. Similarly, the
frequencies that have not passed through this “filter” are such that they are

LA ratio can be expressed in decibels (dB). If a ratio x is of two amplitudes, then z is
expressed in dB as 20 x log,yz. If = is the ratio of two powers, it is expressed in dB as
10 x log( .
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201og |H (jw)| [dB]

Figure 5.7: |H(jw)| as a function of w for the circuit in Fig. 5.6. R, L, C
were chosen as 1 €2, 1 H, and 1 F, respectively.

attenuated by more than 3 dB. w, and w, inFig. 5.7 are frequencies such
that |H (jwap)|* = 1/2. Let us solve.

1 w2y R2C*
|H (jap) =5 = o
: 2 (1—w2,LC)? + w2 R2C?
. wWay RIC? S (I w2, LO)

or, £w,, RC" =1 — wibLC’
or, wg’bLC’ tw, ,RC—1= 0

It is clear from the above two.(+) quadratic equations that the product
of the roots is —=1/(LC). This reveals that if one root is positive, the other
will be negative. Since w, and wj, are both positive, they need to be roots
of two different (£) equations. Alternately, if for one equation w, is a root,
then —wy is the other root. For the second equation w, and —w, are the
roots.“The sum of roots in a quadratic equation is the negative ratio of the
first. and second coefficients. In other words, wy, — w, is RC/LC = R/ L.

We define the quality factor, (), of the network as the ratio of the
center frequency to the bandwidth. In this case, @ is woL/R, or \/L/C/R,
or 1/(woRC).

The resistance in the series-RLC network of Fig. 5.6 is changed to vary
the @, without changing the resonant frequency. In Fig. 5.8, we have shown
the frequency response of the network for different quality factors, as we have
changed the value of R. The bandwidth becomes narrower as we increase @);
the band-pass nature of the circuit becomes sharper as we increase ().
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Figure 5.8: Frequency response of the series RLC network as () is increased
from 1 to 32.

C

I
I
+ - +

V;n @ L R Vout

Figure 5.9: A circuit with shunt LC resonance

Shunt LC resonance

The circuit in Fig. 5.9 has an inductor.and capacitor in shunt, that resonate at
wo = 1/v/LC. At the resonance fréquency the shunt combination behaves as
an open circuit. It is expected that at the resonant frequency, the magnitude
of the transfer function will be 0. At DC the inductor, and at infinitely high
frequencies, the capacitor will behave as a short circuits.

H(s) N\ R B 1+ s2LC
1 — WiLC
H(jw) =
Uw) = G=700) 1 jwl/R
H(jo) (- wiLOY

(1 —w2LC)? + w?L2/R?

Once again, |H(jw)| is of interest, and is plotted in Fig. 5.10 for R, L, C
of 1, 1 Hand 1F, respectively. A signal at wy = 1/v/LC will be blocked by
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Figure 5.10: |H(jw)| as a function of w for the shunt-LC resonant cir¢uit in
Fig. 5.9. R, L, C were chosen as 1 2, 1 H, and 1F, respectively.

the LC-shunt impedance. Signals in @ band around this resonant frequency
will be attenuated by the circuit.” The response of the. circuit is known as
band-stop.

An engineering approximation to decide if a signal is.passed or not is to
check for an attenuation of 3 dB, or a gain of 1/,/2in the magnitude. A signal
that has more attenuation is blocked, while a signal with less attenuation has
passed.

In the case of the LC-shunt resonant circuit; frequencies between w, and
wp in Fig. 5.10 have been blocked, while all others pass. w, and wj, are the
roots of the expression:

1 (L=wg, LC)

2 (1 —wZ,LCO)? + w2, L2/ R?

This simplifies to:
wi , LC + tway L/R—1=0

The —3 dB cut-off frequencies can be worked out. More importantly, the
bandwidth may be expressed as:

L e w
~ RC  wyRC @

Wy — Wy,

The @ of the circuit is woRC, or R/+/L/C, or R/(woL). In the case of the
shunt-LC resonant circuit, the quality factor is proportional to R, whereas,
in the case of the series-LC resonant circuit, the quality factor is inversely
proportional to R. The bandwidth of the band-stop circuit can be made
narrower and narrower by increasing the values of R.
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Figure 5.11: The bandwidth of the shunt-LC resonating circuit increases as
@ is decreased.

Fig. 5.11 shows the magnitude response of the LC-shunt résonant circuit
of Fig. 5.9, with L and C set to 1 H and 1'F, respectively. The value of @ is
changed from 1 to (1/32) by decreasing the value of R from 1-Q to (1/32) €.
As @ decreases, the bandwidth of the band-stop response increases. An
Octave program to generate the plot in Fig. 5.11is given in Prog. 5.3.

Program 5.3. gshuntLC.m: Ewvaluation and plotting

w = 10.7[-2:0.01:2]; % Set of values of w
jw = j*xw;
tosave = transpose(w);

for R = 1./[1 2 4 8 16 32] % Set of resistor. values
B = [1 0 11; % Numerator as a polynomial
A = [1 1/R 1]1; % Denominator as a polynomial
num Bx[jw.~2; jw; ones(size (jw))]; % N(jw)
den A*[jw."2; jw; ones(size (jw))]; % D(jw)
Hjw num./den; % H(jw)
10 semilogx (w, 20*logl0(abs(Hjw))); hold on;
11 end;

W 1 3 Ok W

©

5.6 Unit summary

e The Laplace transform can be used to work out the transient response
rapidly. Every capacitor is replaced by an impedance of 1/sC in se-
ries with a voltage source ve(07)/s. Every inductor is replaced by an
impedance of sL in shunt with a current source ir,(07)/s. The rest of
the analysis is performed using ordinary DC analysis, without solving
any differential equation.
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The inverse Laplace transform is performed with the help of partial
fraction expansion and simple lookup tables. The inverse Laplace trans-
form of 1/s is u(t). The inverse Laplace transform of 1/(s—a) is e u(t).

Convolution in the time domain is the same as multiplication in the
Laplace domain. The Laplace-domain system transfer function simply
multiplies the Laplace-transform of the input, to give the output.

A system transfer function is of the form N(s)/D(s). The roots of
N (s) are the zeros of the system, while the roots of D(s) are the poles.

A system is stable if all its poles are in the LHP (left half s-plane).
There are no constraints on the locations of the zeros for the stability
of a system.

To obtain the sinusoidal steady-state response of a system, s is to be
substituted with jw. The magnitude of H(jw) scales the input ampli-
tude. The phase of H (jw)modifies the phase of the input sinusoid.

The magnitude and phase of H(jw) are plotted torepresent complete
information about the system. The magnitude is usually plotted in
decibels. Both.the magnitude and phase are usually plotted with
the w axis in the log scale.

An inductor in series with a capacitor resonate at 1/v/ LC to form a
short-circuit.-An inductor in shunt with a capacitor resonate at 1/v/ LC
to form an open circuit.

The quality factor or ) of aseries-LC circuit is inversely proportional
to R. The @ of a shunt-LC circuit is proportional to R. @ is the ratio
of the center-frequency and the bandwidth.

5.7 Exercises

Multiple choice type questions

5.1 The Laplace transform of u(t) is:

(a) 5 (b) 1 (c) 1/s (d) 1/

5.2 The inverse Laplace transform of 1/(s? + 1) is:

(a) u(t) cost (b) u(t)sint (c) e tu(t) cost (d) e~ tu(t)sint

5.3 The operation of convolution is:

(a) Commutative  (b) Distributive  (c) Associative  (d) All of these
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5.4

5.5

5.6

5.7

5.8

5.9

5.10

5.11

5.12

5.13

Which one of the following systems is not stable?
s—1 s+1 s+1 s+ 2
(a) (b) 2 (© (@)

s+1 s+ 2 s+1
Which one of the following systems is stable?
s—1 s+1 s—1 s+ 1
—_— b) ——— —_— d
(2) s2+2s5+2 ()32—234—2 (c) s2+1 (d) 52

A pulse is given by the function u(t)—u(t—1). What is its Laplace transform?

1 S 1 S 1 S 1 S
() (=1 ) (1-e) () o (1—e) () (e 1)
A series-RLC circuit is designed with R = 10 2, L = 100 nH, C' = 10 pF.
The output of the circuit is the voltage across R. The center frequency is:
(a) 10 MHz (b) 159.1 MHz (c) 1 GHz (d) 6.28 GHz

A series-RLC circuit is designed with R = 10 2, L = 100 nH, C"=10 pF.
The output of the circuit is the voltage across R. The bandwidth of the
circuit is:

(a) 1 MHz (b) 15.9 MHz (c) 100 MHz (d)-628 MHz

A signal v(t) is eu(t).
Laplace transform V(s)?
(a) s>5 (b) s<5 (c) s>—5 (d) s< =5

What is<he region-of-convergence (RoC) for its

A signal v(t) is €’ (u(t) =@t —1)). What is-the RoC of its Liaplace transform
Vi(s)?
(a) s >5 (b) Entire RHP (¢) Entire LHP (d) All s

Short answer type questions

In the Laplace transform~domain, an inductor of value L with an initial
current of i is represented by a source of value —Lig in with
an impedance sL, or a source of value ip/s in with an

impedance sL.

A voltage v(t) hasunits of volts. What are the units of its Laplace transform,
V(s)? What is the unit of s? The Laplace transform of the current through
a capacitor is-Ic(s) = sCVe(s) — Cve(07). Justify the dimensions of the
equation.: How do you reconcile this result with the dimensions of a system
transfer function, H(jw)? Also, reconcile the dimensions of all the entries
in Tab. 5.1.

The current through a capacitor is taken as the input to a system. The
output of the system is the voltage across the same capacitor. Is this a
stable system? Try to construct unstable systems using only L, C, R, M.

Can you make any conclusions about systems designed only with L, C, R,
M?
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5.14

5.15

5.16

5.17

5.18

5.19

5.20
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Ry Ry
Ao
+ +
‘/;n(S) C] CQ Vout(s)
o o

Figure 5.12: Schematic for exercise 5.18

If we ignore the initial conditions, the derivative in the time domain implies
multiplying by s in the Laplace domain. A derivative in the Laplace domain
implies multiplying by ¢ in the time domain. Find other properties of the
Laplace transform that behave in this dual manner.

The impulse response of a system is h(t). Prove that if an input w(¢) is
applied to the system, the output will be fg, h(T)dr.

Numericals

Find the time domain impulse responses_corresponding to the following sys-
tem transfer functions.

352 + 20s + 31 2+ 55+9
(a) (b)

53 + 1082 + 31s + 30 $3 4952 + 245 + 20
ds + 4 4 3s2 +12s + 13
©) S s ) 62 1357 10
—25% — 352+ 1 253 4+ 1852 + 5ds + 53

(e)
(2)

f
s4 4+ 653 41752 4285 +.20 (£) s 4+ 1153 + 4552 + 81s+ 54
353 4452 4554 6 10s3 + 38s 4 127s
22 (h) — 2
(s +2)%(s?2+2s + 10) (s2 + 25+ 10)(s2 + 45 + 13)

Solve exercises 3.21, 3.22, 3.23, 3.26, 3.28, 3.29, 3.30, 3.31 again, now using
Laplace transforms.

In the schematic of Fig. 5.12, assume all resistors are equal to 1 2 and all
capacitors are equal to 1 F. A unit step, u(t), is applied as v;,,(t). Work out
the rise time at the output, vy ().

In the schematic of Fig. 5.13, once again assume all resistors are 1 {2 and all
capacitors are 1 F. Evaluate the rise time of the unit step response of the
circuit.

In the schematic of Fig. 5.14, the values of L and C are such that \/L/C' is
Ry and w3LC = 1. Evaluate H(jw). Keep Ry and wy as variables in your
expression. Evaluate the phase response and the magnitude response of the
system. Plot the phase and magnitude responses.
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Ry Ry Rs
W1+ W—\W——
Vvin (8) Cl 02 CS Vout (5)
o o

Figure 5.13: Schematic for exercise 5.19

L

Ry

+
C
C RO %Vm},t(s)

Vin(s)

L

Figure 5.14: Schematic for exercise:5.20.

5.21 In the circuit of Fig. 5.15,.Ris 1 Q, Lis 2 Hy C'is LE. H (8)18 Vour(s)/Vin(s).
Find an expression for |H (jw)|%.

5.22 In the circuit of Fig. 5.16, Ris 1 Q; C} is 2.cos(37/8) F, Ly is 2 cos(w/8) H,
C3 is 2cos(m/8) F, Ly is 2cos(3m/8) Hu H(s)is Vou(s)/Vin(s). Find an
expression for |H (jw)|*.

5.23 The circuit shown in Fig.'5.17 is excited by a voltage source vy, (t) given by
e 7% cos(wot)u(t). Express the voltage v, (t) as a function of time. o is
1 rad/s, wo is 1 rad/s.> Plot vy (t)-

5.24 v, (t) in Fig. 5.17 s given by e0% cos(wpt). Express vy (t) as a function of
time. op and wy are both 1 rad/s. Plot vy (t).

5.25 In the Wien bridge circuit shown in Fig. 5.18, vy, (¢) is u(t). Assume Ry and
R3 to'be 2 Qand 3 Q, respectively. Assume Cs is 1/2 F. Evaluate and plot

R L

N ~ U N

‘/;n(s) C C R Vout(s)

Figure 5.15: Schematic for exercise 5.21
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R Lo Ly
X UL .
‘/;n(s) Cl CS R Vout(s)

Figure 5.16: Schematic for exercise 5.22

t=0 L H t=0
T~ — o
+
Uzn(t) 1 F = 1Q vout(t) 1LV

Figure 5.17: Schematic for exercises 5.23 and 5.24.

Vout (t). What will be vy (8) if w3 () 18 cos t?- Also find out vy (t) if vi, (1)
is et cost. Relate your results to.the frequency response, |H (jw)|, of the
circuit.

Consider a shunt-L.C network, where an inductor of value 1 nH is placed in
shunt with a capacitor of value 1-nF. Such ‘a network is known as a tank
circuit. The inductor is not.ideal, and a resistance of 100 §2 in shunt with
the inductor represents the non-ideality.. At ¢ = 07, the voltage across the
capacitor is 1'V. Evaluate the voltage across the capacitor with time. Come
up with a value of Q) the quality factor, for the tank. Prove that the number
of times the voltage across the capacitor oscillates is roughly equal to Q.
(Assume that_you can detect an oscillation as long as the amplitude has not
decayed e™.~ 23 times.) “This technique is often used in the laboratory to
measure.the @ of.a circuit.

]

Figure 5.18: Wien bridge circuit for exercise 5.25.
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Know more

Historical profiles

Pierre-Simon Laplace (1749 to 1827) was a French mathematician and as-
tronomer. The Laplace transform is named after him. With the origin of
the Laplace transform, classical mechanics was transformed from a geomet-
rical study to a study based on calculus. Known as the Newton of France,
Laplace’s contributions ranged from the hypothesis of the black hole, an
accurate model of the tides, to the formulation of Bayesian probability.

The Laplacian operator, V2, is named after Laplace. Laplace showed that
the gradient of the divergence of a potential will always be zero.

Pierre-Simon Laplace*
1: Photograph taken from the public ‘domain.

Laplace’s name is engraved on the northwest side .of the Eiffel tower, along
with many other French scientists and engineers. At Ecole Militaire, Laplace
was the teacher of Siméon Denis Poisson; whose contributions to mathematics
and physics are also well recognized.. Laplace was also the teacher of Napoleon
Bonaparte. For a short time, after the French revolution, Napoleon had
appointed Laplace as his minister of:the interior. Napoleon had to dismiss
him soon, as he realized that Laplace was not a good administrator.

Laplace transforms are ubiquitous in Electrical Engineering, and are fre-
quently encountered in control engineering, electronic circuit design and
power electronics.

Understand in depth

Laplace transforms have wide-ranging applications in physics, in structural
engineering, mechanical engineering, and in EE. In EE, the main applications
of Laplace transforms are in control engineering and robotics, circuit design,
power systems, and power electronics. The Laplace transform is a tool to
rapidly solve high order linear differential equations. Mastering the technique
comes with practice.
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For more practice:

e Network Analysis and Synthesis, by Franklin F. Kuo, John Wiley &
Sons Inc., chapters 6 and 7.

e Engineering Circuit Analysis, by William H. Hayt and Jack E. Kem-
merley, McGraw-Hill, chapter 13.




Unit 6

Fourier series and transforms

Unit specifics

In this unit we have discussed the following:
e Trigonometric and exponential Fourier series
e Discrete spectra and waveform symmetries
e Steady state response of a network to a periedic signal

e The Fourier transform and continuous.spectra

Rationale

We have studied circuit analysis for DC inputs, steady-state sinusoidal in-
puts, and transient inputs that can be transformed into the Laplace domain.
If the inputis not a sinusoid, but periodic, circuit analysis with Laplace trans-
forms or with phasors will not be useful. To analyze the steady state response
of circuits to‘periodic but non-sinusoidal signals (for example, square waves,
triangular waves), we will learn techniques that use the Fourier series and
Fourier transform.

With the Fourier series, we will break up any periodic signal into a sum of
sinusoidal waves comprising of a fundamental frequency and its harmonics.
Once broken up into sinusoids, we will apply superposition along with phasor
techniques to analyze the circuit completely.

201
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Pre-requisites
e Mathematics: Differential and integral calculus.
e Physics: Familiarity with simple harmonic motion and periodicity.

e Circuit theory: Familiarity with Unit-3 and thoroughness with Unit-4
of this book.

e Software: We will continue using Octave.

Unit outcomes

The list of outcomes of this unit are as follows.
U6-01: Be able to decompose a periodic signal into-its Fourier series.

U6-02: Be able to visually identify the presence or absence of harmonics in
the spectrum.

U6-03: Obtain the steady state response of anetwork for any periodic non-
sinusoidal input.

U6-04: Relate -the Fourier series:and: Fourier transform with the Laplace
transform.

Unit-6
outcomes

ith course outcomes
k

i
: Weak, ‘Q‘.Ebmeda%, and 3: strong correlation)
CO-1 | CO-2.|. CO-3 | CO-4 | CO-5 | CO-6

U6-01 ©| 3 A 3 _ 1 1
&

Uge&‘, P2 [ s | - [ -] -
N
-({& 3 - 1 - - 3
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6.1 Preliminaries

6.1.1 Orthogonality of the trigonometric system

The sets of functions {cos(kz)} and {sin(kx)} where k € Z, is known as the
trigonometric system. (Z is the set of all integers.) 1, cos z, sin z, cos(2z),
sin(2z). .. are the functions in the trigonometric system.

Theorem 6.1: The trigonometric system forms a set of orthogonal func-
tions. That is, the integral of the product of any two functions in the
trigonometric system over the interval from 0 to 27 is 0. (One may also
choose — to 7 for the integral, or any other interval of 27.)

27
/ cos(ax)cos(bxr) dr = 0, where a4 b and a,b € Z (6:1)
0
2
/ sin(ax) sin(bz) dv = 0, where a # band a,b € Z (6.2)
0
27
/ cos(az)sin(bz) de = 0, where a # b'and a;b € Z (6.3)
0

Proof. We can use well-known trigonometric identities:

cos(azx) cos(br) = %[cos(a + b)a + cos(a — b)x]
sin(az) sin(bz) = %[cos(a — b)z— cos(a + b)z]
cos(ax) sin(bzr) = %[sin(a +b)x — sin(a — b)x]

As long as a # b, the integrals of all the terms in the RHS from 0 to 27 are
0. [ |

6.1.2 Periodic signals

The Fourier series is a convenient way to understand and represent periodic
signals.

Definition 6.1 (Periodic signal): A signal f(t) is periodic and has a period
Tif f(t+T) = f(t) for all ¢.

In other words, if f(t) repeats itself after every T period of time, it is
periodic. A sine wave, sin(wt) is periodic with a period 27 /w. There are
other common periodic signals, for example a square wave, or a triangular
wave, or the output of a half-wave or full-wave rectifier.
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If a signal has a period of T, that is, if it repeats itself after 7', then it
will repeat itself after 27 as well, it will repeat itself after any nT" where n is
an integer. A signal with period T, also has a period of 27", 3T, and so on.
The fundamental period is the lowest value of T', such that f(t) repeats
itself.

Corollary 6.1. If f(¢) and g(t) are both periodic functions with a period of
T, then any linear combination of f(t) and g(t) will also be periodic with a
period of T.

Proof.

fE+T) = f()
gt +T) = g(t)
caf(t+T) + bgdx T) =" af(t)= by(f)

The functions cos(k - 2w /1 -t) and sin(k.-27 /T t) are both periodic with
a period of T for any integral value of k. A linear combination of these
functions is alse periodic with a ‘period of T

Corollary 6.2. If f(t) isgiven by:

X 2mkt = . [ 27kt
f(t) = ao +ZakCOS (—T ) +;bksm (—T >,

k=1

then f(t).is-periodic with a period T.

Proaf. The proof follows from Corollary 6.1. Each function in the sets of
functions {cos(27kt/T)} and {sin(27kt/T)} is periodic with a period of T.
Their linear combination is also periodic with a period of T'. ]

Joseph Fourier had proved the logical reverse of Corollary 6.2. He had
proved that if any function is periodic with a period of T', then it can be
broken up into a sum of sines and cosines from the trigonometric system,
like f(¢). The required frequencies comprise a fundamental frequency and
its harmonics (or multiples).
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6.2 Trigonometric Fourier series

If f(t) is periodic with 7', and can be broken up into a sum of sines and
cosines like in Corollary 6.2, then the expanded form of f(t) is known as its
trigonometric Fourier series, {a;} and {b;} are the Fourier coefficients
of f(t). There are a few very reasonable restrictions on f(t) for which its
Fourier series is valid.

Theorem 6.2: If f(t) is periodic with T', and has finite number of disconti-
nuities over its period, a finite number of maxima and minima over its period,
and is absolutely integrable over its period, then:

- 2kt - . [ 27kt
f(t) =ag+ Z ag. COoS (T) + Z bk Sin (T),

k=1 k=1

a0 = %/OTf(t) dt (6:4)
o = 2 / " H0) cos (2”—’“) a (6.5)
by = /f i (%kt) dt (6.6)

Partial proof. We will only prove that the coefficients are as stated in (6.4),

(6.5), (6.6). We will not prove equality .of f(¢) with its Fourier series repre-

sentation. We will not prove the conditions of validity (also known as the

Dirichlet conditions) of the Fourier series..For a detailed proof, refer to [20].
To prove (6.4), let us.find the average of f(t).

r T - T 2 k:t T 2 k:t
/ ft)ydt = / aodt—l—Zak/ cos 2% Zbk/ sin 27 g
0 0 N Jo r o
0

CL()T
1 T

Next, we will multiply f(t) by cos(27rnt/ T) and integrate to prove (6.5).

T T
2mnt 2mn 2 k:t 2mnt
/0 f(t) cos 7;,” dt = /o ag COS dt + / E ay, cos T cos 7;71 dt

where:

-~

0
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The first integral evaluates to 0. In the second integral, by Theorem 6.1,
all the terms integrate to 0, except when & = n. In the third integral, by
Theorem 6.1, all the terms integrate to 0. Finally, we have:

T T
2mnt 2mnt 2mnt
/0 f(t) cos 7;? dt = /0 ay, cosﬂTncos 7;? dt

an, 2mnt

T
= /0 ?(1 - COS(QT)) dt
a1

2
2 [T 2mnt
Soan = f/o f(t) cos 7;? dt

Lastly, we will multiply f(¢) by sin(2#nt/7") and integrate to prove (6.6).

T T T %
2mnt 2mnt 2kt 2mnt
/0 f(t)sin 7;71 dt = /0 apSin 7TTn dt + /0 E ag COS 8¥in 7rTn dt

T
k=1
| g 2wkt 2mnt
E b d
+ /0 2 5 SIn T sin T

The first integral evaluates to 0. Inthe second integral, by Theorem 6.1, all
the terms integrate to 0. In the third integral; by Theorem 6.1, all the terms
integrate to 0, except when k.= n.

T T
2mnt 2mnt 2mnt
/0 f(t)sin 7;] dt.. = /0 by, sin 7;” sin 7;” dt

b 2
5"(1 — cos(ZWTnt)) dt

T

2
2 [T 2mnt
Soby = T/o f(t)sin 7;” dt

Notice that we have shown that if f(¢) can be broken up into a Fourier series,
then the coefficients are given by (6.4), (6.5), (6.6). We have not proved that
the sequences of {ax} and {b;} converge. We have also not proved that f(t)
is indeed equal to its Fourier series expansion. |

I
S5~

The Dirichlet conditions are the conditions under which the Fourier series
converges. These conditions are of little interest to an engineering student.
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All practical functions will have a finite number of discontinuities in every
period, a finite number of maxima and minima, and will be absolutely inte-
grable in every period.

Example 6.1. In the graph below z(¢) is a triangular waveform repeating
with a period of 2 s. Find the Fourier series expansion of x(t).

We will analyze z(t) for its Fourier series coefficients in the period from 0

to 2 s. )
1 1
@0 2/033() 2

Observe that the coefficient ag is the average of the signalover its period.

2

2
T — 2/0 x(t) cos(2nmt/2) dt

1 2
= / t cos(nmt) dt'+ / (2 =t) cos(nat) dt
0 1

1 nm 1 2nm
= > Q[xsinm—i-cosm] +~2——2[2n7rsinac—xsina:—cosx
nem 0 n4m o
L)1
n2m?2
0 for even n
—# for odd.n

Next we can obtain'b,, from (6.6).

1 2
b, = / tsin(nwt) dt +/ (2 — t) sin(nwt) dt
0 1
2nm

nm
= {sinx—xcosx} =
0

A [—ancosx—sinx—i-xcosm
ném

n2m?

nm
—nm + 2nT — nw

- n2m?2 (=1)"=0

For the {b,} coefficients, all the integrals evaluate to 0. Finally we have:

1 4 4 4
x(t) = 5”3 cos(mt) — 9.2 cos(3mt) — 2572 cos(5mt) - -
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Definite and indefinite integration, performed with the help of Octave, can
significantly reduce the effort of deducing the Fourier coefficients.

octave:1> pkg load symbolic
octave:2> syms t n
octave:3> assume n positive integer
octave:4> ftl = txcos(nxpix*t); ft2 = (2-t)*cos(n*pix*t);
octave:5> an = int(ft1, t, 0, 1) + int(ft2, t, 1, 2)
an = (sym)
n
2:(-1) 2

2 2 2 2

T n T n
octave:6> ftl = txsin(n*pix*t); ft2 = (2-t)*sin(n*pi*t);
octave:7> bn = int(ft1, t, 0, 1) # int(ft2, t, 1,.2)
bn = (sym) O

The Fourier series expansion can be confirmedswith the helpof Octave.

Program 6.1. fourierseries.m: Confirm:that the Fourier series expansion
in the limit converges to x(t). As the number of terms is increased, the
Fourier series will converge to the triangular z(t).

1 figure(1); clf; hold on; grid on;

2 a0 = 0.5; %ag

3t [0:1e-4:2]; %t

4 x [[0:1e-4:1]4 [1-1e-4:-1e-4:011; % =x(¢)
5 plot(t, x);
6
7
8
9

£ = a0; % fis the Fourier estimate
for k = 1:7 % Number of terms to be used
ak = 2*%((-1)"k~1)/k-2/pi~2; Zay
f = £ + akxcos(k*pix*t); % Update the estimate by ay cos k2mt/2
10 plot (¢, f£) ;¢ % Plot the Fourier-series estimate
11 end

0:8 —
0.6 —
5 0.4 —

0.2 —
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The Fourier series works for discontinuous waveforms. This came as a
surprise to the mathematics community in Fourier’s time, and delayed the
acceptance of Fourier’s work. In the next example, we will obtain the Fourier
series expansion of a waveform with discontinuities, such as a square wave.
Note that to compute the Fourier series coefficients, integration can be per-
formed over any period of f(t). The period chosen may be from 0 to T, or
if convenient, from —7'/2 to +7/2, or can be any other convenient whole

period of f(t).

Example 6.2. In the graph below z(t) is a square pulse repeating with
a period of 2 s. Find the Fourier series expansion of x(t). Assume that the
duty cycle of the wave is 50%.

The first coefficient, ag, is the average of z(t).over a period. In this case,
the average is 0. ag = 0.

2
O = ;/ x(t) cos(n2mt/2).dt
0
15 2.5
= / cos(nmt) dt+/ (—1)eos(nmt) dt
0.5 1.5
15 2.5
= / cos(nmt) dt —/ cos(nmt) dt
0.5
(_1\(+1)/2
_ éﬁ— for odd n
= nw
0 for even n

Similarly, for<b,;, we obtain:
) 2
n = - / o(t) sin(n2rt/2) dt
0

1.5 2.5
= / sin(nwt) dt —/ sin(nmt) dt
0

5 15
= 0

Finally we have:

4 4 4 4
x(t) = — cos(mt) + 3 cos(3mt) — B cos(bmt) + o cos(Tmt) — - -
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Let us now confirm the Fourier series expansion with the help of Octave.

Program 6.2. fourierseriessqwave.m: Confirm that the Fourier series ex-
pansion in the limit converges to z(t). The error at the discontinuity will
decrease as we increase the number of terms, and will only disappear in
the limit as n — oco.

1 figure(1); clf; hold on; grid on;

2 a0 = 0; %aop

3t = [0:1e-4:2]; %t

4 £ = a0; % fis the Fourier estimate

5 to_plot = [1 3 5 7 99];

6 for k = 1:99 % Number of terms to be used
7 if (mod (k, 2))

8 ak = 4*x(-1)"((k+1)/2)/k/pi;

9 else

10 ak = 0;

11 end; %ay

12 f = f + ak*cos(kxpixt);

13 if (ismember (k,to_plot)) plotlt, £f); endif % Plot the Fourier-seriés estimate
14 end
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0.5 — l// Z Wl ———ap---as
c I s W ———ag---ay
//, \\\‘ ——— Qg " - ag9
= 48 / X
Y/ \§
8 . ot N
_ | I W
05 /’////I/ W«
. Wy |
] B R ’/r/A\A I S ]
VW - \_~<>§ Vol >N
[ | | | )
0 0.5 1 1.5 2
t[s]

In the plot, we have shown the fundamental frequency component, the sum
of theterms. after including as, as, a7, and all terms till agg.

As we increase the number of terms, the sum of the Fourier terms con-
verges to the desired profile. However, an error persists at discontinuities.
The error persists at the edges of discontinuity, till the number of terms
becomes so large that the width of the error is negligible. For example, in
Example 6.2, the error at the edge is noticeable even when 99 Fourier terms
have been included. It turns out that the error remains in height, but the
width of the error becomes narrower and narrower as the number of terms
increases. The error at the edges is known as Gibb’s phenomenon, as de-
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scribed in [21] by Willard Gibbs in 1899, and in the limit approaches 9% of
the jump discontinuity. In Example 6.2, the jump discontinuity has a height
of 2 units; Gibb’s error is approximately 0.18 units.

6.3 Waveform symmetries

In Example 6.1 and Example 6.2, notice that all the sine terms, b,,, worked
out to zero. Also notice that a,, also worked out to zero for even values of n.
There are a few short-cuts, and it is often inefficient to work out integrals.

6.3.1 Even functions
In the case of an even function, x(—t) = x(t).

Corollary 6.3. If f(t) is an even function, all Fourier coefficients for sine
components, {b,}, are 0.

Proof. The {b,} coeflicients are given'by (6.6). Since for an even function,
f(t) = f(—t), let us integrate from =7/2 to +1'/2, instead of integrating
from 0 to 7.

T /2 2mnt
by — = ftsin(—)dt
0 7/2
= f(#)sin(2mnt/T) dt + f(t)sin(2mnt/T) dt
—T/2 0
Replacing t with — . in the first integral
0 T/2
= — f(=t)sin(=2mnt/T) dt + f(t)sin(2mnt/T) dt
T/2 0
T/2 T/2
= / — f(=t)sin(2mnt/T) dt + f(t)sin(2mnt/T) dt
0 0
\VY
In the above derivation we used the identity sin(—x) = — sin(x), and applied
f(=t) = f(2). u

Thumb rule. If a function is even, we only need to work out {a,} and all
{b,} are 0.

Examples of even functions were shown in Example 6.1 and Example 6.2.
A few more possible even functions are shown in Fig. 6.1. In Fig. 6.1, the
axis of symmetry (that is the y-axis corresponding to ¢ = 0) is implied. The
functions have only even symmetry.
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Y Y Y Y
LA OLS
N |

|
]

Figure 6.1: Functions with only even symmetry. The axis of symmetry
corresponding to the y-axis or ¢ = 0 axisds implied.
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Figure 6.2: Functions with only.odd symmetry. The axis of symmetry cor-
responding to the y-axis or =0 is implied.
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6.3.2 Odd functions

In the case-of an odd function, z(—t) = —z(t). A few periodic odd functions
are shown in Fig. 6.2. The axis of symmetry is implied in Fig. 6.2 and the
functions are exclusively odd.

The triangular wave and square wave waveforms in Examples 6.1 and
6.2 are even as represented by their ¢ = 0 axes. However, if we remove the
average or DC to eliminate the ag component, and shift the y-axis to t = 0.5,
the functions become odd.

Corollary 6.4. If f(t) is an odd function, Fourier coefficients for cosine
components, {a,}, are 0. The constant term, aq is also 0.
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Proof. First, we will work out the aq coefficient. The aq coefficient is given
by (6.4). We will integrate from —7'/2 to +7/2 to work out the average of
f(t). We will apply f(—t) = —f(t), when required.

T/2
~T/2
0 T/2
= ft)dt + f(t)dt
~T/2 0
Replacing ¢ with — ¢ in the first integral
0 T/2
= — f(=t)dt + f(t)dt
T/2 0

T/2
= [+ s

Next, let us calculate a,, with the help of (6.5). We will integrate from =7'/2
to +77/2.

T T/2

2mnt
ap - — = ft cos(—> dt
2 —1)2 ®) T

0 T/2
= f(t) cos(2mmt/T) dt + F(t) cos(2mnt/T) dt
~T/2 0
Replacing ¢ with — ¢inthe first integral
0 T/2
= — f(=t)cos(=2mnt/T") dt + f(t)cos(2mnt/T) dt

T/2 0
T/2
_ /O cos@ant /TYCF () F(—t)) dt = 0.

Thumb rule. Tn case ‘of an-odd function, only {b,} needs to be worked out.
All {a,}, including a, are 0.

Example 6.3. Evaluate the Fourier series expansion of the saw-tooth
waveform shown in the following graph.

(t)
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M/\/\/\
U_,_H_w
R P
NANAVAVANVE

Figure 6.3: Functions with half-wave symmetry. When shifted by half of a
period, the functions change in sign. The x-axis is implied.

The function is an odd function'and {a,} are 0.. We will need to evaluate

{ba}.
2 1
b, = / tsin(nt).dt
2/
_ ey
nim
. o(t) SR NN 2P &psin(3nt) — — sin(dt) +
R = 7_(_Slnﬂ' 27r SN 27 37r SIN (o7 471' SN\ 47

The sum of the first 20 terms of the Fourier series is shown in the plot below.
Notice the incidence.of Gibb’s phenemena at the jump discontinuity. Gibb’s
error is expected to be'roughly 9% of the jump.

(1)
AT T
o e P O e s

~+Y

2,

6.3.3 Functions with half-wave symmetry

A periodic function always remains the same when shifted by a period. Some
periodic functions change in sign when shifted by half a period. These func-
tions are said to have half-wave symmetry.

Mathematically, f(z+17) = f(x) for all periodic functions. For functions
with half-wave symmetry, f(z + T7/2) = —f(x).
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The functions shown in Fig. 6.3 exhibit half-wave symmetry. One needs
to first subtract out the average (ap) component of the wave, before looking
for half-wave symmetry. The portion of the wave in the first half of the
period needs to be the opposite of the portion of the wave in the second half
of the period.

Corollary 6.5. For a function with half-wave symmetry, Fourier coefficients
for all even order harmonics ({ag, ag, a4, a6 -} and {bg, by, bs - - - }) are 0.

Proof. The second half-period of the wave is the opposite of the first half-
period of the wave. The average of the waveform is 0. ag is 0. Let us now
examine the 2kth harmonic with coefficients aq, and byy.

T/2
T 2w
5 G = /f(t)cos(%?t) dt

~T/2

0 T/2

2 2
_ / (1) cos(2k 2 1) dit / ) cos(2k 2 i
—T/2 0

In the integral for the second half of the period, let us ereate a new dummy
variable, 7, with 7 = t — T'/2..Then dr = dt. Just the integral for the second
half of the period becomes:

T/2

/f(t)cos(ZkQ%t)dt = /f(T+T/2)COS(2k2%(T+T/2))dT
0 )2

e O 2% 2T 4 2k d

ot —/f(T)COS( TT+ ) dr

—T/2

0
= — / f(t)cos(2k2%t)dt
~T/2

Going back to the integral over the entire period, the terms cancel out and we
are left with0. An identical derivation works for the by coefficients, because
cos(0+2km) and sin(642km) are the same as cos 0 and sin 6, respectively. W

Coefficients of all even harmonics in the Fourier series are 0 if the wave-
form has half-wave symmetry. In addition, if the wave is either odd or even,
for example in the illustrations of Examples 6.1 and 6.2, the b, or a,, coeffi-
cients are 0. Waveforms which are both odd/even and half-wave symmetric
are known as quarter-wave symmetric.
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6.4 Exponential Fourier series

The trigonometric Fourier series sine and cosine terms can be combined to-
gether into an exponential series that uses the complex exponential. Coeffi-
cients of the exponential Fourier series are now complex.

Theorem 6.3: If x(¢) is periodic with a period T, then:
x(t) = Z C,edmot, (6.7)

where wq is 27 /T, and C,, is given as follows:

e :
== / (E)eTmot gt (6.8)

T Jo
It is assumed that z(t) complies with the Dirichlet «conditions with finite
number of maxima and minima in‘a period, finite number-of discontinuities

in a period, and is absolutely integrable over a period.

(6.7) can be elaborated, breaking up the complex coefficients and the
complex exponentials. The nth term is (Re[C,] + 7Im[C,])(cos(nwot) +
J sin(nwyt)), which gives Re[C,,] cos(nwgt) — Im{C,,| sin(nwyt) as the real part.
There is also a term for C_,; notice that the summation runs from —oo to
00. The —nth term will similarly give us-a real and imaginary part. If the
C_,, is the conjugate of C},, then the real parts of the nth and —nth terms
add up, while the imaginary parts cancel out.

If (t) is real, then C., is indeed the conjugate of C,,. This can be verified
by observing (6.8). In the case of (), the complex exponential is cos —j sin,
while in the case of €', ; the complex exponential is cos + sin.

Finally, we have the nthand —nth terms of (6.7) combining with each
other as:

Crel™ol £ e im0t = 2 Re[C,,] cos(nwpt) — 2 Im[C,,] sin(nwot)

Looking back at the expression for the trigonometric Fourier series, and com-
paring, we have the following relationships:

a = Cp (6.9)
a, = 2RelC,]=C,+C; (6.10)
b, = —2Im[C,]=C!—-C, (6.11)
C, = (a,—jb,)/2, forn>0,and C_, =C; (6.12)

No further proof of Theorem 6.3 is offered, since the results are identical to
those of Theorem 6.2.
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Figure 6.4: A square wave between 0 and 1, with a period of 1 s, and a duty
cycle of n.

6.5 The square wave

The square wave is a very common periodic signal; often the Fourier series
expansion of the square wave is required. In this section, we will analyze the
square wave in detail.

x(t), shown in Fig. 6.4, is a square wave with aperiod of 1 s, high and low
levels of +1 and 0, respectively. z(t) has & duty eyele of n. z(t).is+1.from
t =-—n/2 ton/2, and 0 from 7/2 to 1 =n/2. Let us obtain the exponential
Fourier series for x(t). Notice that ¢t = 0 has been .adjusted such.that the
function is even.

A period of 1 s corresponds to wy of 2r rad/s.

1
Cp. = /x(t)e_ﬂmt dt
0

n/2,
— / e J 2mnt dt
~n/2

sin(nmn)
——,

Q >y lorn #0 (6.13)
7, forn=20

Since the function is.even, €}, has worked out to be purely real. If we
had worked out the trigonometric Fourier series, a, would be 2Re[C,], or
a, = 2sin(nan)/(na), and ay = n, while b, = 0.

A second observation of our result in (6.13) is in the Cj coefficient. If
n is allowed to be a real number and not just an integer, then in the limit,
as n — 0, sin(nmn)/(7n) becomes nothing but 7. This means that the two
cases in (6.13) are, in the limit, the same.

6.5.1 Change in timing

The square wave can always be shifted to be an even function. The axis of
symmetry can be placed either at the middle of the 4+1 duration, or at the
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middle of the ‘zero’ duration.

The fundamental frequency in the Fourier series expansion is the inverse
of the period of the waveform. Changing the period does not affect the
coefficients, as such, but affects the overall Fourier series expansion. The
frequencies of the cosines and sines have their fundamental frequency as that
of the waveform.

6.5.2 Change in values of states

If the square wave is not between 0 and +1, but between two_other states
(with a difference of 1), only the average of the waveform changes, As such,
the value of Cy = ag needs to be re-evaluated. For example, if-the square
wave is between —0.5 and +0.5, Cy = ag will work out as the new average of
the waveform; all other coefficients will remain the same.

If the two states of the square wave change such that the difference is not
1, the amplitudes of the coefficients will scale.

Example 6.4. Evaluate the Fourier series coefficients for a square wave
between —0.1 and +2, with a duty cycle of 0.4. “The period of the wave is
1 ms.

In one period, the square.wave is at —0.1-for 0.6 times the period and at
+2 for 0.4 times the period. The average of the square wave is therefore:

Co=ap=—-01x0.6+2x04=0.74

Next, we can.evaluate the other coefficients. For a square wave with duty
cycle 0.4 and period of 1°s, the coefficients are sin(0.4nw)/(nm). The am-
plitude ‘of the. squareswave has increased from 1 to 2.1. Therefore, the
amplitiides of the coefficients will scale 2.1x. Finally, we have:
in(0.4
2.1751n( mr), for n # 0

C, = nmw
0.74 forn=20

The Fourier series expansion is as follows:

>, sin(0.4n7)
2(t) = 0.74+ 4.2 “————= cos(2mn - 1000¢)
o nm
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Figure 6.5: sinc(x)

6.5.3 The sinc function
Definition 6.2 (The sinc function):

sin x

for & # 0
1 forx =0

sinc(z) =

The above definition of the sinc function, used in this text, is the unnor-
malized sinc function used in Mathematics [22].

The Fourier series coefficients of a square.wave are related to the sinc
function. For example, in case of the waveform of Fig. 6.4, the coefficients
are nsinc(nmn) for all n including n = ©0.© A plot of sinc(z) is shown in
Fig. 6.5.

When z is an integral multiple of 7, (except at'x = 0), the sinc function
is 0 because sin(z) is 0.  The sincfunetion has a central lobe, and several
side lobes. The amplitude ofithe side lobes.decreases as 1/|x|, whereas the
central lobe has an amplitude of 1..In Fig. 6.5, the values at odd multiples of
7/2 are indicated. These points are the approximate maxima and minima
of the function.

6.5.4 Discrete spectra

A plot of the Fourier coefficients of a waveform is known as its spectrum.
The spectrum is often plotted for the coefficients of the exponential Fourier
series, |Cy|. Only the magnitude is plotted, since C), is otherwise a complex
number. The x-axis is chosen as w = n27 /T = nwy.

The spectrum of the waveform corresponding to Fig. 6.4, with n = 0.4
is shown in Fig. 6.6. The spectrum is the set of lines. In Octave, such a
plot is generated with the stem command. It is possible to reconstruct the
waveform from the spectrum of the waveform (as long as phase information
is also known for each C,,). For each point in the spectrum, we use a cosine
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Figure 6.6: Spectrum of the square wave of Fig. 6.4. The duty cycle is 0.4.
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Figure 6.7: Expansion or<compression of the sine function with duty cycle,
7. The coefficients are samples of the sinc function at wy, 2wy etc. The entire
set of coefficients need to be further scaled by a factor n, if the two states of
the square wave are 0 and 1.

with the amplitude given by the height of the point and the angular frequency
given by the value of w.. We add all these cosines to reconstruct the waveform
from its spectrum.

The sinc function is.shown in the background of Fig. 6.6. The Fourier
series coefficients are-samples of the scaled sinc function.

If we change the two states of the square wave, the Cj coeflicient is to be
adjusted as the new average in one period, and all other coefficients are to
be scaled by a factor that is the difference of the two states.

If the period of the waveform (or fundamental frequency of the square
wave).changes, the entire w-axis of the spectrum is scaled. The coefficients do
not change; the shape of the sinc function remains the same, the amplitudes
do not change; only the w-axis is scaled by a factor that is the fundamental
frequency of the square wave. The values of frequencies on the w-axis in
Fig. 6.6 are simply to be re-labeled.

The other factor that may change in the square wave is its duty cycle, 7.
A change in 7 stretches or compresses the sinc function in the background of
Fig. 6.6. This will change the values of the coefficients. For example, when
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n = 0.5, or the duty cycle is 50%, the waveform has quarter-wave symmetry.
In such a case, the sinc function compresses from that of Fig. 6.6, and all the
even harmonics, Cyq, Cyy, etc., fall on the zero crossings of the sinc function.

Fig. 6.7 shows the sinc function as it compresses and expands with dif-
ferent values of 1. For a square wave between 0 and 1, the set of exponential
Fourier series coefficients, {C,,}, are samples of this sinc function multiplied
by 7.

Observe the following in Fig. 6.7.

e When 7 = 0.5, the even harmonics are all zero. For a 50% duty cycle;
the waveform has half-wave (and quarter-wave) symmetry. As such;all
even harmonics become 0.

e In the limit, when 7 is increased to 1, that is, when the square wave
becomes a constant 1 (and does not come back to 0 at all); the Fourier
coefficients are 0 for all the harmonics. Only the C coefficient remains.

e In the other limit, when 7 decreases to 0, the first lobe of the spectrum
expands and covers all frequencies. However, . remember that the entire
spectrum also needs to be scaled by n. When 7 is-0, the entire spectrum
will become a flat line.at 0.

e When 7 is 1/3, the 3rd harmonic (and 6th, 9th; ...harmonics) are 0.
When 7 is 1/4, the 4th (and 8th; 12th; ...harmonics) are 0. When 7
is 1/5, the 5th harmonic (and 10th ...) are 0.

6.6 Steady state response of a network

A periodic signal can be broken up into a fundamental frequency and its
harmonics. For example, a periodic square wave voltage source can be dis-
mantled into a voltage source at the fundamental frequency in series with
voltage sources at each of the harmonics. The response of a linear network
to the combination of these sources at the fundamental frequency and its
harmonics can now be evaluated through superposition.

6.6.1 Case study: oscilloscope probes

Almost any Electrical Engineering laboratory, or any laboratory in which
electrical signals are measured, has an oscilloscope. Along with an oscil-
loscope one uses oscilloscope probes to measure and display signals on a
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screen. You would have used one too. Oscilloscope probes are fairly expen-
sive. Handle them gently. The circuit in Example 6.5 is the circuit inside an
oscilloscope probe.

Example 6.5. The RC circuit shown below is excited by a square wave,
Vin(t), between 0 and 5 V, with 50% duty cycle and 1 kHz frequency. Find
the steady state response of the circuit. R, is 9 M2, Ry is 1 M2 and Cj, is
90 pF. Evaluate the response, vy, (t), when (a) C, is 5 pF, (b) C, is 10 pF,
and (c) C, is 20 pF.

C

R +
Vin (t) % Rb - Cb Vout (t)

The fundamental frequency is 1 kHz which gives wg = 20007 rad/s. vin(t)
can be broken up as a Fourier series as follows:

o . 2 o0 )
vin(t) = 2.5 148 Z % cos(nwpt) = 25 Z sinc(nr/2)el ™ot

This corresponds toseveral voltage sources in series. We can now use
superposition, evaluate the response to each of these voltage sources, and
finally sum up the responses:

Let us work in the phasor.domain to evaluate the response at any given
frequency. Thetransfer function, V,,:(jw)/Vin(jw) is given as follows:

Vit (705) Ry || sacy

Gl Ra ll 700 + Fo [l 725
Ry, 1+ jwCyR,
" Ra+ Ry 1+ jw(Cy+ Cy)Ral

Ra, +Rb

Each Fourier series coefficient, C,,, will be amplified by the above transfer
function to give us the corresponding Fourier series coefficient of vy ().

25R 1+ jnwoCy R ;
il Zsmc nm/2) - Lt eIt

1+ jinwo(Ca + Cs) g
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Program 6.3. rccsqwave.m: Evaluation of vy (t) using Octave.

Ra = 9e6; Rb = 1e6; Cb = 90e-12; % Component values
Cal = 5e-12; Ca2 = 10e-12; Ca3 = 20e-12; % Three cases
n = [-100:100]; % Index of cn; DC, fundamental and upto 100th harmonic.
cn = 2.5xsin(n*pi/2)./(nxpi/2); % cn coefficients for given vy (t)
cn(find (n==0)) = 2.5; %co for vin(t)
w0 = 2xpi*ile3; % Fundamental, wo
w = n*w0; %w
Zstem(w, cn); Stem plot for line spectra
dni=cn*(Rb/(Ra+Rb)) .*(1+j*w*Cal*Ra)./(1+j*wx(Cal+Cb)*Ra*xRb/(Ra+Rb));
dn2=cn*(Rb/(Ra+Rb)) .*(1+j*w*Ca2*Ra) ./ (1+j*w*x(Ca2+Cb)*Ra*xRb/(Ra+Rb)) ;
dn3=cn*(Rb/(Ra+Rb)) .*(1+j*wxCa3*Ra) ./ (1+j*w*x(Ca3+Cb)*Ra*xRb/(Ra+Rb)) ;
% dn1,dn2,dn3: Fourier coefficients for cases (a), (b), (c)
t = 0:2e-6:1e-3; %t. Step size to be at lower than 1/maz(n)*T
voutl = 0; vout2 = 0; vout3d = 0; 2% Initialize vout(t) in cases a,b,c
vin = 0; % Initialize viy (t)
for k=1:length(n) % For each index
% Add corresponding cnel®t and d,eI®t
vin = vin + cn(k)*e. (j*xw(k)*t);
voutl = voutl + dnl(k)*e. (j*w(k)*t);
vout2 = vout2 + dn2(k)x*e.  (j*w(k)*t);
vout3 = vout3 + dn3(k)*e. (j*xw(k)*t);
end;
figure (1); clf; % Create and clear a plotawindow
plot (t, vout1l); hold on; % Plot vout for case (a). Do not erase.
plot (t, vout2); % Plot vout for casei(b)
plot (t, vout3); % Plot vout for case (c)
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The square wave input gives assquare wave output when C, is 10 pF.
When C, is 20 pF; there is considerable overshoot and undershoot. When
C, is 5 pF, the response is.damped. All three responses have half-wave
symmetry, because. all even-order harmonics in the input signal are zero.

There is atiny screw on the oscilloscope probe that one can adjust to ob-
tain a precise square-wave response to an input square wave. The oscilloscope
itself provides a reference square-wave signal that is used to compensate
the probe.

The values given in Example 6.5 are very realistic. The oscilloscope input
impedance is usually 1 MQ (Rp) in shunt with some capacitance (Cj) in the
vicinity of 100 pF. A 10X probe will have a series 9 M2 resistance (R,) with



224 UNIT 6. FOURIER SERIES AND TRANSFORMS
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Figure 6.8: A full-wave rectifier with an R-L load. When v(¢) is positive, D;
and D3 conduct. When v(t) is negative, Dy and Dy conduct.

UAB(t)
o

T sra 12 1/a 0] Tl T2roslAs, T [s]

Figure 6.9: Full-wave rectified voltage. In thecircuit of Fig. 6.8, vap(t) is
shown assuming ideal diodes.

a tun-able shunt capacitance (C,). The test signalin a standard oscilloscope
is a 0-5 V square wave (vi(t)), with a 50% duty cycle, at 1 kHz.

Once the probe is compensated correctly, the measurement system will
provide a 10 M input resistance (along with a capacitance that is the series
combination of Cy and Cy)." A high input impedance will not disturb sensitive
voltage measurements:

Did you know that the oscilloscope is used
to ameasure-only periodic signals? Scan the
QR-code, and learn more about the oscillo-
scope and its probe.

6.6.2 Case study: full-wave rectifiers

A very common non-linear circuit is a voltage rectifier. Let us use the Fourier-
series method to analyze the ripple content in the output current of a full-
wave rectifier, shown in Fig. 6.8.

For a voltage amplitude that is much larger than the cut-in voltage of
the diodes, we can assume that the diodes are ideal. The voltage profile of


https://web.iitd.ac.in/~shouri/electriccircsnetworks/probes.html
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vap(t), the rectified voltage across the load, is shown in Fig. 6.9. First, we
will expand the voltage vap(t) as its Fourier series.

I :
On == ?/0 UAB(t)e_]nwot dt

1 T/2 A 1 T ‘
T / Vo sin(wot)e ™" dt + — / Vo sin(—wgt)e 7m0 dt
T Jo T /2
2V
———— forevenn
= < 7(1—n?
0 for odd n

Notice that the Fourier coefficients for all the odd harmonics are-zero be-
cause vap(t) is periodic with 7/2 and the fundamental frequency is 2wy.
Also, notice that all coefficients are real because the function was éven. The
trigonometric Fourier series will only have cosine terms. The DC component,

Cy is 2Vp /.

Wy — 1
1 —4k2

=—00

. eijth

ovap(t) =

The voltage v4p can be visualized as a series combination of several sinu-
soids at 2wy and its harmonies, as given-above. Atan angular frequency of w,
the impedance provided by the load'is Ry + jwkLy. At 2kwg, the impedance
is Ry, + j2kwoLy. Therefore we have.i(t) as-follows.
iR 1 1
A ST =4k Ry + j2kwoly

3 ej?kwot

i(t)

Program 6.4.fullwaverect.m: Evaluation of i(¢) in the full-wave rectifier
using Octave.

Vo
RL

110; w0 =:100*pi; % Input voltage v(t)

1; LL =5e-3; % Rr, L

t [0:5e-5:40e-3]; %t

n [-100:100]; % Index

vABt = 0; it = 0; Z%Initialize vap(t) and i(t)

for k=1:length(n) % Sum the Fourier coefficients
vABt = vABt + 2xVO/pi*(1/(1-4*n(k)"2))*e. (2*n(k)*j*w0*t);
it = it + 2%V0/pi/(1-4*n(k)"2)/(RL+2*xj*n(k)*wO*LL)*e.  (2*n(k)*j*wO*t);

end;

figure(1); clf; plot(t, vABt); hold on; grid on;

plot (¢, it);
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120

vag(t) [V], i(t) [A]

t [ms]

Figure 6.10: Full-wave rectified voltage and current through an RL load. The
input voltage is of amplitude 110 V and frequency 50 Hz. R; and Lj are
1 ©Q and 5 mH respectively.

The waveforms from Prog. 6.4 are plotted in Fig. 6.10, for an input voltage
of 110 V amplitude and 50 Hz frequency, and a load of 1 €2 in series with
5 mH. The voltage across the resistance is not a rectified sinusoid any more,
but a somewhat skewed 100-Hz sinusoid with an average of 2/7 times the
input amplitude.

6.7 Power in a periodic signal

6.7.1 Series or shunt RC or RL loads

Power consumed in a load is always the effect of the resistive part of the
load. The inductive or capacitive part of a load does not consume power.
As an illustration, let.us analyze the power dissipated in Rj, of Fig. 6.8. The
current, i(t), through Ry is given in Fig. 6.10. The power consumed by the
load is therefore:

P = (i(t))*R;

To compute the average power in the load, it will therefore suffice to only
study-the mean-square current through a series R-X load, or the mean-square
voltage across a shunt R-X load.

If 2(¢) is periodic with a period T, then it may be represented with a
trigonometric Fourier series, with coefficients {a,} and {b,}.

00 2
N - [GO + Z{an cos(nwot) + b, Sin(nwot)}

n=1

When we evaluate the average of (x(t))? over a period, all the cross terms
integrate to zero, because of Theorem 6.1. Only the square terms need to be
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averaged over the period.

S 1 T
a2 = aj+ Z T / {a? cos?(nwot) + b2 sin® (nwot )} dt
n=1 0

The square terms, each, can now be split into a component at DC and a
cosine at 2nwy. The cosine at 2nw, integrates to zero over one period and
only the component at DC remains.

LT = Y ()2
n=1
We can relate the above expression to the coefficients of the exponential
Fourier series with the help of (6.9), (6.10), (6.11), (6.12). (a2 + b%)/2 is
nothing but |C,,|?. a2 is C2.

=) |G, (6.14)

n=—0oo

Corollary 6.6 (Parseval’s equality). The mean square of a periodic signal
over a period is the sum of the magnitude-squares of-all its:exponential
Fourier series coefficients.

Proof. We have proved thisdn (6.14). [ |

The average power in-a resistor R, is therefore given as follows:

PLEL GO R = Ri S0 Jinl

nN——00

where {i,} are the set of exponential Fourier series coefficients of the current
through Ry.

Example 6.6. A 110,V 50 Hz sinusoid is rectified with a full wave rectifier.
What is the power in'a 50 € load?

The rectified voltage is of the form:

220 & 1
A i Jk2wot
vL(t) o 1—ak2°€
k=—o00
Therefore, the mean-square voltage is:
— 2207 & 1 2202 n?
VL= 3 — a2 - 2 %
T = (1 —4k?) T 8

Finally we obtain the average power as 11 W.
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v(t) Load

Figure 6.11: The voltage across the network is v(¢) and the current going
into the network is i(¢). i(t) and v(t) have a period of T.

6.7.2 Any general load

Let us now analyze the power in a load which cannot be resolved. as-a sim-
ple series or shunt network. Let us assume {v,} are the coefficients of the
exponential Fourier series of the voltage across the load and {i,} are the
coefficients of the exponential Fourier series of the current through the load.
Let us formalize our problem statement with the help of Fig.-6.11.

v(t) = Z VU, 700
it) = Z i €0
P =uwt)i(t) = ( > vneﬂ’"wot)( > z’nejnwot) (6.15)

The average power over a period is our main interest. The average of any
term like C, /0! oveér a period of T = 27 /wy is zero, as long as n # 0. If
n = 0, the average. of C,e’™°! is C,,. The nth term in the first sum can
combine with the —nth term in the second sum to give v,7, and provide
a non-zero average. All other product terms average out to zero. Refer to
(6.12) for the relationship between the nth and —nth coefficients.

P = wgio+ Y (Ui + v nin) (6.16)

n=1

o
= woio+ Y _(ni}, + v}in)

n=1

= woip+ Y 2Re[v,iy] (6.17)
n=1
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The form of (6.16) is convenient if we have the exponential Fourier series for
the voltage and the current. The form of (6.17) resolves further as the prod-
uct of the rms voltage at each frequency, the rms current at each frequency,
and cos ¢ at each frequency (¢ is the angle between the voltage and current
phasors). Refer back to (4.6); at each harmonic the voltage and current
phasors can be used to obtain the power.

Thumb rule. Break up the voltage and the current into different frequencies.
The total power consumed is the sum of the powers consumed at each indi-
vidual frequency. The cross terms do not contribute because of orthogonality.

Example 6.7. The voltage across a load and the current through'the
load are:

v(t) = 110cos(wot) + 20 cos(3wot — 77/3) + 3 cos(bwot + 7/3)
i(t) = 4cos(wot —m/6) + 0.1 cos(Bwot) + 0.01 cos(bwpt + 7/4)

What is the average power delivered to the load? What is the percentage
harmonic content in the average/power?

At the fundamental frequency the voltage is~110 cos(wot) and current is
4 cos(wot — m/6). Therefore the power is 110 x 4 xcos(w/6)/2 or 190.5 W.

At the third harmonicgthe voltage.amplitude is.20 V, the'current amplitude
is 0.1 A, the phase difference is /3. The power.in the third harmonic is
20 x 0.1 x cos(m/3)/2 0or'0.5 W.

At the fifth harmonic, the voltage amplitude is 3 V, the current amplitude
is 0.01 V, the phase difference is w/12. The power in the fifth harmonic is
3 % 0.01 x cos(mw/12)/2-0r 0.014 W.

The total average power delivered to the load is 191.014 W. The percentage
of the power in the-harmenics is 0.27%.

6.8 The Fourier transform

As the period of the signal increases, in the limit, as 7" — oo, the Fourier
series resolves into the Fourier transform. In Fig. 6.7, we saw how the Fourier
coefficients evolve as we change the duty cycle. Let us now observe how the
Fourier coefficients evolve as we change the period.

In Fig. 6.12(a) shows a 50% duty cycle square wave which is 1 from 0.5 s
to 1 s and has a period of 1 s. As we increase the period, without changing
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Fourier
series
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Figure 6.12: Fourier coefficients as the period.changes. The waves are all of
height 27 from 0.5 s.to 1 s. (a) Fourier coefficients of a wave with a period
of 1 s. (b) Fourier coefficients of & wave ‘with ‘a-period of 2 s. (c) Fourier
coefficients of a-wave with a period of 4 s.

the shape of the wave, the fundamental frequency decreases and the Fourier
coefficients become denser. In the-limit, as the period becomes infinitely
large, there are Fourier coefficients at every frequency.

The exponential Fourier series coefficients of a periodic wave are given as:

1 (T2 _
G, = —/ z(t)e 7™t dt
T J 1)

Let us examine the quantity 7°'C),. In the limit, as T — oo, we have:

TC, :/ x(t)e It gt

oo

In the above expression, let us define nwy as w. Further, let us define T'C),

as X (jw). Then:

Definition 6.3 (Fourier transform): The Fourier transform of a signal ()
is written as X (jw), where:

X(jw) = /OO x(t)e 7 dt (6.18)

o0
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We can reconstruct the signal z(t) from its Fourier coefficients. We have:

x(t) = i C,,elmeot

n=—oo

1 — . 21
- TOn Jjnwot =7
2w Z © T

n=—oo

Now we replace T'C,, as X (jw), nwy as w, and 27/T as wy.

1 o
sox(t) = - Z X (jw)e wy

n=—oo

In the limit, as 7" — 00, wy = 27/T will become dnfinitesimally small; let us
rename this as Aw.

In the limit the sum becomes an/integral.

Definition 6.4 (Inverse Fourier transform): The inverse Fourier transform
of X (jw) is given as x(t), with:

x(t) = % /OO X (jw)e’ dw (6.19)

The Fourier transform (6:18) and the inverse Fourier transform (6.19)
form a consistent system. The Fourier transform for a signal converges if the
signal is absolutely integrable (sufficient, but not necessary). The derivation
given in this discussion is net rigorous; for a full derivation the reader is
referred to [20].

6.8.1 Relationship with the Laplace transform

Notice the similarity between the Fourier transform of (6.18) and the Laplace
transform of (5.1). In case of the Laplace transform, jw is replaced by s. The
integral is taken from 0 to oo in the Laplace transform, as opposed to —oo
to co. However, in our discussion of Laplace transforms, we worked with
signals that were always 0 for ¢ < 0. The Fourier and Laplace transforms of
such signals are identical, with only a replacement of the variable jw with s.

The inverse Fourier transform given in (6.19) is also very similar to the
inverse Laplace transform integral given in (5.3). In case of the Laplace
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transform, the signal is restricted to be 0 for ¢ < 0. For the Fourier transform
there is no such restriction. The factor u(t) at the end of (5.3) is not required
in the inverse Fourier transform. A simple replacement of s with jw, and an
integration along the jw axis with ¢ = 0 will change the inverse Laplace
transform into an inverse Fourier transform.

The Fourier transforms of the functions in Tab. 5.1 are mostly identi-
cal, with a simple replacement of s with jw. Fourier transforms can be
deduced for other functions for which Laplace transforms cannot be con-
structed, specifically functions which exist before ¢ = 0. Periodic functions
can only be treated with Fourier transforms (and Fourier series); but not
with Laplace transforms. On the other hand, Laplace transforms can handle
initial conditions, which Fourier transforms do not.

A circuit with initial conditions has to be analyzed with Laplace trans-
forms. The homogeneous response and the steady-state response are both
evaluated together with Laplace and inverse Laplace transforms. . On the
other hand, a circuit which is in steady statecan be analyzed with the help of
Fourier transforms. Only the steady-state response is.evaluated with Fourier
and inverse Fourier transforms; the homogeneous response.cannot be evalu-
ated with this technique.

6.8.2 Properties of Fourier transforms

A table of Fourier transform pairs that cannot be evaluated with Laplace
transforms are given in Tab. 6.1.A few important properties of Fourier
transforms are listed below. The readeris encouraged to prove all of these.
In the interest of brevity, the proofs will be omitted from this text.

Fourier transform at DC: The Fourier transform of x(t) at w = 0 is the
total area under «(¢).

Linearity: Fourier transforms are linear. Both superposition and homo-
geneity are valid for Fourier transforms.

Convolution: Convolution in the time domain is equivalent to multiplica-
tion in the frequency domain. This allows us to use the frequency
domain for working out responses of a system to different signals.

Multiplication: The Fourier integrals are duals of each other. As a result,
multiplication in the time domain is equivalent to convolution in the
frequency domain, with a factor of 1/(27) in the frequency domain.

Time shifting: A time shift or delay by ¢, is the same as a convolution with
§(t—tp). As such, the Fourier transform is to be multiplied with e=/f.
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Table 6.1: Fourier transform pairs. These are in addition to the Laplace
transform pairs of Tab. 5.1, where a replacement of s with jw will give us a

Fourier transform pair.

Name f(t) F(jw)
Delta o(t) 1
Constant 1 216 (w)
Delayed delta a(t —to) e Jwto
Complex exponential elwot 270 (w — wp)
Cosine cos(wot) T{d(w — wp) + 0(w A~wo)}
Sine sin(wot) “jr{d(w — wp) = d(w.+wo)}
Fourier series Z C,einwot 2m Z 00 (w' = nwp)
Impulse train i it —=kT) < i d(w.=~ 27r_n)
b k=—o0 T n==—00 T
Unit st (t) ()
nit step u ) T (w
Rectangular pulse | w(t +T) — u(t — T) 2T sinc(wT)
: W,
Sinc — sine(W/t) u(w+ W) —ulw—W)
™

Differentiation in time: Differentiating in time is equivalent to a multi-
plication by jw in the frequency domain.

Integration in time: The Fourier transform of fjoo z(t)dt is X (0)d(w) +
X (Jw)/(jw). In words, a delta at DC corresponding to the area under
x(t), and the Fourier transform of z(t) divided by jw.

Energy: The energy in the signal, f‘ x(t)|? dt, over the entire duration of the
signal is the energy in the frequency domain scaled by 1/(27). This is
Parseval’s relation.
| dt = — X(jw)|*d

| leoPa= 5 [ xGeR
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Fourier transforms its inverse, derivations
of the properties of Fourier transforms, and
commonly used Fourier transform pairs.

Example 6.8. In the circuit shown below, the voltage source v, (t).is

given. Determine the amplitude and phase spectra of the output, ve,i(t).
1F

Vin (t)
+ Vo
Uin(t> 10 Uout(t)

- -1 ol T

=

The Fourier transform of the input, v;,(t), can be worked out .as:

Vi (i -V r 1_@ —jwtd
in(jwy = Vo T( T)e l

- Vialjw) S VoTsinc?(wTy2)

The transfer function of the circuit is:

‘/out(jw) _ jw
Vin (jw) 1+ jw
VoG = AT sinc? (wT'/2) - j—u;w
w
or; |Vou(jw = VT sinc?(wT/2)———
| t(] )| 0 ( / )m
and LV,5lw) = 7/2 —tan"lw

6.9 <~ Unit summary

e Cos and sin functions at a frequency and its harmonics are orthogonal.
The set of functions can be used to describe any periodic function.

e A periodic function can be broken up into its Fourier series. The Fourier
series comprises of sines and cosines at the fundamental frequency and
all its harmonics. The Fourier series can also be written as a sum of
complex exponentials at the fundamental frequency and its harmonics.


https://web.iitd.ac.in/~shouri/electriccircsnetworks/fourier.html
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The class of functions that can be analyzed as a Fourier series is very
broad. All practical functions are covered. Functions that are (a) not
absolutely integrable within the period, (b) have an infinite number of
maxima and minima within the period, (c¢) have an infinite number of
discontinuities within the period cannot be analyzed as a Fourier series.

There is an error between the sum of terms in the Fourier series and
the periodic function at the points of discontinuity. This is known as
Gibb’s phenomenon and amounts to approximately 9% in amplitude
around the points of discontinuity. The width of Gibb’s error reduces
as the number of Fourier terms increases.

The Fourier series for even functions comprises only of cosine terms.
The Fourier series for odd functions comprises only of sine terms.

For functions with half-wave symmetry, f(z + T/2) = —f(x). .Such
functions do not have any even harmonics.

The exponential Fourier series is related to - the trigonometric Fourier
series. The cosine coefficient, a,, s 2 Re[C,]. The sine coefficient, b,
is —2Im[C,,]. Further, the exponential Fourier series coefficients have
conjugate symmetry, i.e., C_,, = C¥,

The sinc function is ordinarily sin(z)/x. At.z = 0, sinc(0) = 1.

For a 0 to 1 square wave, the Fourier series coefficients, C,,, are given
by 7 sinc(nmn), where npis the duty cyele of the square wave.

A periodic function comprises of a DC, a fundamental frequency, and
its harmonics. The Fourier coefficients of the function can be described
in a plot with-discrete'points at the different frequencies.

For circuit  analysis, a periodic input can be analyzed as its Fourier
series. Thetransfer function of the circuit multiplies the individual
Fourier coefficients, and the Fourier series at the output is obtained.

Parseval’s relation: The mean-square of a periodic signal is the sum of
the squares of all its exponential Fourier series coefficients.

As the period of a periodic signal increases, the fundamental frequency
decreases. In the limit, all frequencies appear in the spectrum of a
non-periodic signal. The Fourier series sum is converted into a Fourier
transform integral in this limit.
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Fourier transforms are closely related to the Laplace transform. For
signals that are undefined for ¢ < 0, the Laplace and Fourier transforms
are identical. The Laplace transform method is used to analyze circuits
where both the homogeneous and steady-state responses are required.
For circuits in steady state, (no zero-input response), the Fourier series
/ Fourier transform method is required.

6.10 Exercises

6.1

6.2

6.3

6.4

6.5

6.6

6.7

Multiple choice type questions

A function sin(5wot 4+ 7/3) has a fundamental frequency: of
(a) wo rad/s (b) wo/(27) Hz (c) bwo Hz (d)5wo/(27) Hz

The Fourier series of a square wave with 50% duty cycle will.have no
(a) sine components (b) cesine components - (¢) even harmonics (d) odd
harmonics

A 0 to 5 V saw-tooth waveform is expressed as a Fourier series. In every
period, the waveform ramps from 0 to 5V over the entire period, and then
abruptly jumps back to 0 at the beginning of the next period. The Fourier
series sum.will exhibit an error at the discontinuities of

(a) 45 mV (b) 450 mV (c) 25V (d)5V

The voltage across a 50 2 resistor is 3 cos(wot) + sin(3wot) — 0.1 cos(5wyt).
The power dissipated in‘the resistor is:
(a) 10.01 W (b) 5.005 W (¢) 200.2 mW (d) 100.1 mW

Short answer type questions

The exponential Fourier series coefficients for a periodic even function are
, while the exponential Fourier series coefficients for a periodic odd
function are

The Fourier transform of a voltage, v(t), is V(jw). What are the units
of V(jw)? What are the units of the Fourier series coefficients (if v(t) is
periodic)?

In the waveform sketches of Fig. 6.13, deduce the different kinds of symmetry,
if any, in each waveform. Shift the ¢ = 0 point to any convenient location to
achieve symmetry.
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Figure 6.13: Waveforms for exercises 6.7 and 6.8.

Numericals and long answer type questions

Evaluate the Fourier series coefficients for the signals shown in Fig. 6.13:
The waveforms are only shown for one period.

A non-linear circuit block behaves as a system with-an input-output rela-
tionship given as y = ax® 4 bx? + cx + d, where y is the output and z ig'the
input. If the input is V{ cos(wt), express the output. as.a Fourier series. If
the input is Vp cos(wit) + Vj cos(wat), what will be the output? Express the
output as a sum of cosines (or-complex exponentials).

A non-linear circuit block behaves as a system with an‘input-output rela-
tionship given as y = a3 4 bx? + ex 4.d, wherey is the output and z is
the input. Prove that if we increase the input amplitude by 1 dB, the 3rd
harmonic content 4n the output will'increase-by 3 dB, and the 2nd harmonic
content in the output will increase by 2 dB.

Develop the Fourier series for a half-wave-rectified sine wave. Shift the time
axis to a point such that ‘the waveform is even.

A 50% duty cycle square wave at1 Hz from -1 V to +1 V is applied across
an RLC series cireuit, with 0.1, inductance of 0.16 H and capacitance of
0.16 F. Evaluate the voltage waveform across the resistor.

An RF power amplifier-circuit comprises of a (controlled) current source, and
an RLC circuitras shown in Fig. 6.14. In practice, the (controlled) current
source is designed with a transistor. In one period, i(t) is defined as follows.
) I,(cos(wt) — cos @) for |t| < ¢/w,

VA =
0 for |t| > ¢/w

First evaluate the Fourier series corresponding to i(t) for arbitrary values of
¢ and I,. Find the power delivered to Ry, at the fundamental frequency, if
Ry, =509, L=1mH, C=1uF, ¢pisn/3, I, is 2 mA, Vp is 5 V, and wy
is 10° rad/s. Find the total power dissipated by the current source.
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Figure 6.14: Circuit schematic for exercise 6.13.

6.14 The current through a diode, ip = Io(e"?/*T — 1), where Iy and vy are
constants, and vp is the voltage across the diode. Expand the exponential
as a series and curtail ip to its five leading terms. If vp(¢) is Leos(wgt); find
the Fourier series of ip(t). Ip is 1 pA, vr is 25 mV. Plot the estimated ip ().

Know more

Historical profiles

Joseph Fourier (1768 to 1830) was a French mathematician and engineer.
The Fourier series and transform, named after him, have profound applica-
tions in Electrical Engineering; in the analysis of periodic signals and heat
transfer. It is also well known that Fourier discovered the greenhouse effect,
a phenomenon that can now alter the-course of human history.

Fourier was a contemporary of Laplace, although the course of his early
life was very different. The son of a tailor, Fourier was an orphan at the
young age of nine. He was brought up and educated through the Benedectine
Order of the Convent. of St.-Mark. He took a prominent part in the French
revolution and was with Napoleon as a scientific advisor. Napoleon appointed
him as the governor of Isere, a department of France in the Alps region. He
worked on heat propagation, even while involved in administrative activities.
Fourier’s mame. is inscribed on the northeast side of the Fiffel tower.

Understand in depth

Fourier series and Fourier transforms are covered in detail in most standard
text books on signals and systems. The student is referred to:

1. Signals & Systems, by Alan V. Oppenheim, Alan S. Willsky, and S.
Hamid Nawab, Prentice Hall, chapters 3, 4.

2. Signals and Systems, by Simon Haykin and Barry Van Veen, John
Wiley and Sons, chapter 3.
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Two-port networks

Unit specifics

In this unit we have discussed the following:
e Two port networks and terminal pairs
e Various two port parameters: Z, Y, H, G, T
e Relationship between two port variables, Z,Y, H, G, T

e Interconnection of two port networks

Rationale

Two-port networks-are the starting point of general multi-port networks.
The unit will help students formalize their understanding of multi-port net-
works. In the unit, we first discuss the different sets of two-port parameters.
This is followed by developing relationships between the parameters, and an
understanding of when to use which parameter set. The input and output
impedance of a two-port network, and the transfer function of a circuit with
a two-port network are derived. Specific circuit configurations for two-port
networks are detailed.

The two-port network is a very convenient abstraction regime for devices
that may be introduced in subsequent courses.

239
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Pre-requisites

e Units 2, 4, 5 of this text. A clear understanding of network theorems,
circuits in sinusoidal steady state, and Laplace transforms is assumed
in this unit.

Unit outcomes

The list of outcomes of this unit are as follows.

U7-0O1: Be able to analyze and derive two-port parameters fot any. given
two-port network.

U7-02: Be able to use the given two-port parameters to deduce the function
of a circuit.

U7-03: Be able to simplify larger circuits into smaller two-port circuit
blocks.

Unit-1 Expec appin &?0 Dmes
outcomes | (1: We : um, an ngu& lation)

CO-1| CO-2 | CO=3 | CO-4 | CO-5 | CO-6
Uu7-01 $ 3 3 - - _ -
U7-02 - 2 5 < 2 =

U7-03 ) 3 . - : :
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Two-port network

R, Ry
Ry y— L A
o " %—_ % T =g

n@ s b b v (D

Figure 7.1: A two-port network in a circuit. The two-port network is an
arbitrary connection of components. The voltage and current conventions
are as shown.

7.1 Preliminaries

Two-port networks have two ports, P; andP,. A port, as-defined in defini-
tion 2.4, is nothing but a pair of terminals. For the discussion in this unit, a
requirement is that the current going out through a wire of.the port
comes back through the other wire of the same port. This can easily
be imposed. For example, in Fig. 7.1, V, and R, areqin series at P;. The
current going into the + terminal of P; is guaranteed by KCL to be the
current going out of the — terminal of Py The same constraint has been
imposed at Ps.

In this discussion, we will be performing a ‘detailed analysis of linear
2-port networks. It is assumed that a linear 2-port will only contain linear
circuit elements, namely resistors; capacitors, inductors, mutual inductances,
dependent voltage sources, and dependent, current sources. While working
with inductors, capacitors; and mutualinductances, we will work with either
Laplace transforms or phasors.” We will assume there are no independent
voltage and current. sources inside the two-port networks.

Fig. 7.1 shows'a general two-port network in a circuit. For Py, the voltage
and the current are Vi and /i, whereas, for P, the voltage and the current
are V5 and {45, The convention for defining the direction of the current is as
shown in Fig. 7.1, i.e., going into the two-port network.

7.1.1 General idea behind two-port analyses

The circuit in Fig. 7.1 can be simplified, eliminating the resistors R, and
Ry, from the picture, and directly applying voltage or current sources to the
two ports. For example, we can apply I; and I, as two current sources to
the two ports in the directions indicative of I; and I,. Now we can think
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Independent Depgndent Name | Units Definition
variables variables
nn | |z o | [ [ ]
Vi, Vs I, I Y | siemens [2} - Bi z;z] {Kj
b | v | e | [P el ]
i || e[| [ [
i | v | r ddt ([ sl
i, I, Vo, I T-' | mixed {_V;J ~ {21 22] ij

Table 7.1: All possible combinations of independent and dependent variables
for two-port networks, with their names and definitions.

of the response to these two currents as.the voltages V; and V5. Applying
superposition, because there are no independent sources inside the two-port
network, the voltages Vitand V5 .can be written as:

‘/1 = CL1]1+(1212
and, Vo = asl; + aqls,

where a1, as, asz, ay are arbitrary constants. These constants have units of
resistance in this case.

Instead. of applying two current sources at the two ports, we could have
applied two voltage sources and have measured the currents. We could have
applied a voltage source at P;, a current source at P, and measured the
current at P; and voltage at P,. We could have mixed things up in any
other combination as well and written up the equations. We have listed
all possible combinations of independent variables (inputs) and dependent
variables (outputs) in Table 7.1.

Once we have decided the dependent and independent variables in the
two ports, we can always express the relationships as a set of two linear
equations. We can readily summarize the two linear equations in the form



7.2. IMPEDANCE (Z) PARAMETERS 243

Figure 7.2: A T-network. It is convenient to use the Z-parameters to abstract
a T-network.

of a matrix equation. We express the definitions of the two-port parameters
with the help of these matrix equations.

7.2 Impedance (Z) parameters

We can apply current sources I, and I, at the two ports and measure the
voltages V; and V5. The relationships will. give us the impedance parameters,
or Z-parameters. For any given two-port network, the Z-parameters are
defined as follows.

Vii= zuly + 2120
Vo = a1y 4200l

Vi ziv 22| | h
or, 7.1
e s ")
(7.1) can be reversed to work out the individual Z-parameters.
Vi Vi
21 = — 2o = —
11 Il A ) 12 ]—2 o
Va Va
2ol = == and 299 = — (7.2)
L 11— L2 |1 —o

The condition Iy = 0 implies-an experiment performed when P, is an open
circuit. Similarly,.the condition I; = 0 implies an experiment performed
when P; is-an opén circuit.

Example 7.1. Evaluate the Z-parameters for the two-port of Fig. 7.2.
The definitions of the voltages and currents at the two ports should follow
easily from the information shown in the schematic. The currents are
always defined in a direction going into the + terminal of the corresponding
port.

There are two experiments to be performed.
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Figure 7.3: A Il-network. It is convenient to abstract a II-network with the
help of the Y-parameters.

1. We will open-circuit P and push a current I; into P;. In this-case,
the voltage Vi = I (R, + Rp) and the voltage Vo = I} R,. Then we
have obtained z1; and z9; as follows.

%1

211 = —
I

Vz
= R, + Ry, and, 221:—2

Ir=0 I

I>=0

2. Next, we will open-circuitP; and push a_currentls into. P. The
configuration will imply Vo = I5(Ry + Re) and V4 = I R,. We have
obtained z99 and z19.as follows.

Va
Io

Vi
= Ry + R, , and, Zlgzi

=0 Iy

1;=0

222 =

The Z-parameters work out as:

Ry Ry + R,

The circuit-in the previous example is known as a T-network. In the
following example, we will analyze two-port parameters for a II-network.

Example 7.2. Evaluate the Z-parameters for the two-port network of
Fig. 7.3.

1. First, let us open-circuit P2 and push a current I; into P;. This
configuration results in Vi = I1(R; || (R2 + R3)). The fraction of
I, that chooses to go through Ry + Rs3 is Ri/(R1 + Rs + R3).

Vo = 11R1R3/(R1 + Ry + Rg).

2. Next, we will open-circuit P; and push a current Is into Py. The
configuration results in Vo = I3(R3 || (R2 + R1)). The fraction of
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Iy that chooses to go through R; + R is R3/(R1 + Ra + R3).
Vi=1LRiR3/(R1 + Ry + R3).

Overall the Z-parameters work out as follows.

R1R2+R1R3 Ri1R3
R1+Ro+R3 Ri+Ra+R3
7 =

Ri1R3 RiR3+RoR3
R1+R2+R3 Ri+Ro+R3

Corollary 7.1. For a passive (reciprocal) two-port network, z13 = 294

Proof. The proof follows directly from the reciprocity theorem, Theorem 2.7.
[ |

7.3 Conductance (Y) parameters

When the independent variables are V; and V5, and the'dependent variables
are I; and I, the two-port parameters obtained are the conductance or Y
parameters.

I = yuWi +yVe
Iy = "y Vitynls

i Yzl Vi
7.3
|:y21 yzz} {VJ (7.3)

(7.3) can be reversed to work out-theindividual Y-parameters.

A L
Y11 = , O ) Y12 = Vs .
I, I,
= — d = — 7.4
Y21 7 . an Y22 v Vo ( )

The condition V5 = 0 implies an experiment performed when P, is a short
circuit. Similarly, the condition V; = 0 implies an experiment performed
when P; is a short circuit. Also, note that by the definitions of Y and Z
parameters as given in (7.3) and (7.1), Y = Z~ 1.

As illustrations, we will work out the two-port parameters for T-networks
and II-networks in the following examples.
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Example 7.3. Let us now evaluate the Y-parameters of the IT-network
of Fig. 7.3. We have already worked out the Z-parameters of the circuit
in example 7.2. As such, we can just invert the Z matrix to obtain Y.
However, for instruction, we will work out the Y-parameters directly, step
by step.

1. First, we will short-circuit Pz (i.e., guarantee Vo = 0) and apply a volt-
age V1 across P;. The current I; will be the sum of the current going
through R; and the current going through Ry. (Rj is short-circuited,
and no current flows through R3. As such, R3 can be remoyed from
the circuit while performing this experiment.) ... Iy = Vi /Ry + V1 /Rs.
Further, the current going through the short circuit will be the total
current flowing through Ry. Keepdthe direction of current.in mind;
the direction of I needs to be going into Ps. .. Io = —V4/Ry. The
results for I; and Is give y11.= 1/Ry + 1/R2 and y9; = —1/Ra:

2. Next, we will short-circuit Py and apply a voltage Vs across Py. The

current Io will be the sum of the current.going through Rs3 and the
current going through Ry. (Rj is. short-circuited,.and no current
flows through Rj. R; can be removed during this experiment.)
I, = V5 /Rs + V2 /Rs. Further, the current through the short circuit
will be the total.current flowing through Ro/in the reverse direction.
. Ih = =Va/Ry. The results for I; and Jo give yoo = 1/R3 + 1/Ry
and yig = —1/Rs.

Overall, the Y parameter matrix is as follows.

v — 1/R1+1/R2 —1/R2 :| _ [G1+G2 -Gy

—1/R2 1/R2—|—1/R3 —Goy Go + G3

G1, Go, Gg are 1/Ri, 1/Rs, and 1/R3, respectively.

We can quickly check if Y and Z from example 7.2 are inverses of each
other. * Using: Octave to check this will be satisfying. If we have values of
the resistors, the eheck is trivial. Octave can also use its “symbolic” toolbox
for algebraic manipulations without knowing the values of the resistors.

octave:1> pkg load symbolic

octave:2> syms rl r2 r3

Symbolic pkg v2.8.0: Python communication link active, SymPy v1.5.1.
octave:3> Y = [1/r1+1/r2, -1/r2; -1/r2, 1/r2+1/xr3];

octave:4> Z = [rixr2+ri*r3, rixr3; ri*xr3, rilxr3+r2*xr3]/(ri+r2+r3);
octave:5> simplify(Z*Y)

ans = (sym 2x2 matrix)
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Example 7.4. Let us now evaluate the Y-parameters of the T-network
in Fig. 7.2. We have already worked out the Z-parameters of the circuit
in example 7.1. As such, Y = Z~!. Nevertheless, let us work out the
Y-parameters directly from the circuit.

1. First, we will short-circuit Ps while applying a voltage V1 at P;.-The
current at Py is Vi /(Ra+ (Ryp || Re)), or Vi(Rp+ R.)/(RoRy+RaR: 4+
RyR.). This current breaks up (current division) between R; and:R,.
The current in R, is the current through Ps, backward.“TFhe current
in Py is, therefore, —V1 Ry /(R Ry +RoR. + RpR.).

2. Next, we will short-circuit P, while applying a voltage V5 at Py. The
current at Py is Vo(R, + Rp)/(Ro Ry + RoR: +RyR.): The current at
Py is —VoRy/(RaRy + RoRe + Ry Re).

Overall the admittance parameters have been worked outras follows.

Y = 1 [Rb ¥ =Ry ]
R,Rpy + RpRe+ ReR, ol R, + Ry
B 1 G .Gy +G,Gy -G .G,
T Go+ Gy + G { -G .Gy GyG. + GCGJ

Ga, Gy, G. are 1/R,, 1/Ryp; and 1/R.; respectively.

Corollary 7.2. For a passive (reciprocal) two-port network, yio = yo1.

Proof. The proof fellows directly from the reciprocity theorem, Theorem 2.6.
[ |

7.4 Star-Delta and Delta-Star conversion

The circuit configuration in example 7.1 is known as a T-network (because
it looks like the alphabet T), or a Y-network (because if you tilt the arms,
it looks like the alphabet Y), or sometimes a star network (a 3-arm star).
On the other hand, the circuit configuration in example 7.2 is known as a
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[T-network (because it looks like the Greek alphabet II), or a delta-network
(because if you tilt the arms and draw it upside-down, it looks like the Greek
alphabet A).

If two two-port networks have the same two-port parameter values, it does
not matter what they contain; they will behave identically looking from the
outside. A delta network can be replaced with a star network and vice-versa
if the two-port parameter values of both are the same.

The two networks of example 7.1 and example 7.2 are equivalent if their
Z-parameters are equal. That is,

R, + Ry Ry B 1 RiR; + Ry Ry Ry R
Rb Rb + Rc N R1 + RQ -+ Rg R1R3 R1R3 \ 3 R2R3
(7.5)
(7.5) indicates that:

1. Let us observe z15 and zy;. Ry, = R{R3/(R; + Ry + Rs).” The.value of
Ry, will equalize both z15 and 29;.

2. Let us observe 211- Ra <& Rb = (Rle N R1R3)/(R1 Nid Rg + R3) Of
this, from the earlier ©bservation, Ry is Ry R3/(Ri+ Ry + R3). . R, =
RiRy/(R1 + Ro + R3).

3. Lastly, let us observe zg99. Ry+ R. = (R1Rs+ RoR3)/(R1 + Ry + R3).
Of this, from the earlier observation, Ry is RiRs/(Ry + Ry + Rs3). ..
R, = RgRg/(Rl + Ry + R3)

If we have a known delta network, we can'replace it with a star network with
the given conversion relationships.

The two networks are also equivalent if their Y-parameters are equal.
The Y-parameters obtained in example 7.3 and example 7.4 are equated.

Gi+ Gy =Gy | & 1 G.G, + GGy -G .G,
_G2 G2 N G3 v Ga + Gb + Gc _GcGa Gch + GcGa
(7.6)
1. Comparing yi2 and y21, Go = G.G./(G, + Gy + G.), or Ry = (RyR. +
R.R, + R.Ry)/Ry.

2. Next, we can equate the y;; terms. We can use the result obtained for
G5 in the previous step. Therefore, Gy = G,Gy/(G, + Gy + G..), or
Ry = (RyR. + R.R, + R,Ry)/R,.

3. We need to equate the yo5 terms. Let us substitute the result obtained
for Go. We obtain G3 = G,G./(G, + Gy + G.). In terms of resistance,
Ry = (RyR. + R.R, + R, Ry)/R..
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Star / T /Y | Delta /A /1I
Ry
Ry R3
RoR3
z Ri1+R2+Rs3
R3R;
4 R1+R2+R3
Ri1Ro>
z Ri+R2+R3
G, G-
Got+Gy+G> Gi
GGy
G+ Gy+G- G
GG,
GotGy+G. G

Table 7.2: Conversion between star (T or. Y) and delta (A or II)

If we have a known star network, we can replace it with a delta network with
the given conversion relationships.

Conversion between star-delta’ configurations is useful while simplifying
a network. We have shown the transformations between star and delta in a
memorizable form in Table 7.2, Typically, the star to delta transformation
(second in the table) isimore useful, because it reduces a node in the circuit.

Example 7.5. In the circuit shown below, find the current i,.
1Q 2 Q

3Q 4 Q

— \S
+ )<

ig
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The 1 Q, 5 2, 2 € resistors form a star. The node joining the three resistors
can be reduced if we convert the set of resistors into a delta. The resistor
opposite to 5 €2 reduces to (5 x 1 +5x2+2 x1)/5 or 3.4 2. The resistor
opposite to 2 ©Q works out to (5 x 1 +5x2+2x1)/2 or 85 . The
resistor opposite to 1 £ works out to 17 2. The circuit is redrawn after the

transformation in the following schematics.
3.4 Q)

The parallel branches can now/be combined; and'the series effective resistors
can be further combined. The entire network has a resistance of [{(3 ||
8.5) + (17 || 4)} || 3.4] Qf or 2.095 Q. i, is 2865 A

Star-Delta and Delta-Star conversion are often used to simplify circuits
through repeated application.

Example 7.6. In the circuit shown below, all resistors are of value 1 Q.
Find the resistan50e between the two E?erminals.

There are many ways to solve the problem. We can take advantage of the
symmetry in the network. All resistors are of equal value and it will be
sufficient if we obtain the resistance of the network till the axis of symmetry,
at the middle. Although significantly simpler, in the following discussion we
will not use this path, but illustrate the solution with repeated applications
of delta-star transformations.
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First, star-delta transformations are applied at nodes 5, 7, 8, 10 and these
nodes are eliminated. The 1 €, 1 Q, 1 Q) star connection transforms into
a3, 30, 30 delta connection. Resistors in parallel are combined. The

transformed circuit is given below. Unnamed resistors continue to be 1 2.
6

9

There are no three-connection star nodes any miore and star-delta.trans-
formations will no longer be useful. Howevers a delta-star transformation
will be useful to simplify connections at nodes 6 and 9. We.will convert
the delta-connected resistors between nodes 2, 3, 6 into asstar, with a new
central node labeled as 11. We will convert the delta“connected resistors
between 2, 3, 9 into a star, with a mew central node labeledas12..To apply
both transformations, first we split the.d € resistor between 2‘and 3 into

two 2  resistors in shunt. The transformed circuit is.given below.
6

Stars formed at nodes 6 and 9 can now be eliminated to further simplify.
However, we will not do this. We can now use the symmetry in the network
and infer that no current will flow through the 5% Q) resistors. As such, these
two resistors can be treated as open circuits.

We now evaluate the equivalent resistance using series-parallel combina-
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I

(a) (b)

Figure 7.4: Two experiments to evaluate the H-parameters. (a) Short circuit
Py and apply a current I;, at Py, and (b), open-circuit P; and apply a voltage
ng at PQ.

tions. The resistance between 1 and 4 is given by:

3 6 6 3 19
61161 (= + G @51 = 1 9

If exploiting symmetry is not{straightforward,-er in. the absénce of sym-
metry, the reader can eliminate nodes.6 and:9 through star-delta transfor-
mations, followed by elimination of nodes 2 and 3 with further star-delta
transformations. Finally, eithér node 11 or node 12 can be eliminated with
a star-delta transformation. This will'.completely-simplify the network.

7.5 Hybrid (H) parameters

I, and V5 are chosen as the independent variables in the hybrid H-parameters
representation of a two-port network.

Vi = huli + hiaVs
Iy = holy + haVs

% hir hio| | L1
o [ = [ | [ 1)

(7.7) can be reversed to work out the individual H-parameters.

Vi Vi
h — , h —
11 ]1 Vo 12 V2 -
I I
hoy = — d hoy=— 7.8
21 [1 Vo an 22 V2 o ( )




7.5. HYBRID (H) PARAMETERS 253

(a)

Figure 7.5: The model for a BJT is often expressed with H-parameters.
The figure shows (a) the BJT configured as a two-port network, and (b) the
hybrid model for the BJT.

The condition V5 = 0 implies an experiment performed when P, is a‘short
circuit. Similarly, the condition I; = 0 implies an experiment performed
when P; is an open circuit. The hybrid parameters are so-called because
their dimensions are not consistent. hq; has unitsof resistance, hso has units
of conductance, while hiy and he; are dimensionless. To«work out the H-
parameters, we need to open-circuit Py but short-circuit Ps.

The two experiments required to evaluate the H-parameters of a.two-port
network are given in Fig. 7.4.

It is convenient to remember the H-parameters with the help of the
BJT (bipolar junctiontransistor). The base-emitter junction of the BJT
is Py, while the collector-emitter output is Ps.<-Fig. 7.5(a) shows the
general configuration of the BJT with-its two. ports, while Fig. 7.5(b)
shows the model of the BJT..The current in the collector, I., is ideally
[B1y; in this case I is hoi [y #haoVs. The hsy term is a correction term to
account for a non-ideal BJT.

Example 7.7. Evaluate the H-parameters for the two-port network in

the schematic below.
Ry R3

Ole PQ

* —O

To work out the hybrid parameters, we will perform two experiments; (1)
with a current source at P; and a short-circuit at Pa; (2) with a voltage
source at Py and an open-circuit at P;.
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1. First, we will apply a current source at P; and short-circuit P,. There
will be no current through R4. The entire current of al; will flow
through the short-circuit at P2. The voltage developed across P; will
be I1(R; + (R2 || R3)). I} will flow through R; and split into two
parts, by current division, between Ro and R3. The current through
R3 will be I1 Ry /(Ro+ R3). This current, and the current through the
controlled current source, will add and flow through the short circuit
at Py. So Ir = alq — IlRQ/(RQ S Rg).

2. Next, we will open circuit P; and apply a voltage source at Po. When
we open circuit P;, I is zero, and the current through the controlled
current source is zero. R4 and Ry + Rs appear in parallel.” I.=
Vo/Ry + Va/(R2 + R3). The voltage across Ry is the same as the
voltage across P;. The voltage across Ry is VoRa/(Ry+ R3).

The overall hybrid parameters are as‘follows:

[ Rt (R ) O (RiF Ry
a—Rz/(R2+R3) 1/R4+1/(R2+R3)

It is essential to double-check the dimensions. hAjq-has dimensions of resis-
tance, hos has dimensions of conductance, hi9 and hg; are dimensionless.

Corollary 7.3. For a passive (reciproeal) two-port network, hijg = —hay.
Proof. Let us prove this using Tellegen’s theorem.

1. To evaluate hgy;we-short-cireuit Ps, and apply a current I, at Py, as
shown in Fig./7.4.The current I, is hoi /[y, .

2. To evaluate b2, we open-circuit Py, and apply a voltage V5, at Pa, as
shown'in Fig. 7.4. The voltage at Py, Vi,, is hiaV5,.

Let.the two-port network have only passive resistors (phasors can be used in
case of a general impedance). Let these resistors be {Ry}. Let the currents
through them be {Iy, } for the first experiment and {Iy,} for the second
experiment.

P1 | Inside two-port | Ps

Experiment a, voltages | V;, Iy, Ry 0
Experiment a, currents | —1, Iy, —1I,
Experiment b, voltages | Vj, Iy, Ry, Va,

Experiment b, currents 0 Iy, —1I,
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All the voltages and currents measured in these two experiments are listed.
Using Tellegen’s theorem, we can cross-multiply, i.e., the sum of the voltages
from the first experiment times the currents from the second experiment will
add up to zero, and vice-versa.

Vvla -0 + Z[kaRk[kb + 0- (_[2b> = 0, or, Z[kaRk[kb = 0.
Also, (=I1,) - Vi, + > I Iy, R+ (—I5,)Va, = 0

. I]-a‘/]-b = _IQE‘/Qb
or, ‘/lb/‘/Qb = _IQa/Ila'
“hips = —hy

The H-parameters are related to the‘other parameters. For example,
with the Z-parameters, conversions from Z to H are derived-below. Similar
derivations are possible between any two sets of parameters.

Vi "= 2 + 22l
Vo = 291l1 + 22905

291 1
or, It == 2T + £V,
222 2922
2122921 212
and, Vi ="(z11 — VI + — Vs
222 222
_. 212221 Z12
le z22 z22
OH £
_Z21 1
222 222

7.6 Inverse hybrid (G) parameters

V1 and I, are the independent variables in the inverse hybrid or G-parameter
representation of a two-port network.

I = guVi+ g2l
Voo = gaVi+ gaals

I g g12| |1
= 7.9
o {Vz} [921 922} Lz} (7.9)
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o— Lo

Zin t + T T Zout
P1 P ) Z1, Zs | P1 Po
"o o o -y

(a) (b)

Figure 7.6: Circuit structures for evaluating driving point impedance.
(a) When we terminate P, with Z, the driving point impedance looking
in from Py is the input impedance, Z;,. (b) When we terminate P, with Zg,
the driving point impedance looking in from P, is the output impedance,
Zout-

(7.9) can be reversed to work out the individual G-parameters:

I I
g1 = 71 ) gi2 = I—2
I,=0 V1=0
Vo Vo
g21 = = and  gor = — (7.10)
Vi I,=0 I V120

The condition I, = 0.implies an experiment performed when P, is an open
circuit. Similarly, the eondition V4 = 0 dmplies.an experiment performed
when P; is a short circuit. If we interchange P, and P,, the H-parameters for
the new circuit will equal the G-parameters for the original circuit because
of the relationship between (7.8) and (7.10). Also, without reversing the
circuit, the H and G parameters are’inverses of each other.

Corollary 7.4. For a passive (reciprocal) network, gio = —go1.

Proof. The G-matrix-for a network is the reverse (i.e., ports one and two
interchanged) of the H-matrix of the reversed network. Also his = —ho;.
. g12 = —7gat- u

7.7 -Input and output impedance

Two-port parameters are convenient when we need to compute driving point
impedance functions, looking in, either from P; or from P,. Working out the
driving point impedance in the configurations shown in Fig. 7.6 is particularly
useful.

Definition 7.1 (Input impedance): For a two-port network, we define the
input impedance as the driving point impedance looking in from P;, when
we terminate P, with an impedance Z,.
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Definition 7.2 (Output impedance): For a two-port network, the output
impedance is the driving point impedance looking in from Ps, when we ter-
minate P; with an impedance Zg.

We can use any two-port parameters to work out the input impedance.
As an example, let us use the Z-parameters. If Z for the two-port is known,
we can write the equations for the two sides.

Vi = zuli+ 212l
Voo = 2zl + 20l = —Z1 15

Iy = —z2001 /(202 + Z1)
212221
W o= e -2
1 1141 s+ 71 1
212721

Zzn:‘/l/ll = Z11 — (711)

We can repeat an identical derivation lookingin from P, with Py termi-
nated by Zg. In (7.11), we have to interchange ports 1 and 2, and replace

ZL with Zs. 121

211+ 245

The fascinating fact is that we could use any set.of parameters, and
the expressions for the input and output impedance would have the same
form, as long as the dimensions are consistent. For example, if we use the
Y -parameters,

(7.12)

Zaut = 222 —

Y12Y21
Y22 + G
Notice that to make the dimensions consistent, we have obtained 1/Z;,, not
Zin. Also, notice that we have adjusted the denominator term as yoo + G,
where G, is 1/Z}, to make the dimensions consistent.

1/ Zin = yir—

Exercise 7.1. Prove the following results.

- _yioy:1
1. ]_/Zm =Y T2+ GL

Y12Y21

2. 1/ Zour = Y22 — Y1+Gs

S

4o 1) Zow = hap — 3222
5. 1/Zin = g11 — %
0. Zout = g22 — gillz_févls
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ZS Iout Iout
7 T + 7 T +
Vin P1 P 21, Vout I Zs P1 P 21, Vout
_ _ _ _ _ _

(a) (b)

Figure 7.7: A two-port network used as a system. We have shown the input
source as a voltage source in (a), as a current source in (b). The output
quantity is either V,,; or Iyy.

7.8 Transfer function

The two-port network is often used as-a system, with input_ at P; and the
output taken at P,. The network configurations are.as shown in Fig. 7.7.

Definition 7.3 (System transferdfunction): The system transfer function is
‘/out/‘/iny V;)ut/[iny Iout/‘/ina or Iout/Iin-

Vour and I,,; are interchangeable, with a ratio of Z; between them. Fur-
ther, Ve = Va. Loy = Vo/Z, ==15. Also, Vi and I, are interchangeable,
as a source transformation can convert one-netwerk topology to the other.
As such, V;, is related to [;,, by a factor of Zs.

Without any loss of generality, let. us assume that we know the Y-
parameters for the two-port network, and the network configuration is that

of Fig. 7.7(b). On the load side; I = =14G.

Io=" yuVi+ yi12Vour
Iy = =GrVour = y21Vi + y22Vour

S Vi o= —Vout(GL + y22)
Vouwr = —Viya/(ye2 +Gr)
Y12Y21
I, =V, __Jreden
1 1(y11 Yo + en
Y12Y21
L, = V, L ViG
(Y - GL) + ViGg
I,
-V = ¢
1 (yn + Gs) = yZﬁ%lL
Vo = vt Iim (7.13)

Y12y21 — (Y11 + Gs) (Y22 + G1)

Interestingly, the form of the system transfer function is the same, regard-
less of the two-port parameters. Only minor changes need to be made, based
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on dimensions, to (7.13), to obtain the various forms. The specific system
transfer function obtained is based on 1/p;s. If the 1-2 parameter is current
by voltage (admittance), the system transfer function will be I,,;/V;,. If the
1-2 parameter is current by current (inverse hybrid parameters), the system
transfer function will be I, /I;,. Further, if the output quantity is I,,;, we
will have an extra minus sign, because I,,; = —I5, whereas, V,,;, = V5.

Exercise 7.2. Prove the following relationships.

o Z21

1. [O“t/‘/;" z12221—(211+Zs)(222+2ZL)
2. Vour/Vin = ey

ToTou m hi2h21—(h11+Zs)(ho2+GL)
L= 921

J. ]Om/[m 912921 —(911+Gs)(922+%Z1)

There are two important observations here.

Observation 7.1. If pyy is very large; then the magnitude of the system trans-
fer function is approximately 1/pja. We €an use any parameter, impedance,
admittance, hybrid, or inverse hybrid. The observation is the same.

Observation 7.2. To obtain a system that has a very high gain, we will have
to maximize p9; and make p;o = 0.

Observations 7.1 and 7:2 form the basis of analog electronics, amplifier
design, and feedback circuits.

Example 7.8. Design‘a 6 dB attenuator. The attenuator is a two-port
resistive network with-50 €2 input impedance, 50 €2 output impedance. The
correct usage of the attenuator is'by applying a 50 €2 load resistance, when
the input source is a 50 €) source. Without the attenuator, a 50 {2 source
will drive a.50° Q2 load with a voltage gain of 1/2. The attenuator will
further attenuate.the voltage gain by its rated attenuation.

In our.case, the voltage gain from the input voltage source to the output

voltage is-1/4." A sketch of the system is drawn below.
50 50 Q

- =
Vin 50 Q Vin/4
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Let us choose to use the Z-parameters to design our attenuator. Since
the network is resistive (passive), z12 = z2;. From the input and output
impedance relationships we have:

z
211 — mﬁ = 50
52
222 — zuﬁ = 50
or, z11(222 + 50) = 222(211 + 50)
SRl = 222
and, 211 — 225 /(211 +50) = 50
" Z%1 - 502 = 2%2

Next, we will use the gain relationship: In.our case, Vi ds Vip/4. Loy is
Vin/200.

219 A .
2y — (2 #5002 200
of; 20021 = (211 +50)% — 22,

Solving the two relationships we obtain zij.as 250/3 and z12 as 200/3.
Finally we have:

Zs3 31200 250

A Z matrix of the above form «an easily be designed with a T-network.

Refer to Example 7.1.“The final two-port network is shown below.
500y 500
3 3

1 [250 200] o

200
50

(e, & O

7.9° Transmission parameters

We have defined the transmission parameters of a two-port network in the
fifth and sixth rows of Table 7.1. For T, V5, and I, are the independent vari-
ables, while for T~!, V; and I; are the independent variables. The T matrix
is also known as the ABC D-matrix. Notice how —I, has been used instead
of I,. We will be discussing only the T matrix. An identical discussion for
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4
+ +

P1 Z3 P

Zy

Figure 7.8: Two-port network for example-7.9.

T~! may follow and will be omitted.

Vio= tuVo—tiply = AV — Bl
[1 = t21‘/2 - t22[2 = C‘/z - D[Q (714)

(7.14) can be reversed to extract the individual tramsmission parameters.

% V;
i = Zvl ; tlZZB:_[_l
211,=0 2.1Vo=0
1 1
t21 =C = -1 and tQQ =D= 2 4 (715)
Va Ir=0 1 V2=0

We need to perform two experiments to evaluate the transmission parame-
ters; (1) with P, as an open circuit (I, =0) and(2) with P, as a short circuit
(Vi = 0).

1. We will open circuit P, and foree Is = 0. Now, unfortunately, we
cannot apply a voltage at V5. Instead, we will apply a voltage at Py,
V1, and measure the open-cireuit voltage, Vo. Vi /Va will give t1;. Next,
we will push a current 7, into P; and measure the open-circuit voltage
Vo I/ Vo will give to;.

2. Next, we will short circuit Py and force Vo = 0. Again we will apply
a voltage source at. Py, Vi, and measure the short-circuit current /5.
Vi/(=1I3) will give t15. Further, we will apply a current source I into
P, and measure the short-circuit current, Io. [;/(—1) will give 9.

A few notes about the technique. Once again, we emphasize that for the
transmission parameters, —Is is used instead of Is. —I5 is used to accom-
modate cascading multiple networks, as explained in Corollaries 7.6 and 7.7.
Further, notice that the two experiments involve open and short circuits only
at port-2, while the stimulus is applied only at port-1.
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I, I,
—o + l—o——
Y
Vla 7)1 7)2 VQQ Vlb 7)1 PQ *IZb
—o0 — —0——

(a) (b)

Figure 7.9: We need to perform two experiments to evaluate the transmission
parameters. (a) open circuit at Py and (b) short circuit at Ps.

Example 7.9. Evaluate the T parameters for the two-port network of
Fig. 7.8.

1. First, we open Py to guarantee I =.0. Now we apply Vi.at P;.
Vo =V1Z3/(Z1 + Za + Z3). .. Vl/VQ =14 (Zr+ Z3)/Zs.

2. We continue with the open ecircuit at Pq, but now weapply [; at P;.
V2 = 11Z3. Il/‘/2 = 1/Z3

3. Next, we short Py to guarantee V5 = 0. Now we apply Vi at P;.
—Iy = Vi /(Z1 + Z3). wuVi/(—ds) = Zh.+ Zy.

4. We continue with the shortt, ¢ircuit at Ps: Now we apply I1 at Pi.
—Ir, =1L. . I1/(—IQ) =AM

Finally, we obtain the fellowing I' matrix for the two-port network.

T 1+ kzlgazz Z1+ 2y
1/Z5 1

Corollary 7.5. For.a reciprocal (passive) two-port network, |T| = t11to —
tigtor = 1.

Proaf. We will apply Tellegen’s theorem while performing two experiments,
as shown in Fig. 7.9.

1. P; is open-circuited, and at P;, we apply a voltage Vi, . The current
at Py is I,, and the voltage at Py is V,,. The current at Py is 0.

2. We short-circuit P, and apply a voltage V;, at P;. The current at P;
is I;,, and the current at Py is I,. The voltage at P is 0.
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—Iga Ilb
o— —o
+ + + +
i, Vo, Wi, Va,
- _ _ |-

Figure 7.10: Two networks cascaded. Clearly V5, = Vj, and —1Iy, = I3,.

Let us assume that the two-port network only has passive resistors (phasors
can be used in case of a general impedance.) Let these resistors be { Ry}
Let the currents through these resistors be {Ij, } for the first experiment and
{I),} for the second experiment.

P1 | Inside two-port | P,
Experiment a, voltages | V;, I Ry Vo,
Experiment a, currents | —1I, I, 0
Experiment b, voltages | Vi, I, Ry, 0
Experiment b, currents | —1j, Iy, —1,

By Tellegen’s theorem, the currents and voltages of experiments a and b
can be cross-multiplied and added to get 0.

sV L+ Y I Rply, —Vaglo, = 0= -, Ti,4 Y I, RiIy, +0
So=Vih, + WV L, = Vo Ih, =70

V1a]1b - Vlbfla =, —V2a]2b
or, (V1,/Va,) - (h,/(=1y,)). = (Vi /(1)) - (1,/V2,) =1
or, tiilog — tatis =1

Corollary 7.6. Two two-port.networks, a and b, are cascaded. We have
connected Port-2 ‘of networkta to port-1 of network b. The transmission
parameters from port-1 of network a to port-2 of network b are the product
of the transmission matrices a and b. That is, T = T, - Ty,.

Proof. We have shown the schematic of the cascaded two ports in Fig. 7.10.
Clearly V5, = V3, and —1I,, = I;,. If the transmission parameters for network
a and network b are T, and T}, then:

Vi Va Vi Va
| =Ta| | =Ta | | = TaTy | >
) == ] = e )

.. the overall transmission parameters, T is T, T},. |
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Ry = 300

Ry = 1209 Ry = 1209

Oo—e —O

Figure 7.11: Two-port network for example-7.10.

Corollary 7.7. If many two-port networks with transmission parameters
T., Ty, ... TN are cascaded, the overall transmission parameters-are the
product, T=T, - Ty ... TnN.

Proof. We can prove the corollary by repeated application of corollary 7.6.
|

We can also obtain the system transfer function using the T-parameters.
Let us assume a network configuration as in Fig. 7.7(a). <1y = VoG . Also,
Vin =V1+ LZs.

Vi=tuVo—tiely = (tin+t2Gr)Vs
I =ty Vo — taaly = (ta1 F 122G 1)V

W Vin = Valtin+ t1oGr + Zg(ta + taaG1r))
-»w N 1
" Vin Zs(taf + toGr) + (t11 + t12GL)

Example 7.10. The network of Fig. 7.11 is cascaded four times as Ny,
Na, N3, Ny. Port-1.0f.N; is‘excited by 1 V in series with 40 €2, while Port-2
of Ny is terminated with 40 Q. Find the voltage across the load.

The T=matrix for the two-port network is:
|1+ Ry /R1 Ry
- RZ%? 1+ Ry/ Ry

So the T-matrix for the cascaded network is T/ = T?.

40

Vou V;n -
t/ (40t21 aF tzg) - 40 + (40t11 TF tlg)

Vout/Vin, works out to 1/32.
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[ |H| h12 [ 1 _912- 11 |T|
—hy 1 g21 ‘G’ Lty
-1 L ] i 1
Z Y hgg _ ~ g1 ~ o t21
1 —hp |G| g12 tes —|T|
hoy  |H| —gann 1 -1 in
-1 L | L 1 _
_ Z _ _ Y _ hll 922 - tlg
|Z| 212 1 —VY12 t12 |T|
—zn 1] |y Y]] - 1 R R
- Z2 . Yyuin H - G - too
I =z Y| yio tor —|T|
i 1 B L1t
Z11 - Yoo H - G o 11
211 |Z| Y22 1 |H| hi1 1 g2
1 2 _ |Y| Yu] hay 1 91 |G| o T
221 o Ya1 o hot - 921 K

Table 7.3: Conversion between different two-port parameters.

7.10 Relationship between variables

The two-port parameter sets are inter-related. If we know any one parameter-
set, we can compute all others. The H-parameters. were shown to be a
function of the Z-parameters. All other combinations are listed in Tab. 7.3.

7.11 Circuit configurations

The Z, Y, H, and G parameters are beneficial in a few specific circuits.
However, for all of the following circuits, one needs to be careful. The defi-
nition of a port requires the currents going into and coming out of a port to
be equal. The equality can be easily satisfied if we attach a port to a single
external element or a single loop. However, in the following circuits, this is
not satisfied so simply, as there are connections between ports of multiple
two-port networks. The following discussion is applicable only in situations
where the currents entering and leaving each port are equal.

7.11.1 Series-series

In the series-series topology in Fig. 7.12, I; and I, are the same for both the
two-port networks. Further, V; =V, +Vj, and Vo = V5, + V5,. We can use
the Z-parameters for the two networks to set up equations as follows.
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e L Lo O
> 00— —o ¢
+ + + +
Vi Z, Va
V1 Iy I Va
+ +
Vlb Zh Vlb
- - _ I, —
o, <—0—] [—0o—> O

Figure 7.12: Series-series configuration. The impedance parameters-of the
overall two-port network are Z, the impedance parameters of the two internal
networks are Z, and Z,.

Vi
Vi

= leall -+ 212a12 and vaa = Zglafl N3 ZQQQIQ

a

, = 2,01+ 29, le and Vo, = 203,11 290,12

Adding the (a) equationswith the corresponding (b) equations, we get:

Vi=Vi,+ W, = (211, +211,)L0+ (219, + 212,) L2
Vo=V, + Vo, = (21, + 2o1y) 11 4 (292, + 222,) 12

In other words, Z for the entire two-port is Z = Z, + Z.

7.11.2 Series-shunt

In the series-shunt topology -of Fig. 7.13, I; and V5 are the same for both
the two-port networks.” Further, V; = Vi, + V3, and I, = I, + I,. The H-
parameters for the.two. networks are convenient because we can use /; and
V5 as the cominon independent variables.

Vie = hii, Dy + hig, Vo and I, = hoy Iy + hao, Vo
Vi, = hu,Di + hig, Vo and Iy, =  hoy Ih + hoo, Vo

Adding the (a) equations with the corresponding (b) equations we obtain:

Vi=Wi,+W, = (hi, + b))+ (R, + hag,) Ve
ILy=1,+1, = (ho,+ ho,)li + (ha, + hoo,)Va
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I I, I,

l o—<«9—<«—O
+ + + +
Vi H, V2
- o
i I Vs
Iy,
o
+ +
Vi, |Hy| W2
L _ _ _
O————<—0—] [—o———&—0

Figure 7.13: Series-shunt configuration. The hybrid parameters of the overall
two-port network are H, of the two internal networks are H, and H,,.

L I, I,
O—>——>p—o0—] o——<«—0
¥ ¥ ¥ ¥

o—|
Vi I Va
L,
Ly o

_ _ ~ L, -
e, —o—> le]

Figure 7.14: Shunt-series configuration. The inverse hybrid parameters of
the overall two-port network are G, of the internal networks are G, and Gy,.

In summary, the H-parameters for the-entire.two-port is H = H, + H,,.

7.11.3 Shunt-series

We have shown the shunt-series topology in Fig. 7.14. V; and I are the same
for both the two-port networks. Also,I; = I, + I, and Vo =V, + V5,. We
choose V1, I, as the independent. variables and analyze using G-parameters.

I
I

= g1, Vi + gio,lo and Vo, = ¢21, V1 + 922,12

a

v =01,Vh + qig,la and Vo, = g21, Vi + G99, 2

Adding the (a) equations with the corresponding (b) equations:

L=5hL,+5L, = (911, +911,)V" + (912, + G12,) L2
Vo=Vo, + Vo, = (921, + 921,)V1 + (g2, + g22,) 12
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L N, L, I,
O—>—4>—0— o <9<«
T T T T

o—| o
V1 Va
Ilb IQb
—o——}
+ +

(e, -0— —o- O

Figure 7.15: Shunt-shunt configuration. The admittance parameters-of the
two-port are Y. The Y-parameters of the internal networks are Y, and Y.

To summarize, for the entire two-port network, G = G, + Gy.

7.11.4 Shunt-shunt

In the shunt-shunt topology (Fig. 7.15), V4 and Vs are the same for both the
two-ports. Further, I} = I;, +1;, and I, = [y + Iy, We'should choose V;
and V5 as the independent variables and analyze using the Y-parameters.

I
I

= Y11, Va +y12, Vo and Jo, =91, Vi + Y22, Vo
=y, Vi +yigVe and I, = a1, Vi + Y2, Vo

a

b

Adding the (a) equations with the ¢orresponding (b) equations:

I =Ty, +4y =" (Y11, +v11,)Vi + (W12, + v12,) Vo
Iy =D+ Iy, 0= (Y21, + vo1,)V1 + (Y22, + 122,) V2

The Y-parameter set for the entire two-port network is Y =Y, 4+ Y.

7.11.5 Overall remarks

Placing two-port networks in series or parallel may not preserve the port
properties. One has to be careful to determine if the current going into a
port comes out of opposite terminal of the same port. Typical structures
that work well are given in Fig. 7.16.

Recall observations 7.1 and 7.2. Feedback circuits are designed in either
series-series, or series-shunt, or shunt-series, or shunt-shunt configurations.



7.11. CIRCUIT CONFIGURATIONS 269

[e; e o o O
o -0
Na
—O O—
e o o ¢Common
Ny
o o O -0

(a) (b)

Figure 7.16: Common interconnections that preserve port properties. (a) We
can interconnect two ladder networks in parallel. (b) Two networks are
connected in series. Notice how N, is connected upside-down. Both M, and
N, have a common terminal for both ports. For instance, imagine ladder
networks inside N, and N}, with N} upside down.

As such, the relevant two-port parameters simply add.up to<give us the
overall two-port parameters. In these ¢ircuits, one of the two sub-circuits is
often designed with very large ps; and zero pjs. One may, infer that this sub-
circuit can not be passive and must have controlled voltage or current sources.
Then the overall system transfer function endsup being approximately 1/p12
of the second sub-circuit.

Example 7.11. Find any two<port parameters of the networks shown

below.
40 50
60
6Q
Prot o7 40 50
1A= O\ P Po
30
30
10 20

(a) (b)

(a) The ground/earth connections indicate the common reference terminal,
and the negative terminal for both P; and P3. There are two T-networks
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connected in shunt-shunt. The Y-parameters for the T-networks need to
be evaluated. Alternatively, we can convert the T-networks to II-networks
using star-delta transformations.

The two II networks are (74/5)-(74/6)-(74/4) Q and (11/2)-(11/3)-(11) €.
The corresponding resistors are in shunt, forming a single II network of
(4.01)-(2.83)-(6.90) Q. Finally, the Y-parameters are:

0.603 —0.354
Y= [0.354 0.499} >

(b) Two two-port networks are in series, just like in Fig. 7.16(b): The
common node for both two-ports is the node between 3 €2, 4€) and(5
resistors. We will choose the Z-parameters to evaluate.

The upper network is a II, which can be converted into a T-network with a
delta-star transformation. A T-network is preferable.because we will -work
with the impedance parameters.. The T-network is (8/5)-(4/3)<(2) © and

has a Z-matrix:
7 @ [2.933 1.333]

1.333 3:333

The lower network is a T-network with Z-matrix:

4 3
2=,

The overall impedance parameters are:

Z— 7 17, [6.933 4.333} 0O

4.333 8.333

The two examples illustrate that one may or may not choose to use the two-
port interconnection properties. As long as we choose convenient two-port
parameters,.the computations will be straightforward.

7.12 Multi-port networks

Multi-port networks are a generalization of two-port networks. One can
easily conceive of three-port, four-port, and in general, N-port networks.
The impedance parameters for an N-port network are an N x N matrix.
z; is the impedance looking into the ith port, with all other ports left as
open circuits. z;; with 7 # j is the ratio of the voltage across the ith port
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and a current input into the jth port, where all ports except j are open
circuits. Likewise, we can evaluate the admittance parameters. The hybrid
parameters are ill-defined, with many possibilities. If hybrid parameters need
to be used, they have to be defined while being used.

The reciprocity rules hold for multi-port networks as well. For a reciprocal
(passive) network, z;; = 2ji, yij = yj;. 1f the hybrid parameters are defined,
and h;j;, h;; are dimensionless, then it can be shown that h;; = —h;;. However,
if they have dimensions of impedance or admittance, it can be shown that

hij — h]Z

7.13 Unit summary

e There are six possible combinations of parameters for twe-port net-
works. We have summarized these in table 7:1." The independent. vari-
ables are applied to the two-port, the dependent variables are measured.

e The Z-parameters can be computed by open-circuiting the two-ports,
one at a time, and applying-a current at the other port.  The Z-
parameters have dimensions of impedance.

e We can quickly obtain‘the Z-parameters for the T-network.

e The Y-parameters can be computed by short-circuiting the two ports,
one at a time, and applying a voltage at«the other port. The Y-
parameters have dimensions of admittance.

e The II network is easily expressed with the help of Y-parameters.
e For passive (reciprocal) two-port networks, z15 = 291 and Y10 = ya;1.

e Star-delta or .delta-star conversion can be memorized with the help
of a single mnemonic. The impedances have to be more in the delta
(because it appears as if the impedances are in parallel) and less in
the star (because they appear to be in series). The single formula is
R, = RyR3/(Ry + Ry + R3). R, must be the impedance in the star
configuration because R, has roughly become smaller than Ry, Ry, R3.
The reverse expression must therefore be, Gy = G,G,/(G, + G, +G.,).

e For the hybrid parameters, first, we short-circuit port-2 and apply a
current at port-1. Next, we open-circuit port-1 and apply a voltage at
port-2.

e For reciprocal (passive) two-port networks, ho; = —hys.
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e The inverse-hybrid parameters are the opposite of H-parameters. Here

t00, go1 = —gi2 for reciprocal networks.

The input impedance/admittance with any two-port parameter-set (Z,
Y, H, G) is p11 — p12p21/(pe2 + Pr). Here Py, has to be impedance or
admittance depending on the dimensions of pss. Likewise, the result
will have the dimensions of p;;. The output impedance/admittance is
similar, with 1 and 2 interchanged.

We can express the transfer function with any two-port parameter-set
(Z, Y, H, G). The quantities of the input and output depend on the
parameters; however, these are easily convertible. The transfer function
is always po1/(p12p21 — (P11 + Ps)(p22 + Pr)). Ps is either Zg or Y,
depending on the dimensions of p;1. Py, is either Z, or Y7, depending on
the dimensions of pas. The transfer function will. have the dimensions
of 1/p12. For example, if py5 is voltage by current, the transfer function
will be the current at port<2 by the voltage at port-1.

Z.Y, H, and G parameters are beneficial for series-series, shunt-shunt,
series-shunt, and shunt-series network configurations, respectively. The
combined two-port parameters are the sum of the individual two-port
parameters.

The transmission (T') parameters have V; and —I5 as the independent
variables. The emphasis is on the negative sign of —1/s.

For a reciprocal or passive network, the determinant of T is 1.

The transmission-parameéters are beneficial when two networks are cas-
caded. The combined transmission parameters are the product of the
individual T matrices.

7.14 Exercises

Multiple choice type questions

7.1 A passive two-port network has the parameters given. What is 7

1 kO T
H= [—0.4 1 mS}

(a) -2.5 (b) -0.4 (c) 0.4 (d) 2.5
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A passive two-port network has the parameters given. What is t157

10 ¢
= [3 S ﬂ
(a) -3 Q (b) 3 Q (c) 13 Q (d) 13.33 Q

A TI-network with three resistors 302-602-9Q2 can be transformed to a Y-
network with resistors:

(a) 10-20-30  (b) 3Q2-1.50-1Q  (c) 1.830-3.670-5.5Q  (d) 90-180Q-27Q

A Y-network with three resistors 3Q2-6-9Q2 can be transformed to a II-
network with resistors:

(a) 10-20-3Q  (b) 3Q-1.50-1Q () 1.830-3.67Q-5.5Q (d) 11Q-16.52-3312

Two two-port networks are interconnected in_shunt-shunt feedback. Which
two-port parameters will be the most convenient for analysis?
(a) Z-parameters (b) Y-parameters (c) H-parameters -(d) G-parameters

Two two-port networks are interconnected in series-series feedback. Which
two-port parameters will be the most convenient for analysis?
(a) Z-parameters (b) Y-parameters (c) H-parameters (d).G-parameters

Two two-port networks are cascaded. Which" two-port.parameters will be
the most convenient for analysis?
(a) Z-parameters (b) Y-parameters. (¢) T-parameters (d) H-parameters

Short answer type questions

To work out the H-parameters, we.will first -circuit port-2 of the
circuit. hy; will be the input, , while hsq will be the in port-2
by the in port-1. Next, we will circuit port-1 of the circuit.
hoo will be the looking into port-2, while hio will be the at
port-1 by the at port-2.

To work ‘out the Y-parameters, we will first -circuit port-2 of the
circuit. y11 will be the input , while 721 will be the in port-2
by the in port-1. Next, we will -circuit port-1 of the circuit.
192 will'be the looking into port-2, while y15 will be the at
port-1 by the at port-2.

To work out the T-parameters, we will first -circuit port-2 of the
circuit. If we apply a 1 V at port- , the at port- gives
t11 and the at port- gives to;. Now we will -circuit
port-2 of the circuit. If we apply 1 A at port- , t12 is negative of the

at port- , while 99 is negative of the at port-
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A system is to be designed with a specific voltage gain of A. Show that it
is possible to design this as a series-shunt configuration of two circuits. The
first circuit (with hybrid parameters as H,) can have ha;, — oo and hig, of
0, while the second circuit (with hybrid parameters Hj) needs to have hy, of
1/A. The other parameters of the two two-port networks are unimportant.
What are the additional constraints that should be introduced to make this
design a good voltage-controlled voltage source?

Evaluate the Z parameters for a mutual inductance, where the terminal pairs
of the two coils are the two ports.

Use Tellegen’s theorem to prove that the impedance matrix of apassive two-
port network, Z, will be such that |Z| > 0 for all w. In mathematical terms,
prove that Z is positive semi-definite.

Numericals and long answer type questions

Work out the two-port parameters (Z, Y, H, G, T)for the circuits shown
in Fig. 7.17. Use Ry =10, Ro =2, R3 =3 Q, R4 =4Q, Rs =5 (), and
Rg =6 Q for all your calculations.

An attenuator eireuit is to be designed such that.(a) its input impedance is
50 © when its output port is terminated by 50 2, (b) its output impedance
is 50 © when 50 2 terminates the input port, and (c) its voltage gain is 1/20
when the source and load impedances-are both 50 €2. Design the two-port
network as a II-network of three resistors.

Consider the two-port.-network in Fig. 7.18. First, evaluate any convenient
two-port parameters for the network. Next, assume an impedance Z; =
/L/C terminates P. Find the input impedance of the circuit looking in
from Py What will<be the input impedance if multiple such circuits are
cascaded, with the final output terminated by Z; = \/L/C?

For the two-port network of Fig. 7.18, assume Zy = /L/C. A voltage
sourceV;,, with a source resistance of Zj, excites the network at P;. The
load impedance at Ps is also Zy. Evaluate the voltage gain as a function of
frequency. Examine both the magnitude and the phase of the voltage gain.
What are the magnitude and phase of the voltage gain at DC? (Hint: At
DC, use the assumption that the inductor is a short circuit and the capacitor
is an open circuit.) What are the magnitude and phase of the voltage gain
at an infinitely large frequency? (Hint: At an infinitely large frequency, use
the assumption that the inductor is an open circuit and the capacitor is a
short circuit.) What are the magnitude and the phase of the voltage gain
at the frequency wy = 1/v LC?
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R, R3
P Ry Py Py Ry P
o ° o) o * o)
(a) (b) (c)
R R5 Rs
Ry R
Ry
P1 P
RQ P1 R2 Rd P2
Ry
o * o) o & . o

Figure 7.17: Two-port networks for exercise 7.14.

P1 Po

c c
L

o— I +—o

Figure 7.18: Lattice network for exercise 7.16, 7.17
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M
‘ l —L4 L¢

Ll L2 LB

P1 P2 Py Pa

L¢

-

Cc
Ca —Cp

P1 Po

(©)

Figure 7:19: Two port networks for exercise 7.18.

Find theZ-parameters for the two-port- network in Fig. 7.19(a). Now con-
sider the network in Fig: 7.19(b). Notice the use of a negative inductor. Find
the Z-parameters of these two networks. Find the values of L4, Lp, L¢, C,
such that the two networksin Fig. 7.19(a) and (b) are equivalent. If the cou-
pling coefficient is 1,4.e.; if M = \/L;Lo, what is the relationship between
Ly, Lp, and L¢o? Find the Z-parameters for the network in Fig. 7.19(c). If
we assume C'4, Cpg and.Cc are such that —C,Cp — CgCc+ CcC4 = 0, can
the network in.Fig./7.19(c) be re-cast as the networks in Fig. 7.19(a) and
(b)? What should be the relationships between the components?

For the twin-T" filter shown in Fig. 7.20, use Y-parameters to work out
Vi(s)/Vs(s).

In the circuit schematics of Fig. 7.21(a), (b), and (c), Ra is 1 kQ, Rp is
5 kQ, Rap is 20 k€2, and g, is 1 mS. Find the input impedance looking into
P1 when Py is terminated with 10 k2. Find the output impedance, looking
into Pa, when P is terminated with 10 k2. Find the voltage gain when the
source and load resistances are both 10 k2. Note: In Fig. 7.21(c), v12 is the
voltage across P; minus the voltage across Ps.

For the two-port networks A and B, the following two-port parameters are
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C C
Rg R/2
2 [
Vs R — R Ry,
— —C —

Figure 7.20: Twin-T filter for exercise 7.19.

Rup RaB
a R
ot - A
+
gmva gmva
P1 Ra Rg Py Pi Vq Rp Po
o . . o o — S o
(a) (b)

R

AB
o
,Pl RA gmU12 RB 7)2
(e, ® O
)

(c

Figure 7.21: Schematics for exercise 7.20.
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given.
50 0 0.1 100
Za= [10000 50] & Yp= [0.2 0.1]S

Both networks are excited by a source with series resistance 50 2 and both
networks drive a load of 50 ). Evaluate the voltage gain in each case.

Know more

Historical profiles

Franz Breisig (1868-1934) was a German mathematician who came up with
the abstract idea of “quadripoles” in 1921. In modern circuit theory, quadri-
poles are known as two-port networks. Circuit theory is ‘a development of
abstractions; we start from a physical carbon or metal device known as a
resistor and abstract it into a lumped element which follews v =4R. Sim-
ilar abstractions for other components followed.. The abstraction of a two-
terminal pair network into a lumped matrix of values followed Breisig’s work
in 1921. [23]

An understanding of two-port network theory led to the development of
synthesis techniques for filters, namely. by Otto Brune [24] and by Sidney
Darlington [25].

Understand in depth

Study two-port networks in depth and work out the exercises from the fol-
lowing sources.

1. Network Analysis, by M.E. Van Valkenburg, Pearson, chapter 11.

2. Network Analysis and Synthesis, by Franklin F. Kuo, John Wiley &
Soms, chapter 9.

3. Synthesis of Passive Networks, by Ernst A. Guillemin, John Wiley &
Soms, chapter 6.



Unit 8

Basic filters

Unit specifics

In this unit we have discussed the following:
e Basic low pass filters
e Basic high pass filters
e Band pass and band stop filters

e Identification of filters

Rationale

Filters are two-port networks that are designed that allow certain frequencies
or block certain frequencies.  Earlier we have introduced the concept of a sys-
tem for a network. Filters are useful system blocks that shape the frequency
response of signals that pass through it. Communication circuits and power
circuits often require filtering to achieve desired operational characteristics.

The study and design of filters forms one of the objectives of advanced
circuit theory. As such, classical filter design is a course by itself. In this
unit, we will give a flavor of a few basic filters and filter design. Further, we
will learn to recognize basic filter structures by inspection.

Filters shape the frequency domain character of the input. It is imperative
for us to work in the frequency domain for the design and analyses of filters.

279
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Pre-requisites

e Units 2, 4, 5 of this text. A clear understanding of network theorems,
circuits in sinusoidal steady state, and Laplace transforms is assumed
in this unit.

Unit outcomes

The list of outcomes of this unit are as follows.

U8-O1: Be able to visually identify low-pass, high-pass, band-pass; and
band-stop two-port networks.

U8-02: Be able to design simple low-pass, high-pass, band-pass‘and band-
stop circuits.

Unit-1 Expected ing

c e outcomes
outcomes | (1: Weak, , and. @trgﬁ&\ﬁt' ion)
CO-1 | .CO-2 | CO-3.1.€C0O-4{/CO-5| CO-6

Us-01 - 3 2 . 3 -

U8-02 - 3 2 - 3 -
A
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§ALPF § HPF § BPF §A BSF
= = = ﬂ ]
wo Tw [ wy w [ wo Tw wo Tw

(a) (b) () (d)

Figure 8.1: Ideal filter characteristics. (a) Low-pass, (b) high-pass, (c¢) band-
pass, and (d) band-stop filter characteristics.

Figure 8.2: Basic RC filter

Filters are two-port networks with specific frequency -domain. properties.
The two-port network is used as a system, with a transfer function of V., /Vi,.
The system transfer function, as.a function of frequency, is of a specific
character for different kinds of filters. The ideal frequency-domain character
of four different filters are shown in Fig. 8.1.

The impulse responses corresponding t0 h(t)for the four transfer func-
tions, H(jw), shown in‘Fig. 8.1, will all require a sinc function. As such,
none of the impulse responses are causal; in short, none of these ideal filters
are practical.

8.1 Low-pass filters
The most basic low-pass filter'is the R-C filter, given in Fig. 8.2. The transfer

function of the filter is given by H(s) = Voui(s)/Vin(s) = 1/(1 + sCR). In
terms of frequency, we have:

1
Hijw) = — 0
Uw) = 1 0re
1
N
on I = T e
1 1
If wo = —, then |[Hjw)? = —F—— 8.1
Wo RO’ en [H (jw)] 1+ (w/wp)? (8.1)

The frequency response of the filter, given in (8.1), may be plotted. For
frequencies much lesser than wy, |H (jw)| is nearly 1. For frequencies much
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0.1wo wo 10wq 100wy
w [rad/s]

Figure 8.3: Frequency response of RC filter. wy = 1/(RC). The dashed line
represents the desired ideal characteristics.

1.0

Y (wo, 1/v2)

N

|H (jw)] 2 Increasing orders

W< from 1 to 7

0.1wg wWo 10wyq 100wq
w [rad/s]

Figure 8.4: The response.of the Butterworth filter for different orders, from
n=1ton="T.

higher than wy, |H (jw)| is nearly 0. The transfer characteristics is plotted
in Fig. 8.3. Since only low frequencies pass through from the input to the
output, the circuitiis a low-pass filter. wq is the cut-off frequency.

It is clear from the filter characteristics in Fig. 8.3 that the frequency
response leaves a lot more to be desired. The RC circuit in Fig. 8.2 is a first
order circuit, as there is only one ecapacitor. Increasing the order of the filter
can give us better performance.

8.1.1 ‘High order Butterworth filters

An example of a‘high order filter is the Butterworth filter. The response of
a Butterworth low-pass filter is nominally given below:

1

N
‘H(]w)‘ - 1 4 (w/w0)2n7
where n is the order of the filter, and wy is the cut-off frequency. (8.2) is
plotted in Fig. 8.4 for different values of n. As we increase the order of the
filter, we obtain a response closer and closer to the desired ideal response.

The Butterworth filter is designed with both inductors and capacitors, as
a loss-less ladder two-port network as shown in Fig. 8.5(a). Typically, the

(8.2)
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10 Loss-less Rs Ly L3
LC 1Q Ry
Co Cs Cy
(a) (b)
RS LO L2 L4
Ry

Cs

()

Figure 8.5: (a) A loss-less two-port ladder network is configured as a filter.
Source and load impedances of 1 () are chosen. Two possible LC-ladder
networks as filters are shown in (b) and(c).

source resistance and the load resistance at the two ports are initially kept
as 1  resistors. Examples of 5th order LC ladder networks, configured as
filters, are shown in Fig. 8.5(b) and (c).

The structure of the ladder network is'such that low frequencies pass. At
low frequencies, all the inductors may be visualized as short circuits and the
capacitors as open circuits. The output-veltage will be simply 1/2 of the
input because of resistive division.. At highfrequencies, the inductors are
open circuits and the capacitors are short circuits. As such, the output is
disconnected from the input.-This gives the low-pass property to the network.

For a Butterworth filter, the values of the different components in the
filter are given by a single concise expression.

k 1 1
Ly, or-Cy, = 2cos (E—i—%—i)ﬂ (8.3)

An explanation of (8.3) follows. In an nth order filter, there will be a
total of n inductors and capacitors. If n is even, there will be n/2 inductors,
n/2 capacitors. If n is odd, the number of capacitors will be one more than
the number of inductors, as in Fig. 8.5(b), or the number of inductors will
be one more than the number of capacitors, as in Fig. 8.5(c).

Let us first examine the case where n is odd. The central element will
have a value of 2cos0 or 2 F. The two elements on each side will have values
of 2cos(xm/n). The next two elements on each side will have values of
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2 cos(£2m/n). Units will be farad or henry, according to the nature of the
component. Subsequent elements will be obtained with steps of 7/n in the
angle for the cosine.

In case n is even, there is no central element. The middle two elements
will be of value 2 cos(dm/2n). The next two elements on either side will be
of value 2 cos(£37/2n). Subsequent elements will be obtained with steps of
27/2n (or 7/n) in the angle for the cosine.

As an example, the component values for the 5th order Butterworth filter
shown in Fig. 8.5(b) are as follows. Cy is 2cos0 = 2 F. Ly and Ls are
2cos(m/5) or 1.618 H. Cy and C, are 2cos(27/5) or 0.618 F. In case of the
structure in Fig. 8.5(c), Lo is 2 H, C; and C5 are 1.618 F, Ly and Ly are
0.618 H. Both structures will have the same Butterworth transfer function
as long as Rg and Ry are 1 ().

As a second example, consider a 6th order Butterworth filter. This will
have one more inductor, Lj, beyond the components shown in Fig. 8.5(b).
Now the two central components are Cy and Ls.  The values of these two
elements will be 2cos(mw/12). Cy i8:1.9319 F and Ls.is 1.9319 H. Next the
values of Ly and Cy will be 2cos(37/12). Lyds 1.4142'H and C} is 1.4142 F.
Next the values of Cjy and‘Ls will be 2 cos(57/12). Thevalue of Cj is 0.5176 F
and Ls is 0.5176 H.

A filter so-designed; is known as a prototype filter, and has a cut-off
frequency (wp) of 1 rad/s. The transfer function of the filter (V,,;/Vi,) has
the characteristic given in (8.2), but with an extra factor of 1/2.

8.1.2 Low pass filter transformation

Typically a filter design process starts with a low-pass filter for a matched
load and source resistance of 1 2 and a cut-off frequency of 1 rad/s. For
example, the Butterworth filter of section 8.1.1 was a filter with a cut-off
frequency.of 1 rad/s and source/load resistances of 1 2. The filter designer
then uses this low-pass prototype filter and transforms it to suit the re-
quirements-at hand. This transformation is typically a scaling of impedances
and a warping of the entire frequency axis.

We can transform the low-pass prototype filter for source/load of 1 2 and
1 rad/s cut-off to any arbitrary matched source/load of Z, and any arbitrary
cut-off frequency wyp in the following manner.

1. All impedances in the circuit can be scaled uniformly by a constant.
If we scale the load/source resistances from 1 €2 to Z,, all impedances
in the circuit need to be scaled by Z;. An inductor will therefore be
scaled by Zy; a capacitor will therefore be scaled by 1/7.
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2. If we want to change the cut-off frequency from 1 rad/s to wp, the
impedances/admittances of the circuit at wy should be equal to the
impedances/admittances of the prototype at 1 rad/s. As such, resistors
should remain the same; inductors and capacitors should scale by 1/wy.

Overall, we need to scale all resistors by Zy, inductors by Zy/wp, and
capacitors by 1/(Zowp).

Example 8.1. Design a 5th order Butterworth filter for Rg = Ry, = 50
and a cut-off frequency of 1 MHz.

First we will set up the prototype low-pass filter for 1 rad/s cut-off and
1 €2 load/source resistance, according to Fig. 8.5(¢).. This has components
of 0.618 F, 1.618 H, 2 F, 1.618 H and 0.618 B

Now we can scale the prototype filter to an impedance level of 50.2 and«a
cut-off frequency of 1 MHz as follows. AAll resistors are to, be scaled by 50.
All inductors are to be scaled by 50/(27 x 10%), while‘all capacitors are to

be scaled by 1/(1007 x 105). The new Butterworth filter.is shown below.
50 4.918 pH 15915 pH 4.918 1M

- 4

O
O

We have simulated the ecircuit, and have plotted the magnitude of the fre-
quency response (|Vout/Vin|in Fig..8.6. The graph is in decibels, and the
x-axis is in the log scale: “The’—3 dB ‘ecut-off frequency is the frequency
scaling constant of the circuit.. Of note, in this case, the —3 dB cut-off is
at —9 dB because the circuit offersa 6 dB attenuation at DC (extra factor
of 1/2 as mentioned earlier).

8.2 High-pass filters

The most common high-pass filter is the C-R structure. The input voltage is
applied across the series combination of a resistor and a capacitor as shown
in Fig. 8.2. The output voltage is taken across the resistor, and not across the
capacitor. The transfer function obtained is sRC/(1 + sRC'). A frequency
response plot will indicate the high pass nature of the transfer function.
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0
-3 dB cuto
—~ —20 (?\
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Frequency (Hz)

Figure 8.6: Simulated magnitude of the frequency response of the scaled
Butterworth low-pass filter of Example 8.1.

The other common technique togenerate a high pass filter is with the
help of a frequency transformation on the prototype low-pass filter.

8.2.1 Low-pass to high-pass transformation

We can transform any low-pass prototype filter to-a high-pass filter with
impedance scaling in the following steps.

1.

As earlier discussed in the low-pass tolow-pass case, all impedances can
be scaled uniformly byZ,.~All inductors scale by Z,. All capacitors
scale by 1/Zp.

. Let us label the frequency axis of the prototype filter as €2 and the fre-

quency axis of the target high pass filter as w. 1 rad/s in the prototype
axis needs to map to'wy. 0 in the prototype axis must map to +oo,
while #oo-in the prototype frequency axis must map to 0. We can
achieve this mapping by plugging in w = —w,/Q.!

. 'We scale the impedances of the resistors to Z,.

."An inductor L has an impedance j2LZ, in the prototype filter after

scaling. The impedance changes to —jwyLZy/w in the final filter and
corresponds to the impedance of a capacitor of value 1/(wyLZy).

. After scaling, a capacitor C' has an impedance —jZ,/(£2C) in the pro-

totype filter. The impedance changes to jZow/(woC) in the final filter
and corresponds to the impedance of an inductor of value Zy/(woC).
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Q-domain (proto-LPF

0
w-domain (final-HPF

~

Figure 8.7: Illustration of the frequency mapping plan for a low-pass to high-
pass transformation.

The sketch in Fig. 8.7 illustrates the 1 — 1 frequency mapping plan. In
summary, the following recipe needs to be followed:

1. Replace every 1 € resistor with Z;.
2. Replace every inductor of value Liwith a capacitor of value 1/(woLZp).

3. Replace every capacitor of value C' with an inductor of value Z,/(woC').

Example 8.2. Design a 5th order Butterworth high pass filter with a
cut-off of 1 MHz fordoad and source impedances of 50 €.

First we will set up the prototype low-pass filter for 1 rad/s cut-off and
1 Q load/source resistance according to Fig.’8.5(c). This has components
of 0.618 F, 1.618 H, 2 F, 1.618 H.and 0.618"F.

We can transform the prototypé 5th order Butterworth filter to a high-pass
filter of cut-off 1 MHz for an impedance level of 50 Q. The circuit below
shows the transformed Butterworth 1 MHz high-pass filter for 50 ().

1.5915 nF
90 €1 5150.nF 5.150 nF
“ +
V;n 50 Q Vout
4.918 uH 4.918 pH

O 4 4

We simulated the circuit and have plotted the transfer function |V /Viy|
in Fig. 8.8. The x-axis is in log-scale, while the y-axis is in dB.

'Both + and — signs work for this; however, we will use the — sign.
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0
-3 dB cutoff #

—~ —20
m
Z

= —40
=~
~

T —60
=

—80

1000 10*  10° 106 107
Frequency (Hz)

Figure 8.8: Simulated transfer function of the circuit in Example 8:2.

8.3 Band-pass filters

The most common band-pass filter.is the series RLC circuit.-An input voltage
is applied across the series RLC circuit, the output. voltage is drawn from
across the resistor, as shown earlier, in Fig. 5:6:

At low frequencies the capacitor is an open ecircuit and the output is
disconnected from the input. At very high frequencies the inductor is an
open circuit and the output is disconnected from.the input. Only at the
resonance frequency, the series combination of L, and C' forms a short circuit,
and the outputvoltage is equal to the input voltage. This gives the band-pass
nature of the circuit.

Most generally, band-pass circuits can be constructed from the low-pass
prototype filter with the help of a low-pass to band-pass frequency transfor-
mation.

8.3.1 Low-pass to band-pass transformation

A band-pass filter can be constructed from a low-pass prototype filter using
the low-pass to band-pass frequency transformation. The transformation is
a 1.+ 2 mapping of the frequency axis. Each point in the frequency axis
of the prototype filter will map to two points in the frequency axis of the
final filter. A 1 — 2 mapping is not a function, and the reverse is easier to
understand. The frequency axis of the final filter is therefore mapped to the
frequency axis of the prototype using a 2 — 1 mapping. Two different points
on the frequency axis of the final filter will map to the same point on the
frequency axis of the prototype. We have illustrated the mapping in Fig. 8.9.

Two points, +wy, need to map to 0. If there is a polynomial mapping
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Figure 8.9: 2 — 1 map of a low-pass to band-pass transformation. Two points
on the frequency axis of the final filter map to.one point on the frequency
axis of the prototype.

function, both 4wy will be the roots of this function. Also, £0, 400 need to
map to +oo. Therefore, a function of the following form will suffice.

Q= K(w— wo)lw + wp)/w

We can refine the function to obtain:

1 w?— wi
K 0
BW  w

We can substitute j€2 as S and jw as s to-convert to the Laplace domain.
Here S is the Laplace domain variable for the prototype filter, while s is the
Laplace domain variable for the final filter.

1 2 2 1 2
_ s _ <S+ﬂ)
BW. s BW 5

Therefore, we amust, substitute an impedance SL in the prototype filter with a
series combination of an impedance sL/BW and an impedance wiL/(sBW).
Similarly, we must replace an admittance SC' in the prototype filter with the
parallel combination of admittances sC'/BW and w2C/(sBW). In summary,
we can follow the recipe below:

S

1. Replace every inductor L with a series combination of an inductor of
value L/BW and a capacitor of value BW/(w2L).

2. Replace every capacitor C' with the parallel combination of a capacitor
of value C'/BW and an inductor of value BW/(wiaC').
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3. Subsequently, perform impedance scaling to scale every resistor from

1 Q to Zy. Values of inductors will increase by Z,. Values of capacitors
will decrease by Zj.

Example 8.3. Design a second order band-pass filter with a center fre-
quency of 100 MHz and a bandwidth of 1 MHz. The source resistance is
1 k€, the filter drives an open circuit.

To design a second order band-pass filter, we need to start from an order=1
prototype low-pass filter. We can use an RC low pass filter (Fig. 8.2). For
a cut-off frequency of 1 rad/s, if R is 1 k2, C needs to be 1 mF.

Now we will transform this prototype RC low-pass filter into.a.band-pass
filter with center frequency of 100 MHz and bandwidth of«l* MHz. wyq is
100 x 10% x 27, and BW is 10® x 2.

According to the recipe above, we will replage the capacitoer withcan LC-
shunt combinations. The 1 mE<capacitor will transformiinto-a. capacitor
of 1 mF/(10° x 27), or 159 pF, in shunt with*an inductor of value 10° x
27 /(472 x 1016 x 1073) or 15.9 nH. The circuit below shows-our final design.

1k

Vout

o

One can use quality-faector based caleulations to quickly estimate the band-
width of this bandspass filter and verify the results. Since the tank is a
parallel RLC tank (think of when the input is zero, or a short circuit), @
is R/(wL). In this case, Q:will be 100, and the bandwidth will be 0.01x
the centerfrequency:.

We can.also transform the low pass Butterworth filter to band pass. The

order of the filter will necessarily double.

Example 8.4. Design a 6th order band-pass filter for WiFi, with a center
frequency of 2.4 GHz and bandwidth of 100 MHz. The source and load
resistances are both 50 2.

For a 6th order band-pass filter, we will start from a prototype 3rd order
low-pass filter, with a structure as in Fig. 8.5(b). This has components of
2cosm/3F (1 F),2H, and 2cos—n/3 F (1 F).
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Figure 8.10: Simulated transfer function of the Butterworth band-pass filter
of Example 8.4. The zoomed-in view on the right shows the flat nature of

the pass-band.

Now we will transform this prototype RE low-pass filter into a band-pass
filter, with center frequency of 2.4 GHz, bandwidth of 100 MHz, and an
impedance level of 50 Q. wq is 2.4 x 109 x 2@ rad/s; BW is 100.x.10° x

27 rad/s.

The 2 H inductor will be replaced by an inductor of 2 x50/(100x 106 x 27) H
(159 nH) in series with a capacitor of 27.6. fF. Each1 E capacitor will be
replaced by a capacitor of 31.8 pF in shunt with 138 pH. The complete

circuit is shown below.
27.6 tF 159 nH

50 Q2

We simulated the ¢ircuit.and have plotted |Voy:/Vip| in Fig. 8.10. We have
plotted with a linear xzaxis and 'a dB-scale y-axis to demonstrate the band-
pass nature ‘of the circuit. A zoomed-in view of the pass-band response is
also shown in the figure to highlight the bandwidth and cut-offs of the
filter.

8.4 Band-stop filters

The most common band-stop filter is a circuit with shunt-LC resonance,
shown in Fig. 5.9. At low frequencies the inductor is a short circuit and the
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w-domain (final-BSF)
BW 0 BW

—00 -1 0 +1
()-domain (proto-LPF)

Figure 8.11: Frequency mapping scheme for a low-pass to band-stop trans-
formation.

input voltage appears across the load. At very high frequencies the capacitor
is a short circuit and the input voltage appears across theload. At the
resonance frequency, the shunt-LLC combination behaves‘as an open circuit.
This frequency is blocked from passing through the filter.

Most generally, band-stop filters can be constructed from a low-pass pro-
totype filter with the help of a low-pass to band-stop transformation.

8.4.1 Low-pass to band-stop

The low-pass to band-stop transformation is very similar to the low-pass to
band-pass transformation. of section 8.3.1. We have shown the frequency
mapping in Fig./8.11. -With.the same notation (2, S) as in section 8.3.1,
the 2 +— 1 mapping function from the w band-stop filter domain to the €2
prototype filter domain is given by:

BW -w
Q — ﬁ
S 1
or, S = BW:— 5 = 5
57wy 5w+ oW

The statement implies that we must replace an impedance of SL in the
prototype filter with an admittance s/BW in shunt with an admittance
wi/(sBW). Further, we must replace an admittance of SC' in the prototype
filter with an impedance s/BW in series with an impedance w?2/(sBW). The
following summarized recipe needs to be followed.
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1. Replace every inductor of value L with a parallel combination of a
capacitor of value 1/(L - BW) and an inductor of value BW - L/w3.

2. Replace every capacitor of value C' with the series combination of an
inductor of value 1/(C - BW) and a capacitor of value BW - C//w?.

3. Proceed with impedance scaling. Scale all resistors by Zj, all inductors
by Zy, all capacitors by 1/Z.

Example 8.5. Design a 2nd order band-stop filter to filter out the third
harmonic in a power line, with a stop band bandwidth of 1 Hz at 150.Hgz,
and a load of 0.1 .

Let us first set up a first order low-pass prototype filter to drive a resistor
of 0.1 . The load in an RC filter is not a resistor; asSuch we can choose
to use an LR configuration instead. Thefinductor will be<an open circuit
at high frequencies, a short circuit at dow frequencies. . A" cut-off frequency
of 1 rad/s can be designed if we set R as 0.1 Q.and L as 0.1 H:

Next let us transform this prototype low-pass filter to-a band-stop filter
centered at 150 Hz and with a bandwidth of 4 Hz. wg is 27X 150 rad/s;
BW is 2w. The inductor needs to be replaced with  a‘parallel combination
of an inductor of value 27 x 0.1/(150 x 27)? or:707 nH, and a capacitor of
value 1/(0.1 x 27) or 1.59 F.

The complete circuit and its simulated.characteristics are shown below.

|VZM/VLJ(dB)

—25

146 148 150 152 15
Frequency (Hz)

=~

We can also transform high order filters to band-stop. This will give
us a flatter pass-band and sharper characteristics in the transition to the
stop-band.
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Example 8.6. Design an 8th order band-stop filter with a bandwidth of
5 MHz and a center frequency of 900 MHz, for an impedance level of 50 2.

We will need to start from a prototype 4th order Butterworth filter. If we
go with the structure in Fig. 8.5(c), the components in the prototype filter
are 2 cos 3w /8 or 0.765 H in series, 2 cos /8 or 1.848 F in shunt, 2 cos —7/8
or 1.848 H in series, and 2 cos —37/8 or 0.765 F in shunt.

For our transformation, wp is 900 x 10% x 27 rad /s, while BW is 5x 10 x 2.

As given in the recipe, parallel LC combinations replace all inductors, and
series LC combinations replace all capacitors. The impedance level is_.to
be scaled to 50 2. The complete circuit schematic for the band-stop filter

is shown below.
|| 345 pF
LA

90.8 pH
50 © A
15 fF
4 50.9 Vout
Vid 3
. 861 nHTD2.08

The simulated frequency response of the’circuit is given below. In the
frequency response, notethe flatnature of the pass-band. This is a specialty
of the Butterworth filter. "The pass-band is at —6 dB; this is because when
the signal passes through, V,,; is Vi, /2. The band-width of the filter is to
be measured at—9 dB.

0
@ N j
N
=
§ —20
*3390 895 900 905 910

Frequency (MHz)

Band-stop filters are extremely useful to block interfering signals in com-
munication systems, and to suppress harmonics in power systems.
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8.5 Unit summary

There are four major classes of filters: low-pass, high-pass, band-pass
and band-stop.

Ideal filters cannot be designed.
The performance of a filter improves as we increase its order.

A series R-C circuit, with output taken across the capacitor serves as
a first-order low-pass filter. A series R-L circuit may also serve as a
first-order low-pass filter, with the output taken across the resistor.

A series R-C circuit, with output taken across the capacitor, serves as
a high-pass filter. A series R-L circuit, with output taken across the
inductor, serves as a high-pass filter.

Band-pass and band-stop filters ¢an be designed using a series LC or a
shunt LC combination.

A prototype low-pass high-order Butterworth filter, for a 1 rad/s cut-off
and a 1 () source and load impedance, can be configured as a lossless
LC ladder network with n components. The values of the components
are given as 2cos(k/n + 1/(2n) = 1/2)7. . The Butterworth filter is
maximally flat in the pass-band.

A circuit may be impedance-scaled. by: multiplying all impedances by
the same factor. The transfer function will remain unchanged in this
case. The transfer function may be frequency-scaled by dividing all
inductance and capacitance values by a factor. In the case of frequency
scaling, the resistors must not be scaled.

A low-pass transfer function may be converted to a high-pass function
by.replacing all inductors with capacitors and vice-versa.

A low-pass transfer function may be converted to a band-pass function
by replacing all inductors with series-LLC tanks and all capacitors with
shunt-LC tanks.

A low-pass transfer function may be converted to a band-stop function
by replacing all inductors with shunt-LC tanks and all capacitors with
series-L.C tanks.
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Exercises

Multiple choice type questions

An RC filter is set up as a low-pass filter. The capacitor is 10 pF. For a
cut-off frequency of 1 MHz, the resistor needs to be:
(a) 2.53 kQ (b) 10 k2 (c) 15.9 kQ (d) 100 k2

A series RL circuit is set up as a low-pass filter. The inductor is 1 uH and
the resistor is 1 k2. What is the cut-off frequency?
(a) 159 Hz (b) 1 kHz (c) 159 MHz (d) I GHz

Short answer type questions

In case of a low-pass to high-pass transformation, every inductor in the

original circuit is replaced with a and every.capacitor in the original

circuit is replaced with a

In case of a low-pass to band-pass transformation, every inductor in the

original circuit is replaced with the combination of an inductor and

a capacitor. Every capacitor ‘of the‘original circuit is replaced with the
combination of an. inductor and a capacitor.

In case of a low-pass to band-stop transformation, every inductor in the

original circuit is replaced with the combination of an inductor and

a capacitor. Every capacitor. of the original circuit is replaced with the
combination of an-inductor and a capacitor.

Numericals

Design a 2nd- order band-pass filter with center frequency of 1 MHz and
bandwidth of 1 kHz, for a load resistance of 50 €2.

Design a 2nd order band-pass filter, with both source and load resistances
of 50 2, using a parallel LC resonator, for a center frequency of 1 MHz and
bandwidth of 1 kHz.

Design a 2nd order band-stop filter, with both source and load resistances
of 50 €1, using a series LC resonator, for a center frequency of 1 MHz and
bandwidth of 1 kHz.
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Know more

Historical profiles

Stephen Butterworth (1885-1958) was a British physicist, most famous for
the Butterworth filter. His career was mainly as a government scientist at
the Admiralty’s Research Laboratory. Most of his work involved submarine
cables, underwater explosions, torpedoes, and the like. As such, his work
was invariably classified and not published.

Pafnuty Lvovich Chebyshev (1821-1894) is known as the founding father
of mathematics in Russia. His career was mainly in Moscow and St. Pe-
tersburg, as an academic at Moscow University and then at St. Petersburg
University, sometimes under extreme financial hardships. Chebyshev worked
in the areas of probability, statistics, number theory, and mechanics. Cheby-
shev’s polynomials and Chebyshev’s inequality (weak law of large numbers)
are essential concepts named after him. Infilter design, Chebyshev polyno-
mials are used to generate the Chebyshev filter.

Wilhelm Cauer (1900-1945) was a‘brilliant German mathematician who
migrated to the USA in 1920 under severe financial duress. Cauer filters
(elliptic filters) are known to be the most optimal filters.

Postage stamp.in honor of Chebyshev
(image taken from the public domain)

Butterworth filters, Chebyshev filters and elliptic (Cauer) filters are the
most commonly used filters in various applications.

Understand in depth

Filter design is a subject by itself. It is straightforward to list a large set
of texts dedicated to filter design. In the very short list of two books that
follow, the book by Ernst A. Guillemin is the most authoritative text on
circuit synthesis. The book by Van Valkenburg brings classical and modern
filter design together.
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e Synthesis of Passive Networks, by Ernst A. Guillemin, John Wiley &
Sons Inc., 1964.

e Design of Analog Filters, by Rolf Schaumann and Mac E. Van Valken-
burg, Oxford University Press, 2001.




Appendix A

Octave usage in this text

This appendix lists all the Octave/MATLAB funetions used in this text, with
a brief overview. Most of these functions can.operate over an entirecarray -or
vector. For example, cos(X) will return the cosine of every element in X in
an array of the same shape. The descriptions here may.be insufficient for a
working knowledge. Please use the help in Octave to learn.more‘about the
functions. The built-in documentation additionally gives usage examples.
Detailed online documentation is available at [2].

Octave is available for free; with source code, for all operating systems.
Instructions to download and install Octave are available at:
https://www.gnu.org/software/octave/download
On Ubuntu/Debian, installing Octave is as simple as issuing the command
sudo apt install octave from the terminal:

abs : The abs function computes-the magnitude.

angle : The function returns.the phase of a complex number in radians.
assume : This function is-used to place constraints on a symbolic variable.
clf : clf clears the current figure.

columns : The function returns the number of columns of its input matrix.
conj : The conj function computes the complex conjugate.

conv : Two (row or column) vectors can be convolved using the conv func-
tion. The operation is handy for polynomial multiplication as the poly-
nomial coefficients convolve.

cos : cos computes the cosine. The angle is in radians.
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cosh : The function computes the hyperbolic cosine of its input. The cosine
and hyperbolic cosine of an imaginary quantity are given as follows:

cos(jx) = coshx and, cosh(jz) = cosz

deal : deal copies the input parameters into the corresponding outputs.

diag : diag returns a diagonal matrix with the diagonal elements given by
the vector input.

diff : The function performs differencing. Consecutive elements of a vector
are differenced.

double : The function converts the input to a double-precision numerical
value.

end : end could refer to the end of'a for loop, the end of a while loop, or
the last element of a vector.

exp : The function computes the exponential. -If thecinput is an array,
element-by-element exponentials are computed. The function does not
give the matrix exponential.

eye : eye generates an identity matrix with the given number of rows and
columns:

fclose : The fclose function closes a file.
feof : feof is a flag that rises if an input file reaches its end.
figure : The function opens a new figure window.

find : The function.finds elements in an array that match a specific condi-
tion.

floor : The function computes the largest integer not greater than the input.

fopen-:. The function is used to open a file handle. Read the manual for more
details. It is similar to implementations in other languages like C.

for : The for statement is the beginning of a for loop.

fscanf : The function is used to analyze a line in a file. It is similar to
implementations in other languages like C.

function : The command is used to start the body of a function.
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function_handle : The function creates a function based on a symbolic ex-
pression.

grid : The grid in a plot can be turned on and off using the function.

hold : To view multiple curves in the same plot, the hold on command may
be issued.

imag : The function computes the imaginary part of its input.
ilaplace : The inverse Laplace transform using the symbolic toolbox.
inf : The phrase refers to infinity.

int : The function performs symbolic integration. It is a part of the sym-
bolic package in Octave. Both definite and indefinite integrals can be
handled.

inv : The function computes the inverse of a square matrix.

ismember : Returns a logical matrix with the same shape as the first input.
The elements are true if the element in the first input-is found in the
second; false if not found.

length : The function returns the length of a vector.

log : The log routine gives the naturallogarithm of its input.
log10 : The logl0 routine gives the logarithm to base 10.

max : The function reports the maximum of a vector.

min : The function reports the minimum of a vector.

ones : The function generates a matrix full of 1s. The input gives the size of
the matrix to the function.

pi : The phrase refers to the value of .

pkg load symbolic : The command is required before using any function from
the symbolic toolbox. MATLAB does not recognize the command.

plot : This command is used to generate a plot.

poly : This function is used to generate a polynomial with the given roots.
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polyval : The function is used to compute the value of a polynomial at a
given point.

real : The function computes the real part of its input.

residue : The function can be used to break a polynomial by a polynomial
into partial fractions. It can also be used to reconstruct a polynomial
by polynomial function from its partial fractions.

roots : The function computes the roots of a polynomial.
round : The function is used to round the input to its nearest integer.
rows : The function returns the number of rows of its input-matrix.

semilogx : The function generates a plot with an x-axis-in log-scale and a
y-axis in linear scale.

simplify : The simplify command from the symbolic toolbox is used to
simplify a symbolic expression.

sin : The function computes the sine of its input. The input is in radians.

sinh : The function'computes the hyperbolic sine of its input. The sine and
hyperbolic sine of an imaginary quantity are given as follows:

sin(jx) =7 sinh(z) and, sinh(jz) = jsinz

sqrt : The function ¢cemputes the square root of its input.

stem : The function plots a line plot, with a baseline of zero.

sum : The funetion generates the sum of a vector.

syms : This function from the symbolic toolbox declares symbolic variables.

transpose + The function generates the transpose of a matrix. A row vector
is transposed into a column vector.

while : A while loop begins with this declaration.
ylim : The function is used to adjust the limits of the y-axis in a plot.

zeros : The function generates a matrix full of 0. The input gives the size
of the matrix.
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Index

ABCD parameters, 261
active power, 132-134
admittance, 118, 119
admittance parameters, 245
apparent power, 133, 138
available power, 60

balanced load, 141

band pass response, 190

band stop response, 192

bandwidth, 190, 192, 193
Butterworth filter, 282285, 287, 291,

294

capacitor, 5, 118, 119

CCCS, 7,13

CCVS, 7, 13

characteristic equation, 85,87, 83; 90,
91, 93, 97

compensation theorem, 51, 129
complex power, 133, 134
continuous spectra, 229, 230
controlled sources, 7, 13
convolution, 180, 181
convolution integral, 113, 180, 181
copper,.139

coupling coefficient, 5, 124
critically damped response, 88
critically damped system, 91
current gain, 259

current source, 7

damping factor, 91
datum, 8

delta function, 112
delta-connected load, 140
differential equation
first order, 71
linear, 72
Dirac delta function, 112
Dirichlet conditions, 206
discrete spectra, 219, 220
square wave, 220
dot convention; 122
driving point' impedance, 45, 59, 80,
118, 123
dual network, 27, 93
duality, 47

exponential Fourier series, 216
coefficients, 216
full-wave rectifier, 225, 226
square wave, 217, 218

fall time, 77
feedback circuits, 269
filter
band pass, 190, 288-291
band stop, 192, 292-294
Butterworth, 282-285, 287, 291,
294
characteristics, 281
first order, 282
high pass, 285287
low pass, 281-285
prototype, 284
final value theorem, 166
forced response, 73, 86
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Fortescue’s theorem, 143

Fourier transform, 229-232
properties, 232

free response, 72, 73, 85, 89

frequency map, 286, 288, 289, 292—

294

frequency scaling, 285

frequency transformation, 284
low-pass to band-pass, 288291
low-pass to band-stop, 292-294
low-pass to high-pass, 286

full-wave rectifier, 224

fundamental period, 204

G-parameters, 255
Gibbs’ phenomenon, 211

H-parameters, 252

Heaviside expansion theorem, 170
homogeneity, 56, 131
homogeneous equation, 85
homogeneous solution, 72, 85
hybrid parameters, 252

impedance, 118, 119
parallel combination, 118
series combination, 118
impedance parameters, 243
impedance scaling, 284,.290,:293
impulse function, 112; 161
impulse response, 112,183, 281
incidence matrix, 24
reduced, 24
inductor, 4, 117,119
initial conditions, 73, 78, 82, 93, 96
initial value theorem, 165
input impedance, 256
instantaneous power, 137
inverse Fourier transform, 231
inverse hybrid parameters, 255
inverse Laplace transform, 166169
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KCL, 3
KVL, 3

Laplace transform, 157, 173
capacitor, 174
circuit analysis, 174-179
convergence, 158
inductor, 175
linearity, 158
properties, 159-162
solving differential equations, 173

line current, 141

line voltage, 141

linear cireuit, 114

linear system, 42, 44, 111

linearity, 44, 111

LTT system, 44

maximum power transfer; 57, 59, 129,
135

mesh method; 126,127

multi-port: network, 271

mutualinductance, 5, 122, 124

natural frequency, 91
neutral, 139

node-voltage method, 8, 128
non-planar network, 27
Norton’s theorem, 46, 129

Ohm’s law, 4

order, 80, 83

orthogonality, 203
oscilloscope probes, 222
output impedance, 256, 257
over-damped response, 87
over-damped system, 91

parallel resonance, 188, 191, 193
parallel RLC, 92

Parseval’s equality, 227, 233
partial fraction expansion, 168, 183
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repeated roots, 170172
particular solution, 73, 86
passive network, 53, 245, 247, 254,

262, 271
peak overshoot, 92
periodic signals, 203

power, 226-229
phase current, 141
phase voltage, 141
phasor, 114, 115

addition of, 116

Cartesian form, 127

circuit analysis with, 125

convention, 131

diagram, 120, 121, 134

KVL, KCL, 116

maximum power transfer, 135

network theorems, 129

polar form, 127

power, 132

Tellegen’s theorem, 117
[T-network, 2454 246
planar network, 27
pole, 90, 167, 182, 183, 185, 186
port, 44, 241
power

active, see active power

apparent, see apparent,power

complex;.see complex power

conservation-of, 26

instantaneous, see instantaneous

power

reactive, see reactive power
power factor, 132, 133

lagging, 133

leading, 133, 134, 138
power triangle, 134
practical sources, 50
probe compensation, 223
prototype filter, 284

INDEX

quality factor, 190, 192

ramp function, 161
reactance, 118
reactive power, 132, 133, 137, 138
reciprocal network, see passive net-
work
reciprocity theorem, 53, 54, 129, 131
region of convergence, 157
residue integration, 167
resistor, 4
resonance, 188
parallel, 188, 191,193
series, 188-190
response
critically damped, 88,90
over-damped, 87,90
under-damped, 89, 90
rise time; 77, 92
RoC, 157

second.order circuit, 84
series RC, 74
series resonance, 188-190
series RL, 78
series RLC, 84
settling time, 92
simulation, 41
sinc(x), 219
source transformation, 49
SPICE, 65
square wave, 209, 217, 218, 220
duty cycle, 221, 224
frequency, 218
scaling, 218
shifting, 218
star-connected load, 139
star-delta conversion, 248
state variable, 79, 81, 84
steady state, 109
step function, 161
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step response, 91 time constant, 76, 79-82, 95
super-mesh, 19 time invariance, 44, 111, 112
super-node, 12, 14 transfer function, 180-182
superposition, 41, 42, 113, 129, 131, transformer, 124, 125
222 transmission parameters, 261
susceptance, 118 trigonometric Fourier series, 205
system, 43 coefficients, 205
frequency response, 186, 187 discontinuous waveform, 209, 210
impulse response, 112 even symmetry, 211
linear, 44, 111 half-wave symmetry, 215
linear time invariant, see LTI odd symmetry, 212, 213
LTT, 44, 113 quarter-wave symmetry, 215
sinusoidal steady state, 184, 185 square wave, 209
stability, 183, 186 trigonometric system, 203
time invariant, 44, 112 orthogonality, 203
system transfer function, 258, 264 period, 204
turns ratio, 125
T-network, 244, 247 two-port, network, 241
T-parameters, 261 cascade of, 263, 264
tableau analysis, 39, 41 Series_serjes, 265
tableau equation, 39, 112 seties-shunt, 266
Tellegen’s theorem, 26, 117, 129, 263 shunt-series, 267
Thévenin’s theorem, 45, 129 shunt-shunt, 268
theorem
compensation, 51, 129 unbalanced load, 143
final value, 166 under-damped response, 89
Heaviside expansion, 170 under-damped system, 91
incidence matrix, 24 var, 134
initial value, 165 VCCS, 7, 13

Laplace transform linearity, 158 VCVS, 7, 13
maximum power transfer; 57, 59, voltage gain, 259

129, 135 voltage source, 6
Norton’s, 46;.129
reciprocity, 53, 54, 129 waveform symmetries, 211

reduced incidence matrix, 24

Y-parameters, 245
sinusoidal steady state analysis, P

113 Z-parameters, 243
superposition, 41, 42 zero, 182, 185, 186
Tellegen’s, 26, 117, 129, 263 zero input, 85
Thévenin’s, 45, 129 zero-input response, 72, 173

three-phase circuits, 138, 139 zero-state response, 73, 86, 173
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